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Abstract
This thesis presents the general structure of non-conformal higher-spin supercurrent mul-
tiplets in three and four spacetime dimensions. Such supercurrents are in one-to-one
correspondence with off-shell massless higher-spin gauge supermultiplets, some of which
are constructed in this thesis for the first time. Explicit realisations of these conserved
current multiplets in various supersymmetric theories are worked out in detail.
In the first part of the thesis, we begin by reviewing the key properties of known
massless higher-spin N = 1 supermultiplets in four-dimensional (4D) Minkowski and
anti-de Sitter (AdS) backgrounds. We then propose a new off-shell gauge formulation
for the massless integer superspin multiplet. Its novel feature is that the gauge-invariant
action involves an unconstrained complex superconformal prepotential, in conjunction
with two types of compensators. Its dual version is obtained by applying a superfield
Legendre transformation. Next, we deduce the structure of consistent non-conformal
higher-spin N = 1 supercurrents associated with these massless supersymmetric gauge
theories. Explicit closed-form expressions for such supercurrents are derived for various
supersymmetric theories in 4D N = 1 Minkowski and AdS superspaces. These include
a model of N massive chiral superfields with an arbitrary mass matrix, along with free
theories of tensor and complex linear multiplets.
The second part of the thesis is devoted to a detailed study of N = 1 and N = 2
supersymmetric higher-spin theories in three-dimensional AdS space. By analogy with
our 4D N = 1 constructions, we derive two dually equivalent off-shell Lagrangian formu-
lations for the massless multiplets of arbitrary superspin in (1,1) AdS superspace. These
formulations allow us to determine the most general higher-spin supercurrent multiplets
and provide their examples for models of chiral superfields. With regards to (2,0) AdS
supersymmetry, our approach is to first identify a multiplet of conserved higher-spin cur-
rents in simple models for a chiral superfield. This is then used to construct two series of a
massless half-integer superspin multiplet in (2,0) AdS superspace. Finally, our (2,0) AdS
higher-spin supermultiplets are reduced to (1,0) AdS superspace, which yield four series
of N = 1 supersymmetric massless higher-spin models. We illustrate the duality trans-
formations relating some of these dynamical systems. We also perform the component
reduction of two new N = 1 higher-spin actions in flat superspace. Further applications
of these off-shell N = 1 models are discussed, one of which is related to the construction
of two new off-shell formulations for the massive N = 1 gravitino supermultiplet in AdS.
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Chapter 1
Introduction
Relativistic quantum field theory gives a powerful framework to describe all known
elementary particles to a good accuracy (see [7,8] for reviews). At present, our theoretical
understanding of the fundamental interactions of Nature is based on the Standard Model
of particle physics and Einstein’s theory of gravity. The Standard Model accounts for three
of the four fundamental interactions, i.e. the electromagnetic, weak and strong forces.
It is a renormalisable quantum field theory, and is described in terms of the Yang-Mills
gauge fields coupled to some matter sector, with the gauge group SU(3)× SU(2)×U(1).
All the fundamental particles encoded in such a formulation have spin s ≤ 1. Gravity is
described by general relativity at the classical level, which is a non-Abelian gauge theory of
a spin-2 field possessing a diffeomorphism invariance. While the gravitational interaction
is irrelevant at the energy scale of the Standard Model, quantum gravitational effects
are not negligible at the Planck scale, which is of the order of 1019 GeV. Since general
relativity is non-renormalisable, one of the main challenges of modern theoretical physics
is to reconcile quantum field theory and general relativity in order to arrive at a consistent
quantum theory of gravity. Given that the regions associated to the Planck energy are
not directly accessible using existing experiments, the development of this subject has
been mainly driven by symmetry principles and other theoretical ideas.
Supersymmetry in four dimensions was discovered by Golfand and Likhtman [9],
Volkov and Akulov [10], and Wess and Zumino [11]. It is a symmetry relating two
types of particles in Nature, bosons and fermions, which were previously unrelated in
field theories. The generators of supersymmetry transformations are fermionic, thus they
obey anticommutation relations. The supersymmetric extension of the Poincare´ group is
known as N -extended super-Poincare´ group. This involves the addition of N Majorana
spinor generators to the generators of the Poincare´ algebra, where N is a positive integer.
Despite the lack of experimental evidence, supersymmetry remains attractive for its
phenomenological and theoretical applications. It offers some solutions to long standing
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problems, such as the hierarchy problem, gauge unification, etc, see e.g. [12] for a review.
On the theoretical side, it is interesting to study a supersymmetric extension of general
relativity1, which is supergravity [14,15]. The latter is the gauge theory of supersymmetry.
It arises if one makes supersymmetry transformations local, with the gravitino (spin 3/2)
being the corresponding gauge field. Its superpartner, the graviton (spin 2), is associated
to the diffeomorphism invariance. Supergravity multiplet consists of the graviton and N
gravitino fields (for N > 1, the multiplet also contains some vector and scalar fields).
Supergravity has some remarkable properties, see [16,17] for reviews. Most notably, it
is a low-energy limit of superstring theory (see [18,19] for reviews), which is currently the
leading candidate to give a unified description of the four fundamental forces. Superstring
theory includes in its spectrum an infinite tower of massive higher-spin excitations, which
lead to improved ultraviolet behaviour of the theory. In recent years, there has also
been an incredibly productive area of research to understand the relationship between
supergravity and the dynamics of such higher-spin states. In the past, most of the studies
were restricted to N ≤ 8 case. Theories with N > 8 would include massless fields with
higher-spin (helicity) s > 2, and at that time it was not known how to couple such fields
consistently to gravity [20].
The study of higher-spin fields has been carried out quite independently of string
theory, initiated in the works of Dirac [21], Fierz and Pauli [22], Rarita and Schwinger [23]
and many others. As follows from Wigner’s classification [24], free elementary particles
are associated with the unitary irreducible representations of the Poincare´ group, the
latter are classified by mass and spin. In any physical system, the spin can take arbitrary
integer or half-integer values. The term “higher-spin” refers to fields with spin s > 2,
which are higher-rank tensor representations of the Poincare´ group. Of particular interest
are massless higher-spin fields and their gauge symmetries underlying their dynamics,
which pose challenges in the construction of interaction vertices. We now provide a brief
historical overview of higher-spin theory, see e.g. [20,25–28] for complete reviews.
Despite the pioneering works of Dirac [21], Fierz and Pauli [22] who formulated rela-
tivistic wave equations for free massive fields of arbitrary spin, it took over thirty years un-
til the corresponding Lagrangian description were constructed by Singh and Hagen [29,30].
In the massless limit, consistent Lagrangians were constructed in 4D flat and (anti)-de
Sitter ((A)dS) spaces. They were proposed by Fronsdal [31,32] in the bosonic case, and by
Fang and Fronsdal for fermionic fields [33, 34]. Section 6.9 of [35] contains a pedagogical
review of the (Fang-)Fronsdal actions in Minkowski space [31, 33] in the two-component
spinor formalism.2
1As discovered by Volkov and Soroka [13], gauging the N = 1 super-Poincare´ group leads to the
supergravity action with nonlinearly realised local supersymmetry.
2Such a formalism will be used in this thesis. Not only is this formalism useful for higher-spin
calculations, but it is also well adopted to the framework of supersymmetry.
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Constructing consistent deformations of Fronsdal’s Lagrangian, which should lead to
fully interacting higher-spin gauge theories, proved to be very challenging. This was due
to a large number of highly restrictive no-go theorems (e.g. [36–38]) which, under certain
assumptions, rule out any gravitational interactions of massless higher-spin fields in flat
space. In the 1980s, several cubic vertices for higher-spin fields interacting with each other
were constructed in flat space [39–41]. It was also observed that any consistent interacting
theory must involve fields of all spins and higher derivative terms.
The first successful result on higher-spin gravitational interactions was achieved by
Fradkin and Vasiliev in 1987 [42]. They constructed a Lagrangian describing consistent
cubic vertices in the presence of a cosmological term, i.e. in an (A)dS background where
the no-go results can be evaded. This line of research culminated in Vasiliev’s unfolded
formulation [43], in which the fully interacting theories were described in terms of consis-
tent nonlinear equations of motion for an infinite spectrum of higher-spin fields. This was
later extended to arbitrary spacetime dimensions [44]. However, one of the issues is that
a Lagrangian formulation for these nonlinear theories is still unknown, thus constraining
our understanding of their quantum properties.
Since the early 1990s, higher-spin gauge theory has been an intense field of research
in modern theoretical and mathematical physics. That AdS space is the natural setup for
interacting higher-spin fields has motivated further studies in the context of the AdS/CFT
correspondence, leading to some conjectures relating higher-spin theories to weakly cou-
pled conformal field theories [45,46]. There are many other important research directions
in higher-spin theory, such as the unfolded formulation, (topologically) massive higher-
spin, BRST approach, etc (see e.g. [20, 25, 26, 47–52] and the references therein). As
mentioned previously, a major motivation for current research stems from its close con-
nection with (super)string theory. It is conjectured that the latter is a spontaneously
broken phase of a massless higher-spin theory. In this respect, it is of interest to study
supersymmetric extensions of the massless higher-spin fields of [32, 34].
A powerful approach to construct supersymmetric field theories makes use of the con-
cept of superspace. Volkov and Akulov [53] introduced an N -extended superspace in the
framework of nonlinear realisations. Salam and Strathdee [54] proposed to use superspace
and superfields, as tools to construct and study supersymmetric theories. Superspace is
an extension of spacetime by anticommuting (Grassmann) coordinates, while superfields
are functions of the superspace coordinates. One has to impose certain constraints on
superfields to describe irreducible representations of the N -extended super-Poincare´ al-
gebra, known as supermultiplets. A series expansion of a superfield in the Grassmann
coordinates will be finite due to their anticommuting nature. The coefficients in such an
expansion correspond to component fields of the superfield, which are ordinary bosonic
and fermionic functions of spacetime coordinates. A supersymmetric theory is written
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compactly in terms of superfields, thus supersymmetry is kept manifest. Throughout
this thesis, we will employ the superspace approach. For a thorough introduction to this
formalism, the reader is referred to [35,55,56].
In general, the superspace approach is not widely used by higher-spin practitioners.
This thesis is primarily devoted to higher-spin multiplets of conserved currents in su-
persymmetric field theories. As first shown by Ferrara and Zumino [57], the conserved
energy-momentum tensor and spin-vector supersymmetry current(s) associated with the
supertranslations are embedded in a supermultiplet, called the supercurrent. It should be
pointed out that this multiplet of currents is always off-shell3 by construction [58]. Given
an on-shell superfield, one may construct another multiplet by taking bilinear combina-
tions of the component fields of the superfield. One then considers their variations under
supersymmetry transformations to find the other components of the composite multiplet.
The on-shell condition is not preserved when taking such products. The resulting multi-
plet of bilinears thus forms an off-shell multiplet. An example for this is the supercurrent,
which is a composite of the underlying on-shell matter superfield. Off-shell supermulti-
plets require auxiliary fields in their description. In order to efficiently formulate off-shell
supersymmetric theories, superspace techniques are absolutely essential, since all the ap-
propriate auxiliary fields are included automatically.
Off-shell massless higher-spin supermultiplets
In 4D N = 1 supersymmetric field theory, a massless superspin-sˆ (sˆ = 1
2
, 1, . . . ) multiplet
describes two ordinary massless fields of spin sˆ and sˆ+ 1
2
. Such a supermultiplet is often
denoted by (sˆ, sˆ + 1
2
). The three lowest superspin values, sˆ = 1
2
, 1 and 3
2
, correspond to
the vector, gravitino and supergravity multiplets, respectively.
It follows from first principles that the sum of two actions for free massless spin-sˆ and
spin-(sˆ+ 1
2
) fields should possess an on-shell supersymmetry. Thus, there is no problem of
constructing on-shell massless higher-spin supermultiplets (sˆ > 3
2
), for one only needs to
work out the supersymmetry transformations leaving invariant the pair of (Fang-)Fronsdal
actions [31, 33]. In four dimensions, this task was completed first by Curtright [59] who
made use of the (Fang-)Fronsdal actions, and soon after by Vasiliev [60] with his frame-
like reformulation of the (Fang-)Fronsdal models. The nontrivial problem, however, is to
construct off-shell massless higher-spin supermultiplets. Early attempts to construct such
off-shell realisations [61, 62] were unsuccessful, as explained in detail in [63].
The problem of constructing gauge off-shell superfield realisations for free massless
higher-spin supermultiplets was solved in the early 1990s by Kuzenko, Postnikov and
3A supermultiplet is called off-shell if the algebra of supersymmetry transformations closes off the mass
shell, i.e. without imposing the equations of motion. Otherwise, the supermultiplet under consideration
is called on-shell.
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Sibiryakov [64, 65]. For each superspin value sˆ > 3
2
, half-integer [64] and integer [65],
these publications provided two dually equivalent off-shell actions formulated in 4DN = 1
Minkowski superspace. At the component level, each of the two superspin-sˆ actions [64,65]
reduces, upon imposing a Wess-Zumino-type gauge and eliminating the auxiliary fields,
to a sum of the spin-sˆ and spin-(sˆ+ 1
2
) actions [31,33]. The models [64,65] thus provided
the first manifestly supersymmetric extensions of the (Fang-)Fronsdal actions for massless
higher-spin fields. A pedagogical review of the results obtained in [64, 65] can be found
in section 6.9 of [35]. In [63], the massless higher-superspin theories of [64, 65] were
generalised to 4D N = 1 AdS superspace, AdS4|4, and their quantisation was carried out
in [66]. Building on the N = 1 analysis, off-shell massless N = 2 supermultiplets were
proposed in [67]. Models describing off-shell N = 1 superconformal higher-spin multiplets
were constructed in [68], which made use of the gauge prepotentials introduced in [69].
The structure of the (Fang-)Fronsdal gauge-invariant actions and their N = 1 super-
symmetric counterparts of half-integer superspin share one common feature. For each
of them, the action is written in terms of two multiplets: a (super)conformal gauge (su-
per)field coupled to certain compensators. The (Fang-)Fronsdal actions [31, 33] can be
interpreted as gauge-invariant models described by the Fradkin-Tseytlin conformal gauge
fields [70, 71] and an appropriate set of compensators.4 The massless half-integer super-
spin actions of [64] involve not only the real superconformal gauge prepotential [68], but
also some complex compensating superfields. Such a description was previously unknown
for the massless multiplet of integer superspin [65]. This was the motivation for the re-
cent work [2], where we proposed a new off-shell formulation for the massless multiplet
of integer superspin. Its properties are: (i) the gauge freedom matches that of the com-
plex superconformal integer superspin multiplet introduced in [68]; and (ii) the action
involves two compensating multiplets, in addition to the superconformal integer super-
spin multiplet. Upon imposing a partial gauge fixing, this action reduces to the so-called
longitudinal formulation for the integer superspin [65]. This construction was later lifted
to N = 1 AdS supersymmetry [3].
(Higher-spin) supercurrents
As previously pointed out, the concept of supercurrent was introduced by Ferrara and
Zumino [57] in the context of N = 1 supersymmetry. This was later extended to 4D
N = 2 supersymmetry by Sohnius [72].
The multiplet of currents in superconformal field theories has a simpler structure.
The N = 1 conformal supercurrent multiplet contains the symmetric traceless energy-
momentum tensor Tab, the spin-vector supersymmetry current Sa and the R-symmetry
(i.e. U(1)R) current ja.
4See the beginning of chapter 3 for the details.
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In the non-superconformal case (e.g. N = 1 Poincare´ supersymmetric theories), the
supercurrent multiplet also includes the trace multiplet containing the trace of the energy-
momentum tensor and the γ-trace of the supersymmetry current. In some cases, the
trace multiplet also contains the divergence of the U(1)R current, ∂aj
a. Different super-
symmetric theories may possess different trace multiplets. This means that the problem
of classifying inequivalent non-conformal supercurrent multiplets needs to be addressed.
Ten years ago, there appeared numerous papers devoted to studying consistent N = 1
supercurrents in four dimensions [73–79].
Supercurrent can be viewed as the source of supergravity [80,81], in complete analogy
with the energy-momentum tensor as the source of gravity. This idea proves to be powerful
in deriving various consistent supercurrents. Given a linearised off-shell supergravity
action, the supercurrent conservation equation is obtained by coupling the supergravity
prepotentials to external sources and demanding invariance of the resulting action under
the linearised supergravity gauge transformations. Using this procedure, the general
structure of consistent supercurrents are presented in [77, 78, 82] for N = 1 and N = 2
super-Poincare´ cases in four dimensions, and in [83] for N = 2 supersymmetric theories
in three dimensions.
On the other hand, supercurrent can be used to deduce the off-shell structure of a
massless supermultiplet which is associated to it. The procedure to follow is concisely
described by Bergshoeff et al. [58]: “One first assigns a field to each component of the
current multiplet, and forms a generalised inner product of field and current components.”
Indeed, this approach has been used in the past to construct off-shell supergravity mul-
tiplets in diverse dimensions [58, 72, 84–88]. The point is that the currents always form
an off-shell multiplet, thus the fields to which they couple must also be off-shell. For
example, in [72] the N = 2 supercurrent for the massive hypermultiplet model was used
to derive the minimal multiplet of N = 2 Poincare´ supergravity.
All off-shell formulations for N = 1 Poincare´ supergravity are described in terms of
the real gravitational superfield Hαα˙ [80] and a compensator. The gravitational superfield
couples to the supercurrent Jαα˙, while the source associated with the compensator is the
trace multiplet. Thus, different choices of compensator lead to variant non-conformal
supercurrents. Since the linearised off-shell N = 1 supergravity actions have been clas-
sified [89], all minimal consistent supercurrents are readily derivable [77]. Reducible su-
percurrents, such as the S-multiplet introduced by Komargodski and Seiberg [76], can be
obtained by combining some of the minimal ones.
Various aspects of field theories with N = 1 AdS supersymmetry have been studied
in detail over the last forty years, see e.g. [90–98] and references therein. The works
of Ivanov and Sorin [92,93] are fundamental in the development of superfield techniques.
They classified off-shell superfield representations of the OSp(1|4) group (i.e. the isometry
6
group of AdS4|4). Furthermore, they constructed OSp(1|4)-invariant actions generalising
the Wess-Zumino model and N = 1 super Yang-Mills theory.
The structure of consistent supercurrent multiplets in AdS4|4 [99, 100] considerably
differs from that in the N = 1 super-Poincare´ case [73, 77]. There exist three minimal
supercurrents with (12+12) degrees of freedom in Minkowski superspace [77]. As discussed
in [99], there are only two irreducible AdS supercurrents: minimal (12 + 12) and non-
minimal (20 + 20), which are related via a well-defined improvement transformation [99].
The minimal supercurrent is the AdS extension of the Ferrara-Zumino supercurrent [57].
We remark that these consistent AdS supercurrents are closely related to two classes
of supersymmetric gauge theories: (i) the known off-shell formulations for pure N = 1
AdS supergravity, minimal (see e.g. [35, 56] for reviews) and non-minimal [99]; and (ii)
the two dually equivalent series of massless higher-spin supermultiplets in AdS [63]. More
precisely, the minimal supercurrent is associated with the longitudinal action S
||
(3/2) for
a massless superspin-3/2 multiplet in AdS. The non-minimal supercurrent is associated
with the dual formulation S⊥(3/2). The functional S
||
(3/2) proves to be the linearised action
for minimal N = 1 AdS supergravity. The dual action S⊥(3/2) results from the linearisation
around the AdS background of non-minimal N = 1 AdS supergravity. Both actions
represent the lowest superspin limits of the off-shell massless supermultiplets of half-
integer superspin in AdS [63].
Higher-spin supercurrent multiplet is a higher-spin extension of the ordinary supercur-
rent. In its component expansion, it contains conserved bosonic and fermionic currents.
Conserved higher-spin currents for scalar and spinor fields in 4D Minkowski space have
been studied in numerous publications. To the best of our knowledge, the first construc-
tion of currents for both scalar and spinor fields was given by Kibble [101]. Migdal [102]
and Makeenko [103] later also described the spinor case. Further examples of conserved
higher-spin currents were given in [103–108]. Higher-spin extension (in the half-integer
superspin case) of the conformal supercurrent [57] was proposed more than thirty years
ago by Howe, Stelle and Townsend [69]. Recently in Ref. [68], the structure of such a
supercurrent was described in more detail, and examples for supercurrents in some su-
perconformal models were also given. In 3D Minkowski space, explicit constructions of
conserved higher-spin supercurrents in free superconformal theories were obtained in [109].
As regards non-conformal higher-spin supercurrents, their properties had not been
analysed. The primary goal of this thesis is to study the general structure of non-conformal
higher-spin supercurrent multiplets in three and four dimensions from the viewpoint of off-
shell higher-spin gauge supermultiplets. As demonstrated in [77,83,99], the general struc-
ture of the supercurrents in AdS differ significantly from their counterparts in Minkowski
space. This motivated us to look for realisations of higher-spin supercurrents in field
theories with Poincare´ and AdS supersymmetry.
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For this purpose, we developed a higher-spin extension of the general superfield ap-
proach advocated in [77, 83]. Here the task was simpler in four dimensions since such
off-shell actions already existed [63–65]. In three dimensions, off-shell massless N = 1 [50]
and N = 2 [49] supermultiplets were constructed in Minkowski space, but only for the
half-integer superspin case. In [51], there appeared two off-shell actions corresponding to
half-integer and integer N = 1 supermultiplets in AdS. More general off-shell massless
higher-spin supermultiplets in N = 1 and N = 2 AdS superspaces were presented in [4–6].
In four dimensions, we only concentrated on off-shell massless higher-spin multiplets
and their associated conserved currents with N = 1 Poincare´ and AdS supersymmetry
[1–3]. In three dimensions, however, we considered both N = 1 and N = 2 AdS cases
[4–6]. In contrast to the four-dimensional case where pure N = 1 AdS supergravity [110]
is unique on-shell, the specific feature of three dimensions is the existence of two distinct
N = 2 AdS supergravity theories [111, 112]. They are known as the (1,1) and (2,0)
AdS supergravity theories, originally constructed as Chern-Simons theories [111]. In
Ref. [83], various aspects of (1,1) and (2,0) AdS supergravity theories (including the
general structure of supercurrents) were studied in detail, using the superspace formalism
developed by Kuzenko, Lindstro¨m and Tartaglino-Mazzucchelli [113]. Thus, it is natural
to extend the analysis of [83] to the higher-spin case [4, 5].
Let us discuss some applications of our results presented in this thesis. In accordance
with the standard Noether method (see e.g. [114] for a review), construction of conserved
higher-spin supercurrents for various supersymmetric theories is equivalent to generating
consistent cubic vertices of the type
∫
HJ . Here H denotes some off-shell higher-spin
gauge multiplet, and J = DpΦDqΨ is the higher-spin conserved current multiplet, con-
structed in terms of some matter multiplets Φ and Ψ, and superspace covariant derivatives
D. In 4D Minkowski superspace, several cubic vertices involving the off-shell higher-spin
multiplets of [64,65] were constructed recently [115–120] using the superfield Noether pro-
cedure [73]. For instance, conserved supercurrents and cubic interactions between massless
higher-spin supermultiplets and a single chiral superfield were constructed by Buchbinder,
Gates and Koutrolikos [115]. This analysis was soon extended by Koutrolikos, Kocˇi and
von Unge to study cubic vertices in the case of a free complex linear superfield [116]. The
corresponding component higher-spin currents were also computed [116].
Making use of the gauge off-shell formulations for massless higher-spin supermultiplets
of [63], higher-spin extensions of the AdS supercurrents [82] were formulated in 4D N = 1
AdS superspace [3] for the first time. Their realisations for various supersymmetric theo-
ries in AdS were also presented, including a model of N massive chiral scalar superfields
with an arbitrary mass matrix. Such a program was a natural extension of the earlier
flat-space results [1, 2], in which we built on the structure of higher-spin supercurrent
multiplets in models for superconformal chiral superfields [68].
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In the non-supersymmetric case, conserved higher-spin currents for scalar fields in
AdS were studied, e.g. in [121–125]. The nonvanishing curvature of AdS space makes
explicit calculations of conserved higher-spin currents much harder than in Minkowski
space. Refs. [121,122] studied only the conformal scalar, and only the first order correction
to the flat-space expression was given explicitly. The construction presented in [125] is
more complete since all conserved higher-spin currents were computed exactly for a free
massive scalar field using the so-called ambient space formulation. All these works dealt
with bosonic currents. The important feature of supersymmetric theories is that they also
possess fermionic currents. The conserved higher-spin supercurrents computed in [3] can
readily be reduced to components. This leads to closed-form expressions for conserved
higher-spin bosonic and fermionic currents in models with massive scalar and spinor fields.
Thesis outline
The purpose of chapter 2 is to introduce various technical aspects and essential background
materials. First, a brief account of the N = 1 superspace formalism of [35] is given. We
then recall the structure of the non-conformal supercurrent multiplets in 4D N = 1
Minkowski and AdS superspaces following [77, 82]. Finally, we briefly review the two
dually equivalent off-shell Lagrangian formulations for massless multiplets of arbitrary
superspin in 4D N = 1 Minkowski superspace [64,65].
Chapter 3 presents a new off-shell formulation for the massless superspin-s multiplet
in 4D N = 1 Minkowski superspace, where s = 2, 3, . . . and for the massless gravitino
multiplet (s = 1). The non-conformal higher-spin supercurrent multiplets associated with
the massless (half-)integer superspin gauge theories are derived. In addition, we compute
higher-spin supercurrents that originate in the models for a single massless and massive
chiral superfield, as well as the massive N = 2 hypermultiplet. This chapter is based on
the original works [1, 2].
Chapter 4 is concerned with the extension of the flat-space results in chapter 3 to the
case of 4D N = 1 AdS supersymmetry. The dual formulations for massless (half-)integer
superspin multiplets in AdS [63] are reviewed and a novel formulation for the massless
integer superspin is proposed. Making use of these gauge off-shell models, higher-spin
supercurrent multiplets are formulated. Their explicit constructions are presented for
various supersymmetric in AdS, including the case of N chiral scalar superfields with an
arbitrary mass matrix M . We further elaborate on several nontrivial applications of the
construction of higher-spin supercurrents. This chapter is based on the original work [3].
In chapter 5, we turn our attention to N = 2 supersymmetric higher-spin theories
in 3D AdS space. First, some of the important facts concerning (1,1) and (2,0) AdS
superspaces, including superfield representations of the corresponding isometry groups,
are reviewed. By analogy with our 4D N = 1 analysis, we construct two dually equivalent
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off-shell Lagrangian formulations for every massless higher-spin supermultiplet in (1,1)
AdS superspace, and subsequently generate consistent higher-spin supercurrents. In the
context of (2,0) AdS supersymmetry, we begin with some simple supersymmetric models in
(2,0) AdS superspace to deduce a multiplet of conserved higher-spin currents, from which
the corresponding supermultiplet of higher-spin fields can be determined. This results in
two off-shell gauge formulations for a massless multiplet of half-integer superspin (s+ 1
2
),
for arbitrary integer s > 0. This chapter is based on the original works [4, 5].
In chapter 6, a manifestly supersymmetric setting to reduce every field theory in (2,0)
AdS superspace to N = 1 AdS superspace is developed. As nontrivial examples, we
consider supersymmetric nonlinear sigma models described in terms of N = 2 chiral and
linear supermultiplets. This (2,0)→ (1,0) AdS reduction technique is then applied to our
off-shell massless higher-spin supermultiplets described in chapter 5. This results in four
series of N = 1 supersymmetric higher-spin models in AdS, two of which are new gauge
theories. This chapter is based on the original work [6].
Finally, in chapter 7 we conclude this thesis by summarising its key outcomes.
There are three appendices. Our notation and conventions are summarised in appendix
A. Appendix B reviews the conserved higher-spin currents for free N scalars and Majorana
spinors with arbitrary mass matrices. In appendix C, we analyse the component structure
of the two new N = 1 supersymmetric higher-spin models constructed in chapter 6.
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Chapter 2
Field theories in N = 1 Minkowski
and AdS superspaces
In this chapter we collect some technical background materials required to understand
subsequent chapters. We begin with a brief introduction to some aspects of field theories
in 4D N = 1 Minkowski superspace following [35].1 The next two sections are intended to
illustrate the differences between supercurrent multiplets with N = 1 Poincare´ and AdS
supersymmetry [77, 99, 100]. Finally, we review the off-shell formulations for massless
higher-spin N = 1 supermultiplets in Minkowski space, which were developed in [64,65].
2.1 Field theories in N = 1 Minkowski superspace
A more detailed and pedagogical introduction to various aspects covered in this section
can be found in [35,55,56]. Our 4D notation and conventions are essentially those of [35]
and are summarised in appendix A.
2.1.1 The Poincare´ superalgebra
The simplest supersymmetric extension of the Poincare´ group in four dimensions is the
N = 1 super-Poincare´ group. Associated to this super-Lie group is the N = 1 Poincare´
superalgebra [9] with the following (anti-)commutation relations
[Pa, Pb] = 0 , [Mab, Pc] = i(ηacPb − ηbcPa) ,
[Mab,Mcd] = i(ηacMbd − ηadMbc + ηbdMac − ηbcMad) ,
[Mab, Qα] = i(σab)α
βQβ , [Pa, Qα] = 0 ,
1Although we only give a review of 4D N = 1 supersymmetry, most of its structure can be readily
generalised to 3D N = 2 super-Poincare´ case.
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[Mab, Q¯α˙] = i(σ˜ab)α˙
β˙Q¯β˙ , [Pa, Q¯α˙] = 0 , (2.1.1)
{Qα, Qβ} = 0 , {Q¯α˙, Q¯β˙} = 0 ,
{Qα, Q¯α˙} = 2(σa)αα˙Pa .
Here Pa and Mab denote the generators of the translation and Lorentz group, respectively.
The supersymmetry generators Qα, Q¯α˙ (α, α˙ = 1, 2) are Weyl spinors which transform
respectively as (1/2, 0) and (0, 1/2) of the Lorentz group. The automorphism group (R-
symmetry group) of the N = 1 Poincare´ superalgebra (2.1.1) is U(1), which act on the
supercharges in the following way
Q
′
α = e
iτQα , Q¯
′
α˙ = e
−iτ Q¯α˙ , τ ∈ R . (2.1.2)
In the extended (N > 1) supersymmetry case, the R-symmetry group is U(N ).
2.1.2 N = 1 Minkowski superspace
We denote the 4D N = 1 Minkowski superspace [53, 54] by M4|4. It can be identified
with the coset space
M4|4 = SΠ/SL(2,C) . (2.1.3)
Here SΠ is the N = 1 super-Poincare´ group, and SL(2,C) is the double cover of the
restricted Lorentz subgroup SO0(3, 1). Any element of the supergroup SΠ can be repre-
sented in an exponential form
exp
(− ixaPa + i(θαQα + θ¯α˙Q¯α˙)) exp( i
2
ωabMab
)
. (2.1.4)
The points of the coset space M4|4 are
exp
(− ixaPa + i(θαQα + θ¯α˙Q¯α˙)) . (2.1.5)
Thus, M4|4 can be parametrised by the local coordinates zA = (xa, θα, θ¯α˙), where xa are
real commuting numbers and (θα)∗ = θ¯α˙ are complex anticommuting numbers.
The action of supersymmetry transformations on the superspace coordinates can be
determined using the algebra (2.1.1). It is given by
exp
(
i(αQα + ¯α˙Q¯
α˙)
)
exp
(− ixaPa + i(θαQα + θ¯α˙Q¯α˙))
= exp
(
− i(xa + iθσa¯− iσaθ¯)Pa + i
[
(θα + α)Qα + (θ¯α˙ + ¯α˙)Q¯
α˙
])
, (2.1.6)
from which we can read off
x′a = xa + i(θσa¯− σaθ¯) , θ′α = θα + α . (2.1.7)
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One may also compute the action of translations, exp
(− ibaPa), and Lorentz transforma-
tions, Λ = exp
(
i
2
ωabMab
)
, in a similar manner. The result is
x′a = (Λ(N))acxc + ba , θ′α = θβ(N−1)βα , (2.1.8)
where Λ : SL(2,C)→ SO0(3, 1) is the well-known homomorphism given by
(Λ(N))ac = −1
2
tr(σ˜aNσcN
†) , N ∈ SL(2,C) . (2.1.9)
2.1.3 Superfields
Supersymmetric field theories on superspace are naturally formulated in terms of ten-
sor superfields. A tensor superfield V of Lorentz type (n
2
, m
2
) is a superfield carrying n
undotted and m dotted spinor indices, which are separately symmetrised. Furthermore, it
transforms in the following way under the action of an infinitesimal N = 1 super-Poincare´
group (note that we have suppressed its tensor indices):
δV = i
(
− baPa + 1
2
ωabJab + 
αQα + ¯α˙Q¯
α˙
)
V . (2.1.10)
The generators take the form
Pa = −i∂a , (2.1.11a)
Jab = i(xb∂a − xa∂b + (σab)αβθα∂β − (σ˜ab)α˙β˙ θ¯α˙∂¯β˙ −Mab) , (2.1.11b)
Qα = i∂α + θ¯
α˙(σa)αα˙∂a = i∂α + θ¯
α˙∂αα˙ , (2.1.11c)
Q¯α˙ = −i∂¯α˙ − θα∂αα˙ . (2.1.11d)
We have also introduced the following notation:
∂αα˙ := (σ
a)αα˙∂a , ∂α :=
∂
∂θα
, ∂¯α˙ :=
∂
∂θ¯α˙
. (2.1.12)
We denote the set of covariant derivatives of N = 1 Minkowski superspace by
DA = (∂a, Dα, D¯
α˙), which have the form
Dα = ∂α + iθ¯
α˙∂αα˙ , D¯
α˙ = ∂¯α˙ + iθα∂
αα˙ , ∂¯α˙ = −εα˙β˙∂¯β˙. (2.1.13)
They obey the (anti)commutation relations2
{Dα, Dβ} = {D¯α˙, D¯β˙} = [Dα, ∂a] = [D¯α˙, ∂a] = 0 ,
{Dα, D¯α˙} = −2i∂αα˙ . (2.1.14)
The latter indicates that flat superspace has non-vanishing torsion.
2See appendix A for some important properties of the covariant derivatives.
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Expanding a tensor superfield V (x, θ, θ¯) with respect to its fermionic coordinates (θ, θ¯),
one obtains its corresponding component fields as the coefficients of the series. Due to
the property θαθβθγ = θ¯α˙θ¯β˙ θ¯γ˙ = 0, such a series will be finite. As an example, consider a
Taylor expansion of a real scalar superfield, V¯ (z) = V (z), but otherwise unconstrained:
V (x, θ, θ¯) = A(x) + θαψα(x) + θ¯α˙ψ¯
α˙(x) + θ2F (x) + θ¯2F¯ (x)
+θαθ¯α˙Cαα˙(x) + θ¯
2θαλα(x) + θ
2θ¯α˙λ¯
α˙(x) + θ2θ¯2D(x) . (2.1.15)
To get insight into the physical content of the superfield V (z), a more systematic
and convenient way is to use space projection (also often called bar-projection in some
literature) and covariant differentiation. By space projection we mean the zeroth order
term in the power series expansion in θ and θ¯:
V | := V (x, θ = 0, θ¯ = 0) . (2.1.16)
In the case of a real scalar superfield above, we may define the components using the
bar-projection:
A(x) = V (z)| , ψα(x) = DαV (z)| , ψ¯α˙(x) = D¯α˙V (z)| ,
F (x) = −1
4
D2V (z)| , F¯ (x) = −1
4
D¯2V (z)| , Cαα˙(x) = 12 [Dα, D¯α˙]V (z)| ,
λα(x) = −14DαD¯2V (z)| , λ¯α˙(x) = −14D¯α˙D2V (z)| ,
H(x) = 1
32
{D2, D¯2}V (z)| . (2.1.17)
In addition, one may work out how the component fields transform under the infinitesimal
supersymmetry transformations
δV (z) = i(αQα + ¯α˙Q¯
α˙)V (z) , (2.1.18)
by taking various numbers of covariant derivatives of (2.1.18) and then bar-project them.
One should also note that the supersymmetry generator anticommutes with the spinor
covariant derivatives, which implies [Dα, Q+ ¯Q¯] = [D¯α˙, Q+ ¯Q¯] = 0.
In appendix C we will describe in more detail the 3D N = 1 analogue of the above
component reduction. Such a procedure is useful to study the field contents of some
supersymmetric higher-spin models.
An unconstrained superfield is a reducible representation of supersymmetry. In order
to obtain an irreducible representation, we need to impose certain constraints on the
superfield which are also consistent with the supersymmetry transformations. This can
be done with the help of the covariant derivatives Dα, D¯α˙. The simplest example is the
chirality constraint,
D¯α˙Φ(x, θ, θ¯) = 0 , (2.1.19)
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with Φ(x, θ, θ¯) being a complex scalar superfield. It can be shown that the above constraint
implies that
∂¯α˙
(
e−iθσ
aθ¯∂aΦ(x, θ, θ¯)
)
= 0 . (2.1.20)
In order to see this, one may act on both sides of (2.1.19) with the operator e−iθσ
aθ¯∂a , and
make use of the identity
e−iθσ
aθ¯∂aD¯α˙e
iθσaθ¯∂a = −∂¯α˙ . (2.1.21)
It follows from (2.1.20) that e−iθσ
aθ¯∂aΦ(x, θ, θ¯) is independent of θ¯, so it can be written as
e−iθσ
aθ¯∂aΦ(x, θ, θ¯) = Φ(x, θ) , (2.1.22)
for an arbitrary superfield Φ(x, θ). Thus, the solution to the chirality constraint (2.1.19)
is given by
Φ(x, θ, θ¯) = eiθσ
aθ¯∂aΦ(x, θ) = Φ(xa + iθσaθ¯, θ) . (2.1.23)
A superfield of the form (2.1.23), which depends only on (x, θ), is called chiral superfield.
Analogously, one can also impose the anti-chirality constraint
DαΦ¯(x, θ, θ¯) = 0 , (2.1.24)
which is solved by
Φ¯(x, θ, θ¯) = e−iθσ
aθ¯∂aΦ¯(x, θ¯) = Φ¯(xa − iθσaθ¯, θ¯) . (2.1.25)
In contrast to the chiral superfield (2.1.23), we see that the anti-chiral superfield essentially
depends on (x, θ¯) only. Any function of a chiral superfield only is also chiral, that is
D¯α˙F (Φ) = F
′(Φ)D¯α˙Φ = 0 . (2.1.26)
The same goes with anti-chiral superfield.
The component structure of a chiral superfield can be studied by first decomposing
Φ(x, θ) in terms of θ:
Φ(x, θ) = A(x) + θαψα(x) + θ
2F (x) , (2.1.27)
or, equivalently
A(x) = Φ| , ψα(x) = DαΦ| , F (x) = −1
4
D2Φ| . (2.1.28)
As a result, we have that
Φ(x, θ, θ¯) = eiθσ
aθ¯∂aΦ(x, θ)
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= A(x) + θαψα + θ
2F (x) + iθσa∂¯aA(x)
+
i
2
θ2θ¯σ¯a∂aψ(x) +
1
4
θ2θ¯22A(x) . (2.1.29)
The component fields of an anti-chiral superfield can be worked out from (2.1.29) by
conjugation.
There are other types of constrained superfields, such as complex linear and real linear
superfields. They will be described in section 2.2.
2.1.4 Supersymmetric action principle
In superspace formalism, any supersymmetric field theory is described by a set of
superfields, with the corresponding action functional written as an integral over the su-
perspace of a Lagrangian superfield L. The (classical) superfield equations of motion can
be obtained using a supersymmetric action principle.
Let us first understand some basics of integration over the anticommuting coordi-
nates (θ, θ¯), which was first given by Berezin [126]. The Berezin integral is equivalent to
differentiation. We further note some properties:∫
dθαθ
β = ∂αθ
β = δα
β ,
d2θ =
1
4
εαβdθαdθβ =⇒
∫
d2θ =
1
4
∂α∂α ,
∫
d2θ θ2 = 1 . (2.1.30)
Similarly, ∫
dθ¯α˙θ¯β˙ = ∂¯
α˙θ¯β˙ = δ
α˙
β˙ ,
d2θ¯ =
1
4
εα˙β˙dθ¯
α˙dθ¯β˙ =⇒
∫
d2θ¯ =
1
4
∂¯α˙∂¯
α˙ ,
∫
d2θ¯ θ¯2 = 1 . (2.1.31)
The measure of full N = 1 Minkowski superspace is denoted d8z = d4xd2θd2θ¯, while the
measures on chiral and antichiral subspaces are given by d6z = d4xd2θ and d6z¯ = d4xd2θ¯
respectively.
There are many useful properties of integration in full superspace or chiral subspace.
First, for an arbitrary superfield V (z), we have that∫
d8z DA(V (z)) = 0 . (2.1.32)
Integration in an (anti-)chiral subspace can be reduced to Minkowski space,∫
d6z V (z) = −1
4
∫
d4x D2V (z)
∣∣∣ , (2.1.33a)
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∫
d6z¯ V (z) = −1
4
∫
d4x D¯2V (z)
∣∣∣ . (2.1.33b)
Given an integration in full superspace, it can be written either in (anti-)chiral subspace
or Minkowski space:∫
d8zV (z) = −1
4
∫
d6z D¯2V (z) =
1
16
∫
d4x D2D¯2V (z)
∣∣∣ , (2.1.34)
= −1
4
∫
d6z¯ D2V (z) =
1
16
∫
d4x D¯2D2V (z)
∣∣∣ = 1
16
∫
d4x D2D¯2V (z)
∣∣∣ .
The most general supersymmetric action functional takes the form
S =
∫
d4xd2θd2θ¯L+
∫
d4xd2θLc +
∫
d4xd2θ¯L¯c . (2.1.35)
Here L is a real scalar superfield, while Lc and L¯c are chiral and anti-chiral scalar super-
fields, respectively. Performing integration over all the Grassmann variables in (2.1.35)
results in component form of the action, which is expressed as an integral over the 4D
Minkowski space. This procedure yields
S =
∫
d4x
( 1
16
D2D¯2L − 1
4
D2Lc − 1
4
D¯2L¯c
)∣∣∣ . (2.1.36)
For completeness, let us prove the invariance of (2.1.35) under the N = 1 super-
Poincare transformations. We will explicitly show this for the first term. The invariance
of the (anti-)chiral action can also be proved in a similar way. For this we vary the
Lagrangian L, which is a scalar superfield according to the rule (2.1.18):
δS =
∫
d4xd2θd2θ¯ i(αQα + ¯α˙Q¯
α˙)L = 1
16
∫
d4xD2D¯2 i(αQα + ¯α˙Q¯
α˙)L
∣∣∣
=
1
16
∫
d4x i(αQα + ¯α˙Q¯
α˙)D2D¯2L
∣∣∣ = − 1
16
∫
d4x (αDα + ¯α˙D¯
α˙)D2D¯2L
∣∣∣
= − 1
16
∫
d4x ¯α˙[D¯
α˙, D2]D¯2L
∣∣∣ = i
4
∫
d4x ∂αα˙(¯
α˙DαD¯2L)
∣∣∣ , (2.1.37)
i.e. the Lagrangian changes by a total spacetime derivative.
Consider a simple superfield model for a free massless chiral scalar superfield Φ. Its
action is given by
S =
∫
d4xd2θd2θ¯ Φ¯Φ , D¯α˙Φ = 0 . (2.1.38)
The superfield equations of motion can be derived by varying the action with respect to Φ,
which is defined as an integral over the chiral subspace. This leads to D¯2Φ¯ = 0. Similarly,
one gets D2Φ = 0 by varying the anti-chiral superfield Φ¯. Recalling the definition of the
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components of Φ given in (2.1.28), the corresponding component action is easily found to
be
S =
∫
d4x
(
− ∂aA¯∂aA− i
2
ψα∂αα˙ψ¯
α˙ + F¯F
)
. (2.1.39)
The component fields F and F¯ are auxiliary fields. They enter the action without deriva-
tives (or kinetic terms), thus they have no non-trivial dynamics. One further finds that the
component fields A,ψ, F (and their conjugates) transform linearly under the infinitesimal
supersymmetry transformations:
δA = −αψα ,
δψα = −2αF − 2i¯α˙∂αα˙A , (2.1.40)
δF = −i¯α˙∂αα˙ψα .
Suppose the auxiliary fields F, F¯ are eliminated through their equations of motion (in this
case it is F = F¯ = 0). Computing the commutators of two infinitesimal supersymmetry
transformations, one finds that the supersymmetry algebra is broken when the auxiliary
fields are eliminated. More precisely, the result is of the form
[δ1 , δ2 ]A = c
m∂mA , [δ1 , δ2 ]ψα = c
m∂mψα + icαα˙
δS
δψ¯α˙
, (2.1.41)
with cm = 2i(α1σ
m
αα˙¯
α˙
2 − α2σmαα˙¯α˙1 ). This algebra is closed only on the equations of motion
for spinor fields δS/δψ¯α˙ = 0. Therefore, the supersymmetry algebra in the theory without
auxiliary fields is closed only on-shell (on equations of motion). This explains the role of
auxiliary fields, which are to ensure off-shell closure of the supersymmetry algebra on the
component fields.
2.2 Linearised N = 1 Poincare´ supergravity and vari-
ant supercurrents
Given an N = 1 supersymmetric theory, one can derive the conserved spin-vector
current associated to rigid supersymmetry. By computing Noether currents in the mas-
sive Wess-Zumino model, Ferrara and Zumino demonstrated that the conserved energy-
momentum tensor Tab and the spin-vector current Sa belong to a supermultiplet, called
the supercurrent [57]. Additionally, the supercurrent contains the axial U(1)R current,
ja, which is only conserved for a theory with U(1)R symmetry. The trace of the energy-
momentum tensor, the gamma-trace of the spinor current γaSa, and the axial current
divergence ∂aja form a smaller supermultiplet, i.e. the trace supermultiplet (also called
supertrace).
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For 4D N = 1 supersymmetric theories in Minkowski space, the most general super-
current multiplet is subject to the following conservation law [77,78]
D¯α˙Jαα˙ = χα + i ηα +DαT , (2.2.1)
D¯α˙χα = D¯α˙ηα = D¯α˙T = 0 , D
αχα − D¯α˙χ¯α˙ = Dαηα − D¯α˙η¯α˙ = 0 .
Here the real vector superfield Jαα˙ = J¯αα˙ is the supercurrent. The chiral superfields T ,
χα and ηα are the trace supermultiplets.
Depending on supersymmetric theories, some of the trace supermultiplets might van-
ish. In the case of superconformal theories, we can set all of them to zero. The three
terms on the right-hand side of (2.2.1) correspond to the fact that there exist exactly
three linearised off-shell formulations for minimal (12+12) N = 1 Poincare´ supergravity,
which have been studied in [89]. These off-shell models are related by duality transforma-
tions, i.e. they are equivalent on-shell. More precisely, the authors of [89] classified the
following off-shell N = 1 superfield models for linearised supergravity: (i) three minimal
formulations with (12+12) off-shell degrees of freedom; (ii) three reducible realisations
with (16+16) components; and (iii) one non-minimal formulation with (20+20) compo-
nents. Each formulation corresponds to a different way of gauge-fixing N = 1 conformal
supergravity to describe Poincare´ supergravity (see [35, 56] for reviews). These seven
supergravity models give rise to variant supercurrent multiplets.
We recall that N = 1 Poincare´ supergravity [14, 15] describes interacting spin-2 hmn
(the graviton) and spin-3/2 fields ψαm, ψ¯
α˙
m (the gravitino), with local translational and
supersymmetry invariance. All off-shell formulations for linearised N = 1 Poincare´ su-
pergravity are described by two types of dynamical superfields: the real gravitational
gauge superfield Hαα˙ = H¯αα˙ [80] and a compensating superfield. Each off-shell descrip-
tion contains the graviton and gravitino as dynamical fields, but differs in the set of
auxiliary fields. The graviton and gravitino fields can be identified with the components
of Hαα˙. Switching to the two-component spinor notation (see appendix A), they read
hαα˙ββ˙ ∼ [D(β, D¯(β˙]Hα)α˙)
∣∣ , ψβαα˙ ∼ D¯2D(βHα)α˙∣∣ . (2.2.2)
The real gravitational superfield Hαα˙ has the following linearised gauge transformation
δHαα˙ = D¯α˙Lα −DαL¯α˙ , (2.2.3)
where Lα is an unconstrained spinor superfield. Upon imposing the Wess-Zumino gauge,
the remaining transformations correspond to superconformal transformations [127], see
also [35, 56] for reviews. A compensating superfield is required in order to remove this
extra symmetry, and thus describing Poincare´ supergravity. The difference between the
off-shell models is thus encoded in the choice of the compensators.
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Let us now focus on the structure of irreducible3 supercurrents and the linearised
off-shell minimal supergravity formulations that they correspond to. There are three
irreducible supercurrent multiplets with (12+12) off-shell degrees of freedom.
• Setting χα = ηα = 0 leads to the well-known Ferrara-Zumino multiplet [57], which
corresponds to the old minimal formulation for N = 1 supergravity [128–130], with
the following supergravity gauge transformation law:
δHαα˙ = D¯α˙Lα −DαL¯α˙ ,
δσ = − 1
12
D¯2DαLα . (2.2.4)
Here σ is the chiral compensator, D¯α˙σ = 0.
• The case T = ηα = 0 is known as the R-multiplet, which exists if the model
has an R-symmetry. This multiplet corresponds to the new minimal supergravity
[88]. New minimal supergravity uses a real linear superfield G as a compensator,
G¯−G = D¯2G = 0. The constrained superfield G is the gauge-invariant field strength
of a chiral spinor potential Ψα
G = DαΨα + D¯α˙Ψ¯
α˙ , D¯α˙Ψβ = 0 , (2.2.5)
which is defined modulo gauge freedom
δΨα = iD¯
2DαK , K = K¯ . (2.2.6)
The gauge transformation law is
δHαα˙ = D¯α˙Lα −DαL¯α˙ ,
δG =
1
4
(DαD¯2Lα + D¯α˙D
2L¯α˙) =⇒ δΨα = 1
4
D¯2Lα . (2.2.7)
• The third option with T = χα = 0, corresponds to the Virial multiplet, which was
studied quite recently [131]. It corresponds to another minimal supergravity theory
introduced in [132]. It might have fewer applications because it is known only at
linearised level, unlike the old and new minimal theories. This theory also makes use
of a real linear compensator superfield F , which is the gauge-invariant field strength
of a chiral spinor potential ρα
F = Dαρα + D¯α˙ρ¯
α˙ , D¯α˙ρβ = 0 . (2.2.8)
The supergravity transformation is given by
δHαα˙ = D¯α˙Lα −DαL¯α˙ ,
δF =
i
12
(DαD¯2Lα − D¯α˙D2L¯α˙) =⇒ δρα = i
12
D¯2Lα . (2.2.9)
3A supercurrent multiplet is called irreducible if it is associated with an off-shell formulation for pure
supergravity.
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If only one of the trace multiplets is zero, the supercurrent multiplet contains bigger
(16+16) components and is said to be reducible. The most famous one is the so-called
S-multiplet, introduced by Komargodski and Seiberg [65]. The S-multiplet is subject to
the conservation equation
D¯α˙Jαα˙ = DαT + χα ,
D¯α˙T = D¯α˙χα = 0 , D
αχα − D¯α˙χ¯α˙ = 0 . (2.2.10)
It has been shown in [89] that such models with 16+16 off-shell degrees of freedom can
be written as a sum of two of the three minimal models discussed above.
Let us show how to derive a supercurrent multiplet and its conservation equation,
starting from a linearised off-shell formulation for N = 1 supergravity, for instance the old
minimal supergravity. This approach is based on [77], in which variantN = 1 supercurrent
multiplets are derived. The analysis for the other formulations should be analogous. First,
the following linearised action [56]
S(I)[H, σ] =
∫
d4xd2θd2θ¯
{
− 1
16
Hαα˙DβD¯2DβHαα˙ − 1
4
(∂αα˙H
αα˙)2 +
1
48
([Dα, D¯α˙]H
αα˙)2
−i(σ − σ¯)∂αα˙Hαα˙ − 3σ¯σ
}
(2.2.11)
is invariant under the linearised gauge transformations (2.2.4) of the supergravity prepo-
tentials. Next, we consider the following coupling of the dynamical variables to external
sources
S(I) → S(I)[H, σ]− 1
2
∫
d4xd2θd2θ¯ Hαα˙Jαα˙ − 3
2
{∫
d4xd2θ σT + c.c.
}
. (2.2.12)
Demanding invariance of the above action under (2.2.4), it is straightforward to show that
the sources Jαα˙ and T must satisfy the conservation equation (2.2.1), that is
D¯α˙Jαα˙ = DαT , D¯α˙T = 0 . (2.2.13)
In the case of conformal supergravity, the coupling becomes very simple
Ssource =
∫
d4xd2θd2θ¯ Hαα˙Jαα˙ , (2.2.14)
which leads to the conservation condition
D¯α˙Jαα˙ = 0 ⇐⇒ DαJαα˙ = 0 , (2.2.15)
as a consequence of imposing invariance under (2.2.3). The independent components of
the conformal supercurrent Jαα˙ are
jαα˙ := Jαα˙| , Sαβα˙ := DβJαα˙| = S(αβ)α˙ , Tαβα˙β˙ := [D(β, D¯(β˙]Jα)α˙)| .
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Here jαα˙ is the R-symmetry current, which is not always conserved. The supersymmetry
current Sαβα˙, S¯αα˙β˙ and the energy-momentum tensor Tαβα˙β˙ are conserved,
∂αα˙Sαβα˙ = 0 , ∂
αα˙Tαβα˙β˙ = 0 . (2.2.16)
Let us look at some simple supersymmetric theories in which the above (non-)conformal
supercurrents are realised. We first consider a superconformal model for a massless chiral
scalar Φ, D¯α˙Φ = 0, with action
S =
∫
d4xd2θd2θ¯ Φ¯Φ (2.2.17)
This theory is characterised by the conformal supercurrent [57]
Jαα˙ = DαΦD¯α˙Φ¯ + 2i(Φ∂αα˙Φ¯− Φ¯∂αα˙Φ) , (2.2.18)
which obeys the conservation equation (2.2.15), provided the matter superfield is put
on-shell: D2Φ = 0 , D¯2Φ¯ = 0.
A single massive chiral superfield can be coupled to the old minimal supergravity,
which is reflected in the existence of the Ferrara-Zumino supercurrent [57]. A massive
chiral superfield is described by the action
S =
∫
d4xd2θd2θ¯ Φ¯Φ +
{m
2
∫
d4xd2θΦ2 + c.c.
}
. (2.2.19)
For this model, Jαα˙ can be chosen to have the same functional form as in the massless
case, eq. (2.2.18)4. The trace multiplet is given by
T = mΦ2 . (2.2.20)
It may be shown that the conservation equation
D¯α˙Jαα˙ = DαT , D¯α˙T = 0 (2.2.21)
holds on the use of the massive equations of motion
−1
4
D¯2Φ¯ +mΦ = 0 , −1
4
D2Φ +mΦ¯ = 0 . (2.2.22)
As explained in [79], the Ferrara-Zumino supercurrent multiplet is not well defined in
some supersymmetric theories. On the other hand, the S-multiplet always exists in all
known rigid supersymmetric theories in Minkowski space.
Given real scalar superfields U and V , the non-conformal supercurrent multiplets
(2.2.1) can be transformed by the rule [78]
Jαα˙ → Jαα˙ + [Dα, D¯α˙]V − 2∂αα˙U , (2.2.23a)
4This follows from the fact that the gravitational superfield does not couple to the superpotential [133].
22
T → T + 1
2
D¯2(V − iU) , (2.2.23b)
χα → χα + 3
2
D¯2DαV , (2.2.23c)
ηα → ηα + 1
2
D¯2DαU , (2.2.23d)
while keeping the conservation equation (2.2.1) unchanged. Such a transformation is
called an improvement.
2.3 Field theories in N = 1 AdS superspace
In four dimensions, N = 1 supersymmetry in anti-de Sitter space was first studied by
Keck [90], and analysis of its nonlinear realisations was given by Zumino [91]. Ivanov and
Sorin [93] extensively developed the concept of 4D N = 1 AdS superspace and superfield
techniques. The N = 1 AdS superspace, AdS4|4, is the simplest member of the family of
N -extended AdS superspaces
AdS4|4N =
OSp(N|4)
SO(3, 1)× SO(N ) . (2.3.1)
In the following we give a summary of the results which are absolutely essential for
constructingN = 1 supersymmetric field theory in AdS in a manifestly OSp(1|4)-invariant
way. We mostly follow the presentation in [63]. Our notation and two-component spinor
conventions agree with [35], except for the superspace integration measures.
Let zM = (xm, θµ, θ¯µ˙) be local coordinates for AdS
4|4. The geometry of AdS4|4 may be
described in terms of covariant derivatives of the form
DA = (Da,Dα, D¯α˙) = EA + ΩA , EA = EAM∂M , (2.3.2)
where EA
M is the inverse superspace vielbein, and
ΩA =
1
2
ΩA
bcMbc = ΩA
βγMβγ + Ω¯A
β˙γ˙M¯β˙γ˙ (2.3.3)
is the Lorentz connection. The Lorentz generators Mbc ⇔ (Mβγ, M¯β˙γ˙) act on two-
component spinors, see appendix A. In particular, they act on the spinor covariant deriva-
tives by the rule
[Mαβ,Dγ] = εγ(αDβ) , [M¯α˙β˙, D¯γ˙] = εγ˙(α˙D¯β˙) , (2.3.4)
while [Mαβ, D¯γ˙] = [M¯α˙β˙,Dγ] = 0. The covariant derivatives of AdS4|4 satisfy the following
algebra
{Dα, D¯α˙} = −2iDαα˙ , (2.3.5a)
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{Dα,Dβ} = −4µ¯Mαβ , {D¯α˙, D¯β˙} = 4µ M¯α˙β˙ , (2.3.5b)
[Dα,Dββ˙] = iµ¯ εαβD¯β˙ , [D¯α˙,Dββ˙] = −iµ εα˙β˙Dβ , (2.3.5c)
[Dαα˙,Dββ˙] = −2µ¯µ
(
εαβM¯α˙β˙ + εα˙β˙Mαβ
)
, (2.3.5d)
with µ 6= 0 being a complex parameter, which is related to the scalar curvature R of AdS
space by the rule R = −12|µ|2.
The isometry group of N = 1 AdS superspace is OSp(1|4). The isometries transfor-
mations of AdS4|4 are generated by the Killing vector fields ΛAEA which are defined to
solve the Killing equation[
Λ +
1
2
ωbcMbc,DA
]
= 0 , Λ := λBDB = λbDb + λβDβ + λ¯β˙D¯β˙ , (2.3.6)
for some Lorentz superfield parameter ωbc = −ωcb. As shown in [35], the equations in
(2.3.6) are equivalent to
D(αλβ)β˙ = 0 , D¯β˙λαβ˙ + 8iλα = 0 , (2.3.7a)
Dαλα = 0 , D¯α˙λα + i
2
µλαα˙ = 0 , (2.3.7b)
ωαβ = Dαλβ . (2.3.7c)
The solution to these equations is given in [35]. If T is a tensor superfield (with suppressed
indices), its infinitesimal OSp(1|4) transformation is
δT =
(
Λ +
1
2
ωbcMbc
)
T . (2.3.8)
In Minkowski space, we have seen that there are two ways to generate supersymmetric
invariants, one of which corresponds to the integration over the full superspace and the
other over its chiral subspace. In AdS superspace, every chiral integral can be always
recast as a full superspace integral. Associated with a scalar superfield L is the following
OSp(1|4) invariant∫
d4xd2θd2θ¯ E L = −1
4
∫
d4xd2θ E (D¯2 − 4µ)L , E−1 = Ber (EAM) , (2.3.9)
where E denotes the chiral integration measure.5 Let Lc be a chiral scalar, D¯α˙Lc =
0. It generates the supersymmetric invariant
∫
d4xd2θ E Lc. The specific feature of AdS
superspace is that the chiral action can equivalently be written as an integral over the full
superspace [134] ∫
d4xd2θ E Lc = 1
µ
∫
d4xd2θd2θ¯ E Lc . (2.3.10)
Unlike the flat superspace case, the integral on the right does not vanish in AdS.
5In the chiral representation [35,56], the chiral measure is E = ϕ3, where ϕ is the chiral compensator
of old minimal supergravity [134].
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2.4 Variant supercurrents in AdS space
We now turn to describing the structure of N = 1 supercurrent multiplets in AdS.
In contrast to the variant supercurrents in Minkowski space, there exist only two irre-
ducible AdS supercurrents, with (12 + 12) and (20 + 20) degrees of freedom [100]. The
former is associated with the old minimal AdS supergravity (see e.g. [35,56] for reviews).
This supercurrent is the AdS extension of the Ferrara-Zumino multiplet satisfying the
conservation equation
D¯α˙Jαα˙ = DαT , D¯α˙T = 0 . (2.4.1)
The latter corresponds to non-minimal AdS supergravity [99], with the following conser-
vation law
D¯α˙Jαα˙ = −1
4
D¯2ζα , D(βζα) = 0 . (2.4.2)
The vector superfields Ja and Ja are real.
The non-minimal supercurrent (2.4.2) is equivalent to the Ferrara-Zumino multiplet
(2.4.1), since there exists a well-defined improvement transformation that turns (2.4.2)
into (2.4.1), as demonstrated in [99]. In AdS superspace, the constraint on the trace
multiplet ζα, D(βζα), can always be solved as
ζα = Dα(V + iU) , (2.4.3)
for well-defined real operators V and U .6 If we now introduce
Jαα˙ := Jαα˙ +
1
6
[Dα, D¯α˙]V −Dαα˙U , T := 1
12
(D¯2 − 4µ)(V − 3iU) , (2.4.4)
then the operators Jαα˙ and T prove to satisfy the conservation equation (2.4.1).
For the Ferrara-Zumino supercurrent (2.4.1), there exists an improvement transfor-
mation that is generated by a chiral scalar operator Ω. Specifically, using the operator Ω
allows one to introduce new supercurrent J˜αα˙ and chiral trace multiplet T˜ defined by
J˜αα˙ = Jαα˙ + iDαα˙
(
Ω− Ω¯) , D¯α˙Ω = 0 , (2.4.5a)
T˜ = T + 2µΩ +
1
4
(D¯2 − 4µ)Ω¯ . (2.4.5b)
The operators J˜αα˙ and T˜ obey the conservation equation (2.4.1).
6This follows from the properties of linear superfields which will be discussed further in section 4.1.
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2.5 Off-shell higher-spin multiplets: a brief review
In later chapters, we are going to construct higher-spin extensions of supercurrents in
three and four dimensions. For this we require off-shell formulations for massless higher-
spin supermultiplets. In the framework of 4D N = 1 Poincare´ and AdS supersymmetry,
such gauge theories have already been developed in a series of papers [63–65]. Here we
briefly review the constructions in Minkowski space [64,65]. Their AdS counterparts [63]
will be reviewed in the beginning of chapter 4.
2.5.1 Massless half-integer superspin multiplets
There exist two dually equivalent off-shell formulations for a free massless superspin-
(s + 1
2
) multiplet, with s = 1, 2, . . .. They are referred to as transverse and longitudinal
formulations [64]. In these two off-shell gauge models, the main feature is the use of the
so-called transverse and longitudinal linear superfields as one of the dynamical variables.
Both are complex superfields and subject to different constraints. More generally, a
complex tensor superfield7 Γα(m)α˙(n) is called transverse linear, if it obeys the constraint
D¯β˙Γα(m)β˙α˙(n−1) = 0 , n > 0 . (2.5.1)
A longitudinal linear superfield Gα(m)α˙(n) is defined to satisfy the constraint
D¯(α˙1Gα(m)α˙2...α˙n+1) = 0 . (2.5.2)
The above constraints imply that Γα(m)α˙(n) and Gα(m)α˙(n) are linear superfields,
D¯2Γα(m)α˙(n) = D¯
2Gα(m)α˙(n) = 0 . (2.5.3)
In the case n = 0, the constraint (2.5.1) has to be replaced with the standard linear
constraint D¯2Γα(m) = 0. The constraint (2.5.2) for n = 0 is the chirality condition
D¯β˙Gα(m) = 0.
In the case of 4D N = 1 AdS supersymmetry, longitudinal linear and transverse
linear superfields were first described in [93] to realise the irreducible representations of
the AdS isometry group OSp(1|4) (see [135] for a nice review of the results of [93]). In
the framework of 4D N = 1 conformal supergravity, primary longitudinal linear and
transverse linear supermultiplets were introduced for the first time by Kugo and Uehara
[136]. Such superfields were used in [3,4,49,63–65] for the description of off-shell massless
gauge theories in three and four dimensions.
7All Lorentz tensor (super)fields considered in this thesis are completely symmetric in their undot-
ted spinor indices and separately in their dotted ones. We use the shorthand notation Vα(m)α˙(n) :=
Vα1···αmα˙1···α˙n(z) = V(α1···αm)(α˙1···α˙n)(z) and V
α(m)α˙(n)Uα(m)α˙(n) := V
α1···αmα˙1···α˙nUα1···αmα˙1···α˙n .
Parentheses denote symmetrisation of indices; the undotted and dotted spinor indices are symmetrised
independently. Indices sandwiched between vertical bars (for instance, |γ|) are not subject to symmetri-
sation.
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2.5.1.1 Transverse formulation
The transverse formulation is realised in terms of the following dynamical variables:
V⊥s+1/2 =
{
Hα(s)α˙(s) , Γα(s−1)α˙(s−1) , Γ¯α(s−1)α˙(s−1)
}
. (2.5.4)
Here Hα(s)α˙(s) is a real unconstrained superfield. The complex superfield Γα(s−1)α˙(s−1) is
transverse linear,
D¯β˙Γα(s−1)β˙α˙(s−2) = 0 =⇒ D¯2Γα(s−1)α˙(s−1) = 0 . (2.5.5)
The constraint (2.5.5) can be solved in terms of an unconstrained prepotential:
Γα(s−1)α˙(s−1) = D¯β˙Φα(s−1) (β˙α˙1···α˙s−1) . (2.5.6)
The prepotential is defined modulo gauge transformation of the form
δξΦα(s−1) α˙(s) = D¯β˙ξα(s−1) (β˙α˙1···α˙s) , (2.5.7)
with the gauge parameters ξα(s−1) α˙(s+1) being unconstrained.
It was postulated in [64] that the linearised gauge transformations for the superfields
Hα(s)α˙(s) and Γα(s−1)α˙(s−1) are
δΛHα1...αsα˙1...α˙s = D¯(α˙1Λα1...αsα˙2...α˙s) −D(α1Λ¯α2...αs)α˙1...α˙s , (2.5.8a)
δΛΓα1...αs−1α˙1...α˙s−1 = −
1
4
D¯β˙D2Λ¯α1...αs−1β˙α˙1...α˙s−1 , (2.5.8b)
where the complex gauge parameter Λα1...αsα˙1...α˙s−1 = Λ(α1...αs)(α˙1...α˙s−1) is unconstrained.
It follows from (2.5.8b) that the transformation law of the prepotential Φα(s−1)α˙(s) is
δΛΦα1...αs−1α˙1...α˙s = −
1
4
D2Λ¯α1...αs−1α˙1...α˙s . (2.5.9)
The action invariant under the gauge transformations (2.5.8a) and (2.5.8b) is
S⊥
(s+ 1
2
)
[H,Γ, Γ¯] =
(
− 1
2
)s ∫
d4xd2θd2θ¯
{1
8
Hα(s)α˙(s)DβD¯2DβHα(s)α˙(s)
+ Hα(s)α˙(s)
(
DαsD¯α˙sΓα(s−1)α˙(s−1) − D¯α˙sDαsΓ¯α(s−1)α˙(s−1)
)
+
(
Γ¯α(s−1)α˙(s−1)Γα(s−1)α˙(s−1)
+
s+ 1
s
Γα(s−1)α˙(s−1)Γα(s−1)α˙(s−1) + c.c.
)}
. (2.5.10)
We now briefly comment on the limiting s = 1 case which should correspond to
linearised supergravity. The transverse linear constraint (2.5.5) cannot be used for s = 1,
however its corollary D¯2Γα(s−1)α˙(s−1) = 0 can be used,
D¯2Γ = 0 . (2.5.11)
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This constraint defines a complex linear superfield. In accordance with (2.5.8b), the gauge
transformation of Γ is
δΛΓ =
1
4
D¯β˙D
2Λ¯β˙ . (2.5.12)
The action (2.5.10) for s = 1 coincides with the linearised action for the n = −1 non-
minimal supergravity, see [35,89] for reviews.
2.5.1.2 Longitudinal formulation
The longitudinal formulation is described in terms of the following dynamical variables:
V‖s+1/2 =
{
Hα(s)α˙(s) , Gα(s−1)α˙(s−1) , G¯α(s−1)α˙(s−1)
}
, (2.5.13)
where the real superfield Hα(s)α˙(s) is unconstrained, and the compensating superfield
Gα(s−1)α˙(s−1) is longitudinal linear,
D¯(α˙1Gα(s−1)α˙2···α˙s) = 0 =⇒ D¯2Gα(s−1)α˙(s−1) = 0 . (2.5.14)
The constraint (2.5.14) can be solved in terms of an unconstrained prepotential
Gα(s−1)α˙(s−1) = D¯(α˙1Ψα(s−1) α˙2···α˙s−1) . (2.5.15)
The prepotential is defined modulo gauge transformations of the form
δζΨα(s−1) α˙(s−2) = D¯(α˙1ζα(s−1) α˙2···α˙s−2) , (2.5.16)
with the gauge parameter ζα(s−1) α˙(s−3) being unconstrained.8
The gauge transformations for the dynamical superfields are given by
δΛHα1...αsα˙1...α˙s = D¯(α˙1Λα1...αsα˙2...α˙s) −D(α1Λ¯α2...αs)α˙1...α˙s , (2.5.17a)
δΛGα1...αs−1α˙1...α˙s−1 = −
1
2
D¯(α˙1D¯
|β˙|DβΛβα1...αs−1α˙2...α˙s−1)β˙
+i(s− 1)D¯(α˙1∂β|β˙|Λβα1...αs−1α˙2...α˙s−1)β˙ . (2.5.17b)
The symmetrisation in (2.5.17b) is extended only to the indices α˙1, α˙2, . . . , α˙s−1. It follows
from (2.5.17b) that the transformation law of the prepotential Ψα(s−1)α˙(s−2) is
δΛΨα1...αs−1α˙1...α˙s−2 = −
1
2
(
D¯β˙Dβ − 2i(s− 1)∂ββ˙
)
Λβα1...αs−1β˙α˙1...α˙s−2 . (2.5.18)
The action invariant under the gauge transformations (2.5.17a) and (2.5.17b) is
S
‖
(s+ 1
2
)
[H,G, G¯] =
(
− 1
2
)s ∫
d4xd2θd2θ¯
{1
8
Hα(s)α˙(s)DβD¯2DβHα(s)α˙(s)
8For s = 2 the gauge transformation law (2.5.16) has to be replaced with δΨα = ζα, with the gauge
parameter ζα being chiral, D¯β˙ζα = 0.
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− 1
8
s
2s+ 1
( [
Dγ, D¯γ˙
]
Hγα(s−1)γ˙α˙(s−1)
) [
Dβ, D¯β˙
]
Hβα(s−1)β˙α˙(s−1)
+
s
2
(
∂γγ˙H
γα(s−1)γ˙α˙(s−1)
)
∂ββ˙Hβα(s−1)β˙α˙(s−1)
+ 2i
s
2s+ 1
∂γγ˙H
γα(s−1)γ˙α˙(s−1)
(
Gα(s−1)α˙(s−1) − G¯α(s−1)α˙(s−1)
)
+
1
2s+ 1
(
G¯α(s−1)α˙(s−1)Gα(s−1)α˙(s−1)
− s+ 1
s
Gα(s−1)α˙(s−1)Gα(s−1)α˙(s−1) + c.c.
)}
. (2.5.19)
The models (2.5.10) and (2.5.19) are dually equivalent in a sense that they are related by
a superfield Legendre transformation described in [64]. In general, the procedure works as
follows. Let us start with the transverse theory (2.5.10) and associate with it the following
first-order action
S[H, V, V¯ , G, G¯] = S⊥
(s+ 1
2
)
[H, V, V¯ ]
+
∫
d4xd2θd2θ¯
(
V α(s−1)α˙(s−1)Gα(s−1)α˙(s−1) + c.c.
)
, (2.5.20)
with Vα(s−1)α˙(s−1) being unconstrained complex. Here S⊥(s+ 1
2
)
[H,V, V¯ ] is obtained from
S⊥
(s+ 1
2
)
[H,Γ, Γ¯] by the replacement Γα(s−1)α˙(s−1) → Vα(s−1)α˙(s−1). The Lagrange multiplier
Gα(s−1)α˙(s−1) is longitudinal linear. Varying the first-order action S[H,V, V¯ , G, G¯] with
respect to the Lagrange multiplier Gα(s−1)α˙(s−1) gives Vα(s−1)α˙(s−1) = Γα(s−1)α˙(s−1), thus
S[H,V, V¯ , G, G¯] reduces to the original action S⊥
(s+ 1
2
)
[H,Γ, Γ¯]. On the other hand, one
can integrate out Vα(s−1)α˙(s−1) using its equation of motion
δ
δV α(s−1)α˙(s−1)
S⊥
(s+ 1
2
)
[H,V, V¯ ] +Gα(s−1)α˙(s−1) = 0 . (2.5.21)
We assume that (2.5.21) can be solved to express Vα(s−1)α˙(s−1) in terms of Gα(s−1)α˙(s−1)
and its conjugate. Plugging this solution back into (2.5.20) leads to the dual action
SD[H,G, G¯], given by the expression (2.5.19).
The constraint (2.5.14) is the chirality condition for s = 1, D¯α˙G = 0 . The gauge
transformation law (2.5.17b) cannot directly be used for s = 1. Nevertheless, it can be
rewritten in the form
δΛGα1...αs−1α˙1...α˙s−1 = −
1
4
D¯2DβΛβα1...αs−1α˙1...α˙s−1
+i(s− 1)∂ββ˙D¯(α˙1Λβα1...αs−1α˙2...α˙s−1)β˙ , (2.5.22)
which is well defined for s = 1:
δΛG = −1
4
D¯2DβΛβ . (2.5.23)
The action (2.5.19) for s = 1 coincides with the linearised action for the old minimal
supergravity, see [35,89] for reviews.
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2.5.2 Massless integer superspin multiplets
We now recall the two off-shell gauge models for a massless multiplet of integer su-
perspin s ≥ 2, which were originally constructed in [65]. In each of the formulations, the
dynamical variables consist of a real unconstrained prepotential Hα(s−1)α˙(s−1) in conjunc-
tion with some compensating supermultiplets.
2.5.2.1 Longitudinal formulation
The longitudinal theory is described by the following set of superfields
V‖s =
{
Hα(s−1)α˙(s−1) , Gα(s)α˙(s) , G¯α(s)α˙(s)
}
. (2.5.24)
The superfield Hα(s−1)α˙(s−1) is unconstrained real, while the compensator Gα(s)α˙(s) is lon-
gitudinal linear. The latter is a field strength associated with a complex unconstrained
prepotential Ψα(s)α˙(s−1),
Gα1...αsα˙1...α˙s := D¯(α˙1Ψα1...αsα˙2...α˙s) =⇒ D¯(α˙1Gα1...αsα˙2...α˙s+1) = 0 . (2.5.25)
The dynamical superfields are defined modulo gauge transformations of the form
δLHα(s−1)α˙(s−1) = DβLβα(s−1)α˙(s−1)) − D¯β˙L¯α(s−1)β˙α˙(s−1)) , (2.5.26a)
δL,ζΨα(s)α˙(s−1) =
1
2
D(α1D
|γ|Lα2...αs)γα˙(s−1) + D¯(α˙1ζα1...αsα˙2...α˙s−1) , (2.5.26b)
with the gauge parameter Lα(s)α˙(s−1) being complex unconstrained. The action functional
which is quadratic in the superfields H,G, G¯ and invariant under the gauge transforma-
tions (2.5.26) is given by
S
‖
(s) =
(
− 1
2
)s ∫
d4xd2θd2θ¯
{
1
8
Hα(s−1)α˙(s−1)DβD¯2DβHα(s−1)α˙(s−1)
+
s
s+ 1
Hα(s−1)α˙(s−1)
(
DβD¯β˙Gβα(s−1)β˙α˙(s−1) − D¯β˙DβG¯βα(s−1)β˙α˙(s−1)
)
+ 2G¯α(s)α˙(s)Gα(s)α˙(s) +
s
s+ 1
(
Gα(s)α˙(s)Gα(s)α˙(s) + G¯
α(s)α˙(s)G¯α(s)α˙(s)
)}
. (2.5.27)
2.5.2.2 Transverse formulation
The transverse formulation is realised by the following set of superfields
V⊥s =
{
Hα(s−1)α˙(s−1) , Γα(s) α˙(s) , Γ¯α(s) α˙(s)
}
. (2.5.28)
Here the compensating multiplet is described by a transverse linear superfield Γα(s)α˙(s)
(and its conjugate Γ¯α(s)α˙(s)) constrained by
D¯β˙Γα(s)β˙α˙(s−1) = 0 =⇒ D¯2Γα(s)α˙(s) = 0 . (2.5.29)
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The dynamical superfields are defined modulo gauge transformations of the form
δLHα(s−1)α˙(s−1) = DβLβα(s−1)α˙(s−1)) − D¯β˙L¯α(s−1)β˙α˙(s−1)) , (2.5.30a)
δLΓα(s)α˙(s) =
s+ 1
2(s+ 2)
D¯β˙
{
D¯(β˙D(α1 + 2i(s+ 2)∂(α1(β˙
}
L¯α2...αs)α˙1...α˙s) . (2.5.30b)
The gauge-invariant action is given by
S⊥
(s+ 1
2
)
= −
(
− 1
2
)s ∫
d4xd2θd2θ¯
{
− 1
8
Hα(s−1)α˙(s−1)DβD¯2DβHα(s−1)α˙(s−1)
+
1
8
s2
(s+ 1)(2s+ 1)
[Dβ, D¯β˙]Hα1...αs−1α˙1...α˙s−1 [D(β, D¯(β˙]Hα1...αs−1)α˙1...α˙s−1)
+
1
2
s2
s+ 1
∂ββ˙Hα1...αs−1α˙1...α˙s−1∂(β(β˙Hα1...αs−1)α˙1...α˙s−1)
+
2is
2s+ 1
Hα(s−1)α˙(s−1)∂ββ˙
(
Γβα(s−1)β˙α˙(s−1) − Γ¯βα(s−1)α˙(s−1)
)
+
1
2s+ 1
(
Γ¯α(s)α˙(s)Γα(s)α˙(s) − s
s+ 1
Γα(s)α˙(s)Γα(s)α˙(s) + c.c.
)}
. (2.5.31)
As demonstrated in [65], the two actions (2.5.27) and (2.5.31) are classically equivalent,
for they are related by a superfield Legendre transformation.
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Chapter 3
Non-conformal higher-spin
supercurrents in Minkowski space
In the previous chapter, the off-shell structure of the massless superspin-sˆ N = 1 mul-
tiplets was described. In the case of half-integer superspin sˆ = s+ 1
2
, with s = 2, 3, . . . both
models involve one and the same gauge superfield Hα(s)α˙(s), but differ in the compensating
multiplets used, i.e. transverse or longitudinal superfield. The real unconstrained pre-
potential Hα(s)α˙(s) is the higher-spin superconformal gauge multiplet introduced in [69].
In the s = 1 case, the gauge transformation (2.5.8a) corresponds to linearised confor-
mal supergravity [81]. It is important to note that the non-supersymmetric higher-spin
theories proposed by (Fang-)Fronsdal [31, 33] and their supersymmetric counterparts of
half-integer superspin share one common feature. Specifically, for each of them, the gauge-
invariant action is formulated in terms of a (super)conformal gauge (super)field coupled
to certain compensators. Such a description was not known for the massless multiplet
of integer superspin until recently [2], in which a reformulation of the integer superspin
action (2.5.27) was given. We now make these points more precise.
3.1 Conformal gauge (super)fields and compensators
Given an integer s ≥ 2, the conformal spin-s field [70,71] is described by a real potential
hα1...αsα˙1...α˙s = h(α1...αs)(α˙1...α˙s) ≡ hα(s)α˙(s) with the gauge freedom
δhα1...αsα˙1...α˙s = ∂(α1(α˙1λα2...αs)α˙2...α˙s) , (3.1.1a)
for an arbitrary real gauge parameter λα1...αs−1α˙1...α˙s−1 = λ(α1...αs−1)(α˙1...α˙s−1) ≡ λα(s−1)α˙(s−1).
In addition to the gauge field hα(s)α˙(s), the massless spin-s action [31] also involves a real
compensator hα(s−2)α˙(s−2) with the gauge transformation
δhα1...αs−2α˙1...α˙s−2 = ∂
ββ˙λβα1...αs−2β˙α˙1...α˙s−2 . (3.1.1b)
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In the fermionic case, the conformal spin-(s + 1
2
) field [70, 71] is described by a potential
ψα(s+1)α˙(s) and its conjugate ψ¯α(s)α˙(s+1) with the gauge freedom
δψα1...αs+1α˙1...α˙s = ∂(α1(α˙1ξα2...αs+1)α˙2...α˙s) , (3.1.2a)
for an arbitrary gauge parameter ξα(s)α˙(s−1). In addition to the gauge fields ψα(s+1)α˙(s) and
ψ¯α(s)α˙(s+1), the massless spin-(s+
1
2
) action [33] also involves two compensators ψα(s−1)α˙(s)
and ψα(s−1)α˙(s−2) and their conjugates, with the following gauge transformations
δψα1...αs−1α˙1...α˙s = ∂
β
(α˙1ξβα1...αs−1α˙2...α˙s) , (3.1.2b)
δψα1...αs−1α˙1...α˙s−2 = ∂
ββ˙ξβα1...αs−1β˙α˙1...α˙s−2 . (3.1.2c)
In the case of an integer superspin sˆ = s, with s = 2, 3, . . . the superconformal multi-
plet introduced in [68] is described in terms of an unconstrained prepotential Ψα(s)α˙(s−1)
and its complex conjugate with the gauge freedom
δV,ζΨα1...αsα˙1...α˙s−1 =
1
2
D(α1Vα2...αs)α˙1...α˙s−1 + D¯(α˙1ζα1...αsα˙2...α˙s−1) . (3.1.3)
Here the gauge parameters Vα(s−1)α˙(s−1) and ζα(s)α˙(s−2) are both unconstrained. As shown
in subsection 2.5.2 (see also [65]), the prepotential Ψα(s)α˙(s−1) naturally appears as one
of the dynamical variables in the longitudinal formulation for the massless superspin-
s multiplet, in addition to the real unconstrained prepotential Hα(s−1)α˙(s−1). However,
the gauge transformation of Ψα(s)α˙(s−1) given in eq. (2.5.26b) differs from eq. (3.1.3).
The difference is that the parameter Vα(s−1)α˙(s−1) in [65] is not unconstrained, but in-
stead takes the form Vα(s−1)α˙(s−1) = DβL(βα1···αs−1)α˙(s−1). Furthermore, the prepotential
Ψα(s)α˙(s−1) enters the action functional (2.5.27) only via the constrained field strength
Gα(s)α˙(s) := D¯(α˙1Ψα(s)α˙2...α˙s), which is longitudinal linear. It is then natural to look for a
new formulation by properly generalising the off-shell supersymmetric action (2.5.27).
In this chapter we propose a new off-shell realisation for the massless superspin-s mul-
tiplet with the following properties: (i) the gauge freedom of Ψα(s)α˙(s−1) is given by (3.1.3);
and (ii) the original longitudinal formulation (2.5.27) emerges upon imposing a gauge con-
dition. The new model is shown to possess a dual formulation obtained by applying a
superfield Legendre transformation. We then introduce non-conformal higher-spin super-
currents associated to the off-shell actions for the massless N = 1 supermultiplets in 4D
Minkowski space. Explicit realisations for these conserved higher-spin supercurrents are
given for models for a single massless and massive chiral superfield, as well as the massive
N = 2 hypermultiplet.
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3.2 The massless integer superspin multiplets revis-
ited
Here we present a new off-shell gauge formulation for the massless superspin-s mul-
tiplet, as well as for the massless gravitino multiplet (s = 1) which requires special
consideration.
3.2.1 Reformulation of the longitudinal theory
Given a positive integer s ≥ 2, we propose to describe the massless superspin-s mul-
tiplet in terms of the following superfield variables: (i) an unconstrained prepotential
Ψα(s)α˙(s−1) and its complex conjugate Ψ¯α(s−1)α˙(s); (ii) a real superfield Hα(s−1)α˙(s−1) =
H¯α(s−1)α˙(s−1); and (iii) a complex superfield Σα(s−1)α˙(s−2) and its conjugate Σ¯α(s−2)α˙(s−1),
where Σα(s−1)α˙(s−2) is constrained to be transverse linear,
D¯β˙Σα(s−1)β˙α˙(s−3) = 0 . (3.2.1)
In the s = 2 case, for which (3.2.1) is not defined, Σα is constrained to be complex linear,
D¯2Σα = 0 . (3.2.2)
The constraint (3.2.1), or its counterpart (3.2.2) for s = 2, can be solved in terms of a
complex unconstrained prepotential Zα(s−1)α˙(s−1) by the rule
Σα(s−1)α˙(s−2) = D¯β˙Zα(s−1)(β˙α˙1...α˙s−2) . (3.2.3)
This prepotential is defined modulo gauge transformations
δξZα(s−1)α˙(s−1) = D¯β˙ξα(s−1)(β˙α˙1...α˙s−1) , (3.2.4)
with the gauge parameter ξα(s−1)α˙(s) being unconstrained complex.
The gauge freedom of Ψα1...αsα˙1...α˙s−1 is chosen to coincide with that of the supercon-
formal superspin-s multiplet [68], which is
δV,ζΨα1...αsα˙1...α˙s−1 =
1
2
D(α1Vα2...αs)α˙1...α˙s−1 + D¯(α˙1ζα1...αsα˙2...α˙s−1) , (3.2.5a)
with unconstrained complex gauge parameters Vα(s−1)α˙(s−1) and ζα(s)α˙(s−2). The V-
transformation is defined to act on the superfields Hα(s−1)α˙(s−1) and Σα(s−1)α˙(s−2) as follows
δVHα(s−1)α˙(s−1) = Vα(s−1)α˙(s−1) + V¯α(s−1)α˙(s−1) , (3.2.5b)
δVΣα(s−1)α˙(s−2) = D¯β˙V¯α(s−1)β˙α˙(s−2) =⇒ δVZα(s−1)α˙(s−1) = V¯α(s−1)α˙(s−1) . (3.2.5c)
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The longitudinal linear superfield
Gα1...αsα˙1...α˙s := D¯(α˙1Ψα1...αsα˙2...α˙s) , D¯(α˙1Gα1...αsα˙2...α˙s+1) = 0 (3.2.6)
is invariant under the ζ-transformation (3.2.5a) and varies under the V-transformation as
δVGα1...αsα˙1...α˙s =
1
2
D¯(α˙1D(α1Vα2...αs)α˙2...α˙s) . (3.2.7)
It may be checked that the following action
S
‖
(s) =
(
− 1
2
)s ∫
d4xd2θd2θ¯
{
1
8
Hα(s−1)α˙(s−1)DβD¯2DβHα(s−1)α˙(s−1)
+
s
s+ 1
Hα(s−1)α˙(s−1)
(
DβD¯β˙Gβα(s−1)β˙α˙(s−1) − D¯β˙DβG¯βα(s−1)β˙α˙(s−1)
)
+2G¯α(s)α˙(s)Gα(s)α˙(s) +
s
s+ 1
(
Gα(s)α˙(s)Gα(s)α˙(s) + G¯
α(s)α˙(s)G¯α(s)α˙(s)
)
+
s− 1
4s
Hα(s−1)α˙(s−1)
(
Dα1D¯
2Σ¯α2...αs−1α˙(s−1) − D¯α˙1D2Σα(s−1)α˙2...α˙s−1
)
+
1
s
Ψα(s)α˙(s−1)
(
Dα1D¯α˙1 − 2i(s− 1)∂α1α˙1
)
Σα2...αsα˙2...α˙s−1
+
1
s
Ψ¯α(s−1)α˙(s)
(
D¯α˙1Dα1 − 2i(s− 1)∂α1α˙1
)
Σ¯α2...αs−1α˙2...α˙s
+
s− 1
8s
(
Σα(s−1)α˙(s−2)D2Σα(s−1)α˙(s−2) − Σ¯α(s−2)α˙(s−1)D¯2Σ¯α(s−2)α˙(s−1)
)
− 1
s2
Σ¯α(s−2)α˙(s−2)β˙
(1
2
(s2 + 1)DβD¯β˙ + i(s− 1)2∂ββ˙
)
Σβα(s−2)α˙(s−2)
}
(3.2.8)
is invariant under the gauge transformations (3.2.5). By construction, the action is also in-
variant under (3.2.4). It should be pointed out that in constructing the new action (3.2.8),
one has to check explicitly its invariance under the ζ-gauge transformation (3.2.5a). In
contrast, the original action (2.5.27) is formulated in terms of Hα(s−1)α˙(s−1) and the field
strength Gα(s)α˙(s). The latter is manifestly invariant under the ζ-transformation.
It is important to keep in mind the following identity, which is used quite often in
proving the gauge-invariance (and also for other higher-spin calculations in this thesis)
DβUα1...αmα˙1...α˙n = D(βUα1...αm)α˙1...α˙n +
1
m+ 1
m∑
k=1
εβαkD
γU|γ|α1...αˆk...αmα˙1...α˙n
= D(βUα1...αm)α˙1...α˙n +
m
m+ 1
εβα1D
γU|γ|α2...αmα˙1...α˙n (3.2.9)
The reader is referred to appendix A for the symmetrisation convention used in this work.
The V-gauge freedom (3.2.5) may be used to impose the condition
Σα(s−1)α˙(s−2) = 0 . (3.2.10)
In this gauge, the action (3.2.8) reduces to that describing the longitudinal formulation
for the massless superspin-s multiplet (2.5.27). The gauge condition (3.2.10) does not
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fix completely the V-gauge freedom. There remains a residual gauge transformation
generated by
Vα(s−1)α˙(s−1) = DβL(βα1...αs−1)α˙(s−1) , (3.2.11)
with the parameter Lα(s)α˙(s−1) being an unconstrained superfield. With this expression for
Vα(s−1)α˙(s−1), the gauge transformations (3.2.5a) and (3.2.5b) coincide with those given
in (2.5.26). Our consideration implies that the action (3.2.8) indeed provides an off-shell
formulation for the massless superspin-s multiplet.
Instead of choosing the condition (3.2.11), one can impose an alternative gauge fixing
Hα(s−1)α˙(s−1) = 0 . (3.2.12)
In accordance with (3.2.5b), in this gauge the residual gauge freedom is described by
Vα(s−1)α˙(s−1) = iRα(s−1)α˙(s−1) , R¯α(s−1)α˙(s−1) = Rα(s−1)α˙(s−1) . (3.2.13)
The action (3.2.8) includes a single term which involves the ‘naked’ gauge field Ψα(s)α˙(s−1)
and not the field strength Gα(s)α˙(s). This is actually a BF term, for it can be written in
two different forms
1
s
∫
d4xd2θd2θ¯Ψα(s)α˙(s−1)
(
Dα1D¯α˙1 − 2i(s− 1)∂α1α˙1
)
Σα2...αsα˙2...α˙s−1
= − 1
s+ 1
∫
d4xd2θd2θ¯ Gα(s)α˙(s)
(
D¯α˙1Dα1 + 2i(s+ 1)∂α1α˙1
)
Zα2...αsα˙2...α˙s . (3.2.14)
The former makes the ξ-gauge symmetry (3.2.4) manifestly realised, while the latter turns
the ζ-transformation (3.2.5a) into a manifest symmetry. Making use of (3.2.14) allows us
to write the action (3.2.8) in the following form:
S
‖
(s) =
(
− 1
2
)s ∫
d4xd2θd2θ¯
{
1
8
Hα(s−1)α˙(s−1)DβD¯2DβHα(s−1)α˙(s−1)
+
s
s+ 1
Hα(s−1)α˙(s−1)
(
DβD¯β˙Gβα(s−1)β˙α˙(s−1) − D¯β˙DβG¯βα(s−1)β˙α˙(s−1)
)
+2G¯α(s)α˙(s)Gα(s)α˙(s) +
s
s+ 1
(
Gα(s)α˙(s)Gα(s)α˙(s) + G¯
α(s)α˙(s)G¯α(s)α˙(s)
)
+
s− 1
4s
Hα(s−1)α˙(s−1)
(
Dα1D¯
2Σ¯α2...αs−1α˙(s−1) − D¯α˙1D2Σα(s−1)α˙2...α˙s−1
)
− 1
s+ 1
Gα(s)α˙(s)
(
D¯α˙1Dα1 + 2i(s+ 1)∂α1α˙1
)
Zα2...αsα˙2...α˙s
+
1
s+ 1
G¯α(s)α˙(s)
(
Dα1D¯α˙1 + 2i(s+ 1)∂α1α˙1
)
Z¯α2...αsα˙2...α˙s
+
s− 1
8s
(
Σα(s−1)α˙(s−2)D2Σα(s−1)α˙(s−2) − Σ¯α(s−2)α˙(s−1)D¯2Σ¯α(s−2)α˙(s−1)
)
− 1
s2
Σ¯α(s−2)α˙(s−2)β˙
(1
2
(s2 + 1)DβD¯β˙ + i(s− 1)2∂ββ˙
)
Σβα(s−2)α˙(s−2)
}
. (3.2.15)
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3.2.2 Dual formulation
The theory with action (3.2.15) possesses a dual formulation that can be obtained by
applying the duality transformation described in subsection 2.5.1.2. We now associate
with our theory (3.2.15) the following first-order action
Sfirst-order = S
‖
(s)[U, U¯ ,H, Z, Z¯]
+
(−1
2
)s ∫
d4xd2θd2θ¯
( 2
s+ 1
Γα(s)α˙(s)Uα(s)α˙(s) + c.c.
)
, (3.2.16)
where S
‖
(s)[U, U¯ ,H, Z, Z¯] is obtained from the action (3.2.15) by replacing Gα(s)α˙(s) with an
unconstrained complex superfield Uα(s)α˙(s). The Lagrange multiplier Γα(s)α˙(s) is a trans-
verse linear superfield,
D¯β˙Γα(s)β˙α˙1...α˙s−1 = 0 . (3.2.17)
The specific normalisation of the Lagrange multiplier in (3.2.16) is chosen to match that
of [63, 65].
The first-order model introduced is equivalent to the original theory (3.2.15), which
can be seen by varying Sfirst-order with respect to the Lagrange multiplier. The action
(3.2.16) is invariant under the gauge ξ-transformation (3.2.4) which acts on Uα(s)α˙(s) and
Γα(s)α˙(s) by the rule
δξUα(s)α˙(s) = 0 , (3.2.18a)
δξΓα(s)α˙(s) = D¯
β˙
{ s+ 1
2(s+ 2)
D¯(β˙D(α1ξα2...αs)α˙1...α˙s) + i(s+ 1)∂(α1(β˙ξα2...αs)α˙1...α˙s)
}
. (3.2.18b)
The first-order action (3.2.16) is also invariant under the gauge V-transformation (3.2.5b)
and (3.2.5c), which acts on Uα(s)α˙(s) and Γα(s)α˙(s) as
δVUα(s)α˙(s) =
1
2
D¯(α˙1D(α1Vα2...αs)α˙2...α˙s) , (3.2.19a)
δVΓα(s)α˙(s) = 0 . (3.2.19b)
On the other hand, eliminating the auxiliary superfields Uα(s)α˙(s) and U¯α(s)α˙(s) from
(3.2.16) using their equations of motion leads to
S⊥(s) = −
(
− 1
2
)s ∫
d4xd2θd2θ¯
{
− 1
8
Hα(s−1)α˙(s−1)DβD¯2DβHα(s−1)α˙(s−1)
+
1
8
s2
(s+ 1)(2s+ 1)
[Dβ, D¯β˙]Hα(s−1)α˙(s−1)[D(β, D¯(β˙]Hα(s−1))α˙(s−1))
+
1
2
s2
s+ 1
∂ββ˙Hα(s−1)α˙(s−1)∂(β(β˙Hα(s−1))α˙(s−1))
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+
2is
2s+ 1
Hα(s−1)α˙(s−1)∂ββ˙
(
Γβα(s−1)β˙α˙(s−1) − Γ¯βα(s−1)β˙α˙(s−1)
)
+
2
2s+ 1
Γ¯
α(s)α˙(s)
Γα(s)α˙(s) − s
(s+ 1)(2s+ 1)
(
Γα(s)α˙(s)Γα(s)α˙(s) + Γ¯
α(s)α˙(s)
Γ¯α(s)α˙(s)
)
− s− 1
2(2s+ 1)
Hα(s−1)α˙(s−1)
(
Dα1D¯
2Σ¯α2...αs−1α˙(s−1) − D¯α˙1D2Σα(s−1)α˙2...α˙s−1
)
+
1
2(2s+ 1)
Hα(s−1)α˙(s−1)
(
D2D¯α˙1Σα(s−1)α˙2...α˙s−1 − D¯2Dα1Σ¯α2...αs−1α˙(s−1)
)
−i (s− 1)
2
s(2s+ 1)
Hα(s−1)α˙(s−1)∂α1α˙1
(
DβΣβα2...αs−1α˙2...α˙s−1 + D¯
β˙Σ¯α2...αs−1β˙α˙2...α˙s−1
)
−s− 1
8s
(
Σα(s−1)α˙(s−2)D2Σα(s−1)α˙(s−2) − Σ¯α(s−2)α˙(s−1)D¯2Σ¯α(s−2)α˙(s−1)
)
+
1
s2
Σ¯α(s−2)α˙(s−2)β˙
(1
2
(s2 + 1)DβD¯β˙ + i(s− 1)2∂ββ˙
)
Σβα(s−2)α˙(s−2)
}
, (3.2.20)
where we have defined
Γα(s)α˙(s) = Γα(s)α˙(s) − 1
2
D¯(α˙1D(α1Zα2...αs)α˙2...α˙s) − i(s+ 1)∂(α1(α˙1Zα2...αs)α˙2...α˙s) . (3.2.21)
In accordance with (3.2.5c), the V-gauge freedom may be used to impose the condition
Zα(s−1)α˙(s−1) = 0 . (3.2.22)
In this gauge the action (3.2.20) reduces to the one defining the transverse formulation for
the massless superspin-s multiplet, eq. (2.5.31). The gauge condition (3.2.22) is preserved
by residual local V- and ξ-transformations of the form
D¯β˙ξα(s−1)β˙α˙(s−1) + V¯α(s−1)α˙(s−1) = 0 . (3.2.23)
Making use of the parametrisation (3.2.11), the residual gauge freedom is
δHα(s−1)α˙(s−1) = DβLβα(s−1)α˙(s−1) − D¯β˙L¯α(s−1)β˙α˙(s−1) , (3.2.24a)
δΓα(s)α˙(s) =
s+ 1
2(s+ 2)
D¯β˙
{
D¯(β˙D(α1 + 2i(s+ 2)∂(α1(β˙
}
L¯α2...αs)α˙1...α˙s) , (3.2.24b)
which is exactly the gauge symmetry of the transverse formulation for the massless
superspin-s multiplet, eq. (2.5.30).
We note that the action (3.2.8) involves the transverse linear compensator Σα(s−1)α˙(s−2)
and its conjugate Σ¯α(s−2)α˙(s−1). These superfields cannot be dualised into a longitudinal
linear supermultiplet without destroying the locality of the theory, for the action (3.2.8)
contains terms with derivatives of Σα(s−1)α˙(s−2) and Σ¯α(s−2)α˙(s−1).
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3.2.3 Massless gravitino multiplet
The original longitudinal and transverse actions for the massless superspin-s multiplet,
given by (2.5.27) and (2.5.31) respectively, are well defined for s = 1, in which case they
describe two off-shell formulations for the massless gravitino multiplet. However, the new
action functional (3.2.8) is not defined in the s = 1 case. The point is that the gauge
transformation law (3.2.5a) is not defined for s = 1. Instead, one should replace the gauge
transformation (3.2.5a) with
δΨα =
1
2
DαV+ ζα , D¯β˙ζα = 0 , (3.2.25a)
in accordance with the superconformal gravitino model [68]. This transformation law
of Ψα coincides with the one occurring in the off-shell model for the massless gravitino
multiplet proposed in [137]. In addition to the gauge superfield Ψα, this model also
involves two compensators: a real scalar H and a chiral scalar Φ, D¯α˙Φ = 0, with the
gauge transformations
δH = V+ V¯ , (3.2.25b)
δΦ = −1
2
D¯2V¯ . (3.2.25c)
The gauge-invariant action of [137] takes the form (see also [35] for a review):
S
(I)
GM = S
‖
(1, 3
2
)
[Ψ, Ψ¯, H]− 1
2
∫
d4xd2θd2θ¯
(
Φ¯Φ + ΦDαΨα + Φ¯D¯α˙Ψ¯
α˙
)
, (3.2.26)
where S
‖
(1, 3
2
)
[Ψ, Ψ¯, H] denotes the longitudinal action for the gravitino multiplet, which is
obtained from (3.2.8) by choosing the gauge (3.2.10) and setting s = 1. At the component
level, this model corresponds to the Fradkin-Vasiliev-de Wit-van Holten formulation for
the gravitino multiplet [138,139].
There exists a dual formulation for (3.2.26). This is obtained by performing a superfield
Legendre transformation [140], which gives the dual action [140]
S
(II)
GM = S
‖
(1, 3
2
)
[Ψ, Ψ¯, H] +
1
4
∫
d4xd2θd2θ¯
(
G+DαΨα + D¯α˙Ψ¯
α˙
)2
, (3.2.27)
where G = G¯ is a real linear superfield, D¯2G = D2G = 0. The gauge freedom in this
theory is given by eqs. (3.2.25a), (3.2.25b) and
δG = −Dαζα − D¯α˙ζ¯ α˙ . (3.2.28)
It may be used to impose two conditions H = 0 and G = 0. We then end up with the
Ogievetsky-Sokatchev formulation for the gravitino multiplet [141] (see section 6.9.5 of
the book [35] for the technical details).
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There exists one more dual formulation for (3.2.26) that is obtained by performing the
complex linear-chiral duality transformation. It leads to
S
(III)
GM = S
‖
(1, 3
2
)
[Ψ, Ψ¯, H] +
1
2
∫
d4xd2θd2θ¯ (Σ +DαΨα)(Σ¯ + D¯α˙Ψ¯
α˙) , (3.2.29)
where Σ is a complex linear superfield constrained by D¯2Σ = 0. The gauge freedom in
this theory is given by eqs. (3.2.25a), (3.2.25b) and
δΣ = −Dαζα . (3.2.30)
This gauge freedom does not allow one to gauge away Σ off the mass shell. To the best
of our knowledge, the supersymmetric gauge theory (3.2.29) is a new off-shell realisation
for the massless gravitino multiplet.
Let us also remark that all the constructions considered in this section can naturally
be lifted to the case of anti-de Sitter supersymmetry to extend the results of [63]. This
will be studied in chapter 4.
3.3 Higher-spin multiplets of conserved currents
This section is devoted to the study of non-conformal higher-spin supercurrent mul-
tiplets in Minkowski space, as an extension of the superconformal case which was first
described in [69] and further elaborated in [68]. Our approach will be a higher-spin ex-
tension of that used in subsection 2.2 to derive consistent supercurrents associated with
a linearised off-shell formulation for N = 1 Poincare´ supergravity. Here we will demon-
strate that the off-shell actions for the massless half-integer superspin multiplet described
in section 2.5, along with the new integer superspin action (3.2.15), allow us to formulate
N = 1 non-conformal higher-spin supercurrents in 4D Minkowski space [1, 2].
3.3.1 Non-conformal supercurrents: Half-integer superspin
Let us proceed with the massless half-integer superspin case and derive the current
multiplet corresponding to the longitudinal formulation (2.5.19). The first step is to add
a source (or coupling) term to the action S
‖
(s+ 1
2
)
[H,G, G¯], eq. (2.5.19)
S
‖
(s+ 1
2
)
[H,G, G¯] −
∫
d4xd2θd2θ¯
{
Hα(s)α˙(s)Jα(s)α˙(s)
+
(
Ψα(s−1)α˙(s−2)Tα(s−1)α˙(s−2) + c.c.
)}
. (3.3.1)
Next, requiring the above to be invariant under the ζ-transformation (2.5.16)
δζΨα(s−1) α˙(s−2) = D¯(α˙1ζα(s−1) α˙2···α˙s−2) ,
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implies that Tα(s−1)α˙(s−2) is a transverse linear superfield,
D¯β˙Tα(s−1)β˙α˙1...α˙s−3 = 0 . (3.3.2)
The action (3.3.1) should also respect the Λ-gauge freedom given in (2.5.17a) and (2.5.18):
δΛHα1...αsα˙1...α˙s = D¯(α˙1Λα1...αsα˙2...α˙s) −D(α1Λ¯α2...αs)α˙1...α˙s ,
δΛΨα1...αs−1α˙1...α˙s−2 = −
1
2
(
D¯β˙Dβ − 2i(s− 1)∂ββ˙
)
Λβα1...αs−1β˙α˙1...α˙s−2 .
This demands the sources to satisfy the following conservation equation
D¯β˙Jα1...αsβ˙α˙1...α˙s−1 +
1
2
(
D(α1D¯(α˙1 − 2i(s− 1)∂(α1(α˙1
)
Tα2...αs)α˙2...α˙s−1) = 0 . (3.3.3a)
For completeness, we also give the conjugate equation
DβJβα1...αs−1α˙1...α˙s −
1
2
(
D¯(α˙1D(α1 − 2i(s− 1)∂(α1(α˙1
)
T¯α2...αs−1)α˙2...α˙s) = 0 . (3.3.3b)
Associated with the transverse model (2.5.10) is the following non-conformal super-
current multiplet
D¯β˙Jα1...αsβ˙α˙1...α˙s−1 −
1
4
D¯2Fα1...αsα˙1...αs−1 = 0 , (3.3.4a)
D(α1Fα2...αs+1)α˙1...αs−1 = 0 . (3.3.4b)
Thus the trace multiplet F¯α(s−1)α˙(s) is longitudinal linear.
When working with higher-spin supercurrents, it proves to be convenient to make
use of a condensed notation. Let us introduce auxiliary commuting complex variables
ζα ∈ C2 and their conjugates ζ¯ α˙. Given a tensor superfield Uα(p)α˙(q), we associate with it
the following index-free field on C2
U(p,q)(ζ, ζ¯) := ζ
α1 . . . ζαp ζ¯ α˙1 . . . ζ¯ α˙qUα1...αpα˙1...α˙q , (3.3.5)
which is a homogeneous polynomial of degree (p, q) in ζα and ζ¯ α˙. Furthermore, we
make use of the bosonic variables (ζα, ζ¯ α˙) and their corresponding partial derivatives
(∂/∂ζα, ∂/∂ζ¯ α˙) to convert the spinor and vector covariant derivatives into index-free op-
erators. We introduce operators that increase the degree of homogeneity in ζα and ζ¯ α˙:
D(1,0) := ζ
αDα , D¯(0,1) := ζ¯
α˙D¯α˙ , ∂(1,1) := 2iζ
αζ¯ α˙∂αα˙ , (3.3.6)
and their descendants
A(1,1) := −D(1,0)D¯(0,1) + (s− 1)∂(1,1) , A¯(1,1) := D¯(0,1)D(1,0) − (s− 1)∂(1,1) . (3.3.7)
The fermionic operators D(1,0) and D¯(0,1) are nilpotent, D
2
(1,0) = 0 and D¯
2
(0,1) = 0 . Ad-
ditionally, we also have the following nilpotent operators which decrease the degree of
homogeneity in ζα and ζ¯ α˙:
D(−1,0) := Dα
∂
∂ζα
, D2(−1,0) = 0 , (3.3.8a)
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D¯(0,−1) := D¯α˙
∂
∂ζ¯ α˙
D¯2(0,−1) = 0 . (3.3.8b)
Making use of the above notation, the transverse linearity condition (3.3.2) and its
conjugate become
D¯(0,−1)T(s−1,s−2) = 0 , (3.3.9a)
D(−1,0)T¯(s−2,s−1) = 0 . (3.3.9b)
The conservation equations (3.3.3a) and (3.3.3b) turn into
D¯(0,−1)J(s,s) − 1
2
A(1,1)T(s−1,s−2) = 0 , (3.3.10a)
D(−1,0)J(s,s) − 1
2
A¯(1,1)T¯(s−2,s−1) = 0 . (3.3.10b)
Since the operator D¯(0,−1)J(s,s) is nilpotent, the conservation equation (3.3.10a) is consis-
tent provided
D¯(0,−1)A(1,1)T(s−1,s−2) = 0 . (3.3.11)
This is indeed true, as a consequence of (3.3.9a).
3.3.1.1 Examples of higher-spin supercurrents
Consider a free massless chiral scalar superfield Φ with the action
S =
∫
d4xd2θd2θ¯ Φ¯Φ , D¯α˙Φ = 0 . (3.3.12)
The conserved higher-spin supercurrent multiplet associated to the model (3.3.12) was
first constructed in [68]. It is
Jα(s)α˙(s) = (2i)
s−1
s∑
k=0
(−1)k
(
s
k
)
×
{(
s
k + 1
)
∂(α1(α˙1 . . . ∂αkα˙kDαk+1Φ D¯α˙k+1∂αk+2α˙k+2 . . . ∂αs)α˙s)Φ¯
+2i
(
s
k
)
∂(α1(α˙1 . . . ∂αkα˙kΦ ∂αk+1α˙k+1 . . . ∂αs)α˙s)Φ¯
}
. (3.3.13)
Using our notation, it reads
J(s,s) =
s∑
k=0
(−1)k
(
s
k
){(
s
k + 1
)
∂k(1,1)D(1,0)Φ ∂
s−k−1
(1,1) D¯(0,1)Φ¯
+
(
s
k
)
∂k(1,1)Φ ∂
s−k
(1,1)Φ¯
}
, (3.3.14)
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which obeys the conservation equations on-shell
D(−1,0)J(s,s) = 0 ⇐⇒ D¯(0,−1)J(s,s) = 0 . (3.3.15)
It is useful to understand the construction of the conformal higher-spin supercurrent
(3.3.14). For this we need to discuss a few important notions of N = 1 superconformal
multiplet following the presentation of [68].
A tensor superfield T (with suppressed indices) is called superconformal primary of
weight (p, q) if it transforms as
δξT =
(
ξ +
1
2
ωbc[ξ]Mbc
)
T +
(
pσ[ξ] + qσ¯[ξ]
)
T , (3.3.16)
for some parameters p and q. Here ξ = ξADA is theN = 1 conformal Killing real supervec-
tor field generating superconformal transformations in Minkowski space. The superfields
ωbc[ξ] and σ[ξ] denote some local Lorentz and super-Weyl parameters, respectively. The
dimension of T is (p + q) and its R-symmetry charge is proportional to (p − q). If T is
chiral, q = 0, and we say that T is superconformal primary of dimension p.
For example, by requiring that both Hα(s)α˙(s) and the gauge parameter Λα(s)α˙(s−1)
in (2.5.17a) to be superconformal primary, the superconformal transformation law for
Hα(s)α˙(s) can be derived [68]. It is
δξHα(s)α˙(s) =
(
ξ +
1
2
ωbc[ξ]Mbc
)
Hα(s)α˙(s) − s
2
(
σ[ξ] + σ¯[ξ]
)
Hα(s)α˙(s) . (3.3.17)
Given a real scalar L, the action functional over the full superspace,
S =
∫
d4xd2θd2θ¯L (3.3.18)
is invariant under the superconformal transformations if L is superconformal primary of
weight (1, 1). On the other hand, the chiral action
S =
∫
d4xd2θLc , D¯α˙Lc = 0 (3.3.19)
is superconformally invariant provided Lc is superconformal primary of dimension +3.
For instance, the massless model (3.3.12) is superconformal provided the chiral scalar
superfield is superconformal primary of dimension +1.
Now, in order to describe the structure of Jα(s)α˙(s), the authors of [68] first consider
coupling of the form
S
(s+ 1
2
)
source =
∫
d4xd2θd2θ¯Hα(s)α˙(s)Jα(s)α˙(s) (3.3.20)
and require invariance under the superconformal transformations (3.3.17). From (3.3.17),
one sees that Hα(s)α˙(s) is superconformal primary of weight (− s2 ,− s2), thus the real super-
field Jα(s)α˙(s) must be of weight (1 +
s
2
, 1 + s
2
). Next, the requirement of gauge-invariance
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under (2.5.17a) leads to the conservation equations (3.3.15). Since Φ is superconformal
primary of dimension +1, the following ansatz for Jα(s)α˙(s) as composites of Φ and Φ¯ was
considered [68]:
J(s,s) =
s∑
k=0
{
ak ∂
k
(1,1)D(1,0)Φ ∂
s−k−1
(1,1) D¯(0,1)Φ¯ + bk ∂
k
(1,1)Φ ∂
s−k
(1,1)Φ¯
}
. (3.3.21)
The coefficients ak and bk can be fixed uniquely by imposing two conditions: (i) Jα(s)α˙(s)
must be real; and (ii) it must obey the conservation equation (3.3.15). Indeed, setting
s = 1 leads to the Ferrara-Zumino supercurrent [57] which we reviewed in subsection 2.2:
Jαα˙ = DαΦD¯α˙Φ¯ + 2i(Φ∂αα˙Φ¯− Φ¯∂αα˙Φ) . (3.3.22)
Our aim is to construct non-conformal higher-spin supercurrent arising in the model
for a massive chiral superfield
S =
∫
d4xd2θd2θ¯ Φ¯Φ +
{m
2
∫
d4xd2θΦ2 + c.c.
}
. (3.3.23)
As will be demonstrated below, it is the longitudinal higher-spin supercurrent multiplet
described by (3.3.9) and (3.3.10), which naturally arises in (3.3.23). Guided by the struc-
ture of the Ferrara-Zumino supercurrent for the model (3.3.23), we assume that J(s,s) has
the same functional form as in the massless case, eq. (3.3.14). We first compute the
left-hand side of (3.3.10a) and use the massive equation of motion, −1
4
D¯2Φ¯ + mΦ = 0 .
This gives
D¯(0,−1)J(s,s) = F(s,s−1) , (3.3.24a)
where we have denoted
F(s,s−1) = 2m(s+ 1)
s∑
k=0
(−1)s−1+k
(
s
k
)(
s
k + 1
)
×
{
1 + (−1)s k + 1
s− k + 1
}
∂k(1,1)Φ ∂
s−k−1
(1,1) D(1,0)Φ . (3.3.24b)
Let us now determine the trace multiplet T(s−1,s−2). For this we consider a general
ansatz in the form
T(s−1,s−2) = (−1)sm
s−2∑
k=0
ck∂
k
(1,1)Φ ∂
s−k−2
(1,1) D(1,0)Φ . (3.3.25)
This ansatz is chosen based on the following requirements: (i) T(s−1,s−2) must be transverse
linear (3.3.9a); and (ii) it solves the equation (3.3.10a),
F(s,s−1) =
1
2
A(1,1)T(s−1,s−2) . (3.3.26)
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For k = 1, 2, ...s− 2, the first condition implies that the coefficients ck must satisfy
kck = (s− k − 1)cs−k−1 . (3.3.27a)
Imposing condition (ii) leads to
cs−k−1 + sck + (s− 1)ck−1 = −4(s+ 1)(−1)k
(
s
k
)(
s
k + 1
)
×
{
1 + (−1)s k + 1
s− k + 1
}
. (3.3.27b)
In addition, it also follows from (ii) that
(s− 1)cs−2 + c0 = 4(−1)ss(s+ 1)
{
1 + (−1)s s
2
}
, (3.3.27c)
c0 = −4(s+ 1 + (−1)s) . (3.3.27d)
We find that the set of equations (3.3.27) leads to a unique expression for ck,
ck = −4(s+ 1)(s− k − 1)
s− 1
k∑
l=0
(−1)k
s− l
(
s
l
)(
s
l + 1
){
1 + (−1)s l + 1
s− l + 1
}
, (3.3.28)
k = 0, 1, . . . s− 2 .
If the parameter s is odd, s = 2n+ 1, with n = 1, 2, . . . , one can check that the equations
(3.3.27a)–(3.3.27c) are identically satisfied. However, if the parameter s is even, s = 2n,
with n = 1, 2, . . . , there appears an inconsistency: the right-hand side of (3.3.27c) is
positive, while the left-hand side is negative, (s−1)cs−2 +c0 < 0. As a result, our solution
(3.3.28) is only consistent for s = 2n+ 1, n = 1, 2, . . . .
Relations (3.3.14), (3.3.25) and (3.3.28) determine the non-conformal higher-spin su-
percurrent in the massive chiral model (3.3.23), with the trace multiplet T(s−1,s−2) be-
ing the higher-spin extension of (2.2.20). Unlike the conformal higher-spin supercurrent
(3.3.14), the non-conformal one exists only for the odd values of s, s = 2n + 1, with
n = 1, 2, . . . . The same conclusion was also reached by the authors of [115] who employed
the superfield Noether procedure.
3.3.2 Non-conformal supercurrents: Integer superspin
Having derived a new off-shell gauge formulation for the massless superspin-s multi-
plet, we turn to describing the structure of the non-conformal higher-spin supercurrents
associated to the model (3.2.15).
As in the half-integer superspin case, let us couple the prepotentials Hα(s−1)α˙(s−1),
Zα(s−1)α˙(s−1) and Ψα(s)α˙(s−1) to external sources
S(s)source =
∫
d4xd2θd2θ¯
{
Ψα(s)α˙(s−1)Jα(s)α˙(s−1) − Ψ¯α(s−1)α˙(s)J¯α(s−1)α˙(s)
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+Hα(s−1)α˙(s−1)Sα(s−1)α˙(s−1)
+Zα(s−1)α˙(s−1)Tα(s−1)α˙(s−1) + Z¯α(s−1)α˙(s−1)T¯α(s−1)α˙(s−1)
}
. (3.3.29)
In order for the source term S
(s)
source to be invariant under the ζ-transformation in (3.2.5a),
the source Jα(s)α˙(s−1) must obey
D¯β˙Jα(s)β˙α˙(s−2) = 0 ⇐⇒ DβJ¯βα(s−2)α˙(s) = 0 . (3.3.30)
Next, in order for S
(s)
source to be invariant under the transformation (3.2.4), we require the
superfield Tα(s−1)α˙(s−1) to satisfy
D¯(α˙1Tα(s−1)α˙2...α˙s) = 0 ⇐⇒ D(α1T¯α2...αs)α˙(s−1) = 0 . (3.3.31)
We see that the superfields Jα(s)α˙(s−1) and Tα(s−1)α˙(s−1) are transverse linear and lon-
gitudinal linear, respectively. Finally, requiring S
(s)
source to be invariant under the V-
transformation (3.2.5) gives the following conservation equation
−1
2
DβJβα(s−1)α˙(s−1) + Sα(s−1)α˙(s−1) + T¯α(s−1)α˙(s−1) = 0 . (3.3.32a)
and its conjugate
1
2
D¯β˙J¯α(s−1)β˙α˙(s−1) + Sα(s−1)α˙(s−1) + Tα(s−1)α˙(s−1) = 0 . (3.3.32b)
As a consequence of (3.3.31), from (3.3.32a) we deduce
1
4
D2Jα(s)α˙(s−1) +D(α1Sα2...αs)α˙(s−1) = 0 . (3.3.33)
The equations (3.3.30) and (3.3.33) describe the conserved current supermultiplet which
corresponds to our theory in the gauge (3.2.10).
Taking the sum of (3.3.32a) and (3.3.32b) leads to
1
2
DβJβα(s−1)α˙(s−1) +
1
2
D¯β˙J¯α(s−1)β˙α˙(s−1) + Tα(s−1)α˙(s−1) − T¯α(s−1)α˙(s−1) = 0 . (3.3.34)
The equations (3.3.30), (3.3.31) and (3.3.34) describe the conserved current supermultiplet
which corresponds to our theory in the gauge (3.2.12). As a consequence of (3.3.31), the
conservation equation (3.3.34) implies
1
2
D(α1
{
D|β|Jα2...αs)βα˙(s−1) + D¯
β˙J¯α2...αs)β˙α˙(s−1)
}
+D(α1Tα2...αs)α˙(s−1) = 0 . (3.3.35)
Using our condensed notation, the transverse linear condition (3.3.30) turns into
D¯(0,−1)J(s,s−1) = 0 , (3.3.36)
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while the longitudinal linear condition (3.3.31) takes the form
D¯(0,1)T(s−1,s−1) = 0 . (3.3.37)
The conservation equation (3.3.32a) becomes
− 1
2s
D(−1,0)J(s,s−1) + S(s−1,s−1) + T¯(s−1,s−1) = 0 . (3.3.38)
and (3.3.35) takes the form
1
2s
D(1,0)
{
D(−1,0)J(s,s−1) + D¯(0,−1)J¯(s−1,s)
}
+D(1,0)T(s−1,s−1) = 0 . (3.3.39)
3.3.2.1 Examples of higher-spin supercurrents
Let us consider the Fayet-Sohnius model [142,143] for a free massive hypermultiplet
S =
∫
d4xd2θd2θ¯
(
Φ¯+Φ+ + Φ¯−Φ−
)
+
{
m
∫
d4xd2θΦ+Φ− + c.c.
}
, (3.3.40)
where the superfields Φ± are chiral, D¯α˙Φ± = 0, and the mass parameter m is chosen to
be positive.
In the massless case, m = 0, the fermionic higher-spin supercurrent Jα(s)α˙(s−1) was
first constructed in [68]. In our notation it reads
J(s,s−1) =
s−1∑
k=0
(−1)k
(
s− 1
k
){(
s
k + 1
)
∂k(1,1)D(1,0)Φ+ ∂
s−k−1
(1,1) Φ−
−
(
s
k
)
∂k(1,1)Φ+ ∂
s−k−1
(1,1) D(1,0)Φ−
}
. (3.3.41)
One may check that J(s,s−1) obeys, for s > 1, the conservation equations
D(−1,0)J(s,s−1) = 0, D¯(0,−1)J(s,s−1) = 0 , (3.3.42)
are satisfied as a consequence of the massless equations of motion, D2Φ± = 0.
Let us construct conserved fermionic supercurrent corresponding to the massive model
(3.3.40). Assuming that J(s,s−1) has the same functional form as in the massless case, eq.
(3.3.41), and making use of the equations of motion
−1
4
D2Φ+ +mΦ¯− = 0, −1
4
D2Φ− +mΦ¯+ = 0, (3.3.43)
we obtain
D(−1,0)J(s,s−1) = 2m(s+ 1)
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
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×
{
−s− k
k + 1
∂k(1,1)Φ¯− ∂
s−k−1
(1,1) Φ− + ∂
k
(1,1)Φ+ ∂
s−k−1
(1,1) Φ¯+
}
+2m(s+ 1)
s−1∑
k=1
(−1)k+1
(
s− 1
k
)(
s
k
)
k
k + 1
×∂k−1(1,1)D¯(0,1)Φ¯− ∂s−k−1(1,1) D(1,0)Φ−
+2m(s+ 1)
s−2∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
s− 1− k
k + 1
×∂k(1,1)D(1,0)Φ+ ∂s−k−2(1,1) D¯(0,1)Φ¯+ . (3.3.44)
It can be shown that the massive supercurrent J(s,s−1) also obeys (3.3.36).
As the next step, we need to construct a superfield T(s−1,s−1), which has the following
properties: (i) it is longitudinal linear (3.3.37); and (ii) it satisfies (3.3.39), which is a
consequence of the conservation equation (3.3.38). Within these conditions, our ansatz
takes the form
T(s−1,s−1) =
s−1∑
k=0
ck∂
k
(1,1)Φ− ∂
s−k−1
(1,1) Φ¯−
+
s−1∑
k=0
dk∂
k
(1,1)Φ+ ∂
s−k−1
(1,1) Φ¯+
+
s−1∑
k=1
fk∂
k−1
(1,1)D(1,0)Φ− ∂
s−k−1
(1,1) D¯(0,1)Φ¯−
+
s−1∑
k=1
gk∂
k−1
(1,1)D(1,0)Φ+ ∂
s−k−1
(1,1) D¯(0,1)Φ¯+ . (3.3.45)
Imposing the first condition, we find that the coefficients must be related by
c0 = d0 = 0 , fk = ck , gk = dk . (3.3.46a)
On the other hand, for k = 1, 2, . . . s − 2, condition (ii) yields the following recurrence
relations:
ck + ck+1 =
m(s+ 1)
s
(−1)s+k
(
s− 1
k
)(
s
k
)
× 1
(k + 2)(k + 1)
{
(2k + 2− s)(s+ 1)− k − 2
}
, (3.3.46b)
dk + dk+1 =
m(s+ 1)
s
(−1)k
(
s− 1
k
)(
s
k
)
× 1
(k + 2)(k + 1)
{
(2k + 2− s)(s+ 1)− k − 2
}
. (3.3.46c)
Condition (ii) also implies that
c1 = −(−1)sm(s
2 − 1)
2
, cs−1 = −m(s
2 − 1)
s
; (3.3.46d)
48
d1 = −m(s
2 − 1)
2
, ds−1 = −(−1)sm(s
2 − 1)
s
. (3.3.46e)
The above relations lead to simple expressions for ck and dk:
dk =
m(s+ 1)
s
k
k + 1
(−1)k
(
s− 1
k
)(
s
k
)
, (3.3.47a)
ck = −(−1)sdk , (3.3.47b)
where k = 1, 2, . . . s−1. Now that we have already derived an expression for the trace mul-
tiplet T(s−1,s−1), the superfield S(s−1,s−1) can be computed using the conservation equation
(3.3.38). This leads to
S(s−1,s−1) = −m(s+ 1)
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
1
k + 1
×
{
∂k(1,1)Φ¯− ∂
s−k−1
(1,1) Φ− + (−1)s∂k(1,1)Φ¯+ ∂s−k−1(1,1) Φ+
}
. (3.3.48)
One may verify that S(s−1,s−1) is a real superfield.
3.4 Discussion
A novel off-shell formulation for the massless superspin-s multiplet has been proposed
in this chapter. In addition, we derived consistent higher-spin supercurrents associated
with the off-shell gauge theories of massless N = 1 supermultiplets in Minkowski space.
Several supercurrents were constructed explicitly, paying particular attention to models
of free chiral scalar superfields.
Actually, the theory of a free massive chiral superfield (3.3.23) proves to possess con-
served fermionic higher-spin supercurrents only for even integer superspin s = 2, 4, . . . .
Indeed, one can extract from eq. (3.3.41) (by setting Φ+ = Φ− = Φ) the following super-
current J(s,s−1), which is a complex fermionic superfield:
J(s,s−1) =
s−1∑
k=0
(−1)k
(
s− 1
k
){(
s
k + 1
)
∂k(1,1)D(1,0)Φ ∂
s−k−1
(1,1) Φ
−
(
s
k
)
∂k(1,1)Φ ∂
s−k−1
(1,1) D(1,0)Φ
}
. (3.4.1)
The above expression can be further simplified by changing the index of summation of
the second term (i.e. let k′ = s− k − 1). We obtain
J(s,s−1) =
s−1∑
k=0
(−1)k
(
s− 1
k
)(
s
k + 1
){
1 + (−1)s}∂k(1,1)D(1,0)Φ ∂s−k−1(1,1) Φ . (3.4.2)
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This implies that J(s,s−1) = 0 if s is odd. Thus, for even values of s, we have
J(s,s−1) = 2
s−1∑
k=0
(−1)k
(
s− 1
k
)(
s
k + 1
)
∂k(1,1)D(1,0)Φ ∂
s−k−1
(1,1) Φ . (3.4.3)
The corresponding trace multiplet T(s−1,s−1) is given by
T(s−1,s−1) =
s−1∑
k=0
ck∂
k
(1,1)Φ ∂
s−k−1
(1,1) Φ¯
+
s−1∑
k=1
dk∂
k−1
(1,1)D(1,0)Φ ∂
s−k−1
(1,1) D¯(0,1)Φ¯ , (3.4.4)
with the coefficients ck and dk given by (3.3.47). It may be checked that the conservation
equations
D¯(0,−1)J(s,s−1) = 0 , D¯(1,0)T(s−1,s−1) = 0 ,
1
2s
D(1,0)
(
D(−1,0)J(s,s−1) + D¯(0,−1)J¯(s−1,s)
)
= −D(1,0)T(s−1,s−1) , (3.4.5)
are satisfied for the even values of s, s = 2n, with n = 1, 2, . . . . An alternative approach
based on the superfield Noether procedure [73] was recently developed in [115–120] to
study supercurrents and cubic vertices between various matter and massless higher-spin
multiplets in 4D Minkowski superspace.
An interesting open question is to classify all non-conformal deformations of the
higher-spin supercurrents (3.3.42), along the lines of the recent analysis of non-conformal
N = (1, 0) supercurrents in six dimensions [144]. Our results provide the setup required
for developing a program to derive higher-spin supersymmetric models from quantum cor-
relation functions, as an extension of the non-supersymmetric approaches pursued, e.g.,
in [145–147]. Another interesting project would be to study N = 2 supercurrents cor-
responding to the off-shell massless higher-spin N = 2 supermultiplets in 4D Minkowski
space constructed in [67].
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Chapter 4
Higher-spin supercurrents in AdS
space
An interesting feature of our results in the previous chapter is the existence of a se-
lection rule for higher-spin supercurrents in N = 1 supersymmetric theories. We recall
that in the case of a massless half-integer superspin multiplet, the bosonic supercurrent
Jα(s)α˙(s) for a massless chiral superfield is defined for all values of s, while those corre-
sponding to the massive chiral model exists only for odd s. The situation turns out to
be different for the integer superspin case. For a single (massless or massive) chiral su-
perfield, the fermionic supercurrent Jα(s)α˙(s−1) exists only for even values of s, yet it is
defined for arbitrary s in the massive hypermultiplet model. It is thus natural to look for a
generalisation of these flat space results to various supersymmetric theories in 4D N = 1
AdS superspace AdS4|4, for instance a model of N massive chiral scalar superfields with
an arbitrary mass matrix. A large part of this chapter will be devoted to this analysis.
This chapter is organised as follows. In section 4.1 we review the general proper-
ties of transverse and longitudinal linear superfields. Novel off-shell gauge formulations
for the massless integer superspin multiplet in AdS are presented in section 4.2. They
are shown to reduce to those proposed in [63] upon partially fixing the gauge freedom.
We also describe off-shell formulations (including a novel one) for the massless gravitino
multiplet in AdS. In section 4.3 we introduce higher-spin supercurrent multiplets in AdS
and describe improvement transformations for them. Sections 4.4 and 4.5 are devoted to
the explicit constructions of higher-spin supercurrents for N chiral superfields. Several
nontrivial applications of the results obtained are given in section 4.6.
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4.1 Linear superfields
Before we describe superfield formulations for off-shell massless higher-spin gauge mul-
tiplets in AdS4|4 [63], it is important to first recall the notion of transverse and longitudinal
superfields [93]. Complex tensor superfields Γα(m)α˙(n) := Γα1...αmα˙1...α˙n = Γ(α1...αm)(α˙1...α˙n)
and Gα(m)α˙(n) are called transverse linear and longitudinal linear respectively, if the con-
straints1
D¯β˙Γα(m)β˙α˙(n−1) = 0 , n 6= 0 , (4.1.1a)
D¯(α˙1Gα(m)α˙2...α˙n+1) = 0 (4.1.1b)
are satisfied. For n = 0 the latter constraint coincides with the condition of covariant
chirality, D¯β˙Gα(m) = 0. The relations (4.1.1) lead to the linearity conditions
(D¯2 − 2(n+ 2)µ) Γα(m)α˙(n) = 0 , (4.1.2a)
(D¯2 + 2nµ)Gα(m)α˙(n) = 0 . (4.1.2b)
The transverse condition (4.1.1a) is not defined for n = 0. However, its corollary (4.1.2a)
remains consistent for the choice n = 0 and corresponds to complex linear superfields
Γα(m) constrained by
(D¯2 − 4µ) Γα(m) = 0 . (4.1.3)
In the family of constrained superfields Γα(m) introduced, the scalar multiplet, m = 0, is
used most often in applications. One can define projectors P⊥n and P
||
n on the spaces of
transverse linear and longitudinal linear superfields respectively:
P⊥n =
1
4(n+ 1)µ
(D¯2 + 2nµ) , (4.1.4a)
P ||n = −
1
4(n+ 1)µ
(D¯2 − 2(n+ 2)µ) , (4.1.4b)
with the properties(
P⊥n
)2
= P⊥n ,
(
P ||n
)2
= P ||n , P
⊥
n P
||
n = P
||
nP
⊥
n = 0 , P
⊥
n + P
||
n = 1 . (4.1.5)
Given a complex tensor superfield Vα(m)α˙(n) with n 6= 0, it can be represented as a sum
of transverse linear and longitudinal linear multiplets,
Vα(m)α˙(n) = − 1
2µ(n+ 2)
D¯γ˙D¯(γ˙Vα(m)α˙1...α˙n) −
1
2µ(n+ 1)
D¯(α˙1D¯|γ˙|Vα(m)α˙2...α˙n)γ˙ . (4.1.6)
1Our 4D AdS notation and two-component spinor conventions correspond to [35]. For concise results
concerning field theories in AdS4|4, see subsection 2.3.
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Choosing Vα(m)α˙(n) to be transverse linear (Γα(m)α˙(n)) or longitudinal linear (Gα(m)α˙(n)),
the above relation gives
Γα(m)α˙(n) = D¯β˙Φα(m) (β˙α˙1···α˙n) , (4.1.7a)
Gα(m)α˙(n) = D¯(α˙1Ψα(m) α˙2···α˙n) , (4.1.7b)
for some prepotentials Φα(m)α˙(n+1) and Ψα(m)α˙(n−1). The constraints (4.1.1) hold for un-
constrained Φα(m)α˙(n+1) and Ψα(m)α˙(n−1). These prepotentials are defined modulo gauge
transformations of the form:
δξΦα(m) α˙(n+1) = D¯β˙ξα(m) (β˙α˙1···α˙n+1) , (4.1.8a)
δζΨα(m) α˙(n−1) = D¯(α˙1ζα(m) α˙2···α˙n−1) , (4.1.8b)
with the gauge parameters ξα(m) α˙(n+2) and ζα(m) α˙(n−2) being unconstrained.
4.2 Massless integer superspin multiplets
Let s be a positive integer. The longitudinal formulation for the massless superspin-s
multiplet in AdS was realised in [63] in terms of the following dynamical variables
V ||(s) =
{
Hα(s−1)α˙(s−1), Gα(s)α˙(s), G¯α(s)α˙(s)
}
. (4.2.1)
Here Hα(s−1)α˙(s−1) is an unconstrained real superfield, while Gα(s)α˙(s) is a longitudinal
linear superfield. The latter is the field strength associated with a complex unconstrained
prepotential Ψα(s)α˙(s−1),
Gα1...αsα˙1...α˙s := D¯(α˙1Ψα1...αsα˙2...α˙s) =⇒ D¯(α˙1Gα1...αsα˙2...α˙s+1) = 0 . (4.2.2)
The gauge freedom postulated in [63] is given by
δHα(s−1)α˙(s−1) = DβLβα(s−1)α˙(s−1) − D¯β˙L¯α(s−1)β˙α˙(s−1) , (4.2.3a)
δGβα(s−1)β˙α˙(s−1) =
1
2
D¯(β˙D(βD|γ|Lα(s−1))γα˙(s−1)) , (4.2.3b)
where the gauge parameter is Lα(s)α˙(s−1) is unconstrained.
The goal of this section is to reformulate the longitudinal theory by enlarging the
gauge freedom (4.2.3) at the cost of introducing a new compensating superfield, in ad-
dition to Hα(s−1)α˙(s−1), Ψα(s)α˙(s−1) and Ψ¯α(s−1)α˙(s). In such a setting, the gauge freedom
of Ψα(s)α˙(s−1) coincides with that of a superconformal multiplet of superspin-s [68]. This
new formulation will be an extension of the one given in [2] (and described in section 3.2)
in flat superspace case.
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4.2.1 New formulation
We fix an integer s ≥ 2. Our task is to derive an AdS extension of the gauge-invariant
action (3.2.8) in Minkowski superspace. The geometry of AdS4|4 is completely determined
by the covariant derivatives algebra (2.3.5). To start with, we consider the following action
functional, which is a minimal lift of (3.2.8) to AdS4|4
S
‖
(s) =
(
− 1
2
)s ∫
d4xd2θd2θ¯ E
{
1
8
Hα(s−1)α˙(s−1)DβD¯2DβHα(s−1)α˙(s−1)
+
s
s+ 1
Hα(s−1)α˙(s−1)
(
DβD¯β˙Gβα(s−1)β˙α˙(s−1) − D¯β˙DβG¯βα(s−1)β˙α˙(s−1)
)
+2G¯α(s)α˙(s)Gα(s)α˙(s) +
s
s+ 1
(
Gα(s)α˙(s)Gα(s)α˙(s) + G¯
α(s)α˙(s)G¯α(s)α˙(s)
)
+
s− 1
4s
Hα(s−1)α˙(s−1)
(
Dα1D¯2Σ¯α2...αs−1α˙(s−1) − D¯α˙1D2Σα(s−1)α˙2...α˙s−1
)
+
1
s
Ψα(s)α˙(s−1)
(
Dα1D¯α˙1 − 2i(s− 1)Dα1α˙1
)
Σα2...αsα˙2...α˙s−1
+
1
s
Ψ¯α(s−1)α˙(s)
(
D¯α˙1Dα1 − 2i(s− 1)Dα1α˙1
)
Σ¯α2...αs−1α˙2...α˙s
+
s− 1
8s
(
Σα(s−1)α˙(s−2)D2Σα(s−1)α˙(s−2) − Σ¯α(s−2)α˙(s−1)D¯2Σ¯α(s−2)α˙(s−1)
)
− 1
s2
Σ¯α(s−2)α˙(s−2)β˙
(1
2
(s2 + 1)DβD¯β˙ + i(s− 1)2Dββ˙
)
Σβα(s−2)α˙(s−2)
}
+ . . . (4.2.4)
In accordance with section 3.2, our dynamical superfields consist of a complex uncon-
strained prepotential Ψα(s)α˙(s−1), a real superfield Hα(s−1)α˙(s−1) and a complex superfield
Σα(s−1)α˙(s−2) constrained to be transverse linear,
D¯β˙Σα(s−1)β˙α˙(s−3) = 0 . (4.2.5)
In the s = 2 case, for which (4.2.5) is not defined, Σα is instead constrained by
(D¯2 − 4µ)Σα = 0 . (4.2.6)
The constraint (4.2.5), or its counterpart (4.2.6) for s = 2, can be solved in terms of a
complex unconstrained prepotential Zα(s−1)α˙(s−1),
Σα(s−1)α˙(s−2) = D¯β˙Zα(s−1)(β˙α˙1...α˙s−2) , (4.2.7)
which is defined modulo gauge shifts
δξZα(s−1)α˙(s−1) = D¯β˙ξα(s−1)(β˙α˙1...α˙s−1) . (4.2.8)
Here the gauge parameter ξα(s−1)α˙(s) is unconstrained.
The gauge-invariant action in AdS is expected to differ from (4.2.4) by some µ-
dependent terms. These are required to ensure invariance under the linearised gauge
transformations which we postulate to be of the form
δV,ζΨα1...αsα˙1...α˙s−1 =
1
2
D(α1Vα2...αs)α˙1...α˙s−1 + D¯(α˙1ζα1...αsα˙2...α˙s−1) , (4.2.9a)
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δVHα(s−1)α˙(s−1) = Vα(s−1)α˙(s−1) + V¯α(s−1)α˙(s−1) , (4.2.9b)
δVΣα(s−1)α˙(s−2) = D¯β˙V¯α(s−1)β˙α˙(s−2) =⇒ δVZα(s−1)α˙(s−1) = V¯α(s−1)α˙(s−1) , (4.2.9c)
with unconstrained gauge parametersVα(s−1)α˙(s−1) and ζα(s)α˙(s−2). We note that the gauge
freedom of Ψα1...αsα˙1...α˙s−1 is chosen to coincide with that of the superconformal superspin-
s multiplet [68]. The longitudinal linear superfield Gα(s)α˙(s) defined by (4.2.2) is invariant
under the ζ-transformation (4.2.9a) and varies under the V-transformation as
δVGα1...αsα˙1...α˙s =
1
2
D¯(α˙1D(α1Vα2...αs)α˙2...α˙s) . (4.2.10)
Let us compute the variation of (4.2.4) under (4.2.9) and iteratively add certain µ-
dependent terms to achieve a gauge-invariant action. The following identities are derived
from the covariant derivatives algebra (2.3.5) and prove to be useful in carrying out such
calculations:
DαDβ = 1
2
εαβD2 − 2µ¯Mαβ , D¯α˙D¯β˙ = −
1
2
εα˙β˙D¯2 + 2µ M¯α˙β˙ , (4.2.11a)
DαD2 = 4µ¯DβMαβ + 4µ¯Dα , D2Dα = −4µ¯DβMαβ − 2µ¯Dα , (4.2.11b)
D¯α˙D¯2 = 4µ D¯β˙M¯α˙β˙ + 4µ D¯α˙ , D¯2D¯α˙ = −4µ D¯β˙M¯α˙β˙ − 2µ D¯α˙ , (4.2.11c)[D¯2,Dα]= 4iDαβ˙D¯β˙ + 4µDα = 4iD¯β˙Dαβ˙ − 4µDα , (4.2.11d)[D2, D¯α˙]=−4iDβα˙Dβ + 4µ¯ D¯α˙ = −4iDβDβα˙ − 4µ¯ D¯α˙ , (4.2.11e)
where D2 = DαDα and D¯2 = D¯α˙D¯α˙.
This procedure leads to the following action in AdS, which is invariant under (4.2.9)
and, by construction, (4.2.8):
S
‖
(s) =
(
− 1
2
)s ∫
d4xd2θd2θ¯ E
{
1
8
Hα(s−1)α˙(s−1)Dβ(D¯2 − 4µ)DβHα(s−1)α˙(s−1)
+
s
s+ 1
Hα(s−1)α˙(s−1)
(
DβD¯β˙Gβα(s−1)β˙α˙(s−1) − D¯β˙DβG¯βα(s−1)β˙α˙(s−1)
)
+
(s+ 1)2
2
µ¯µHα(s−1)α˙(s−1)Hα(s−1)α˙(s−1)
+2G¯α(s)α˙(s)Gα(s)α˙(s) +
s
s+ 1
(
Gα(s)α˙(s)Gα(s)α˙(s) + G¯
α(s)α˙(s)G¯α(s)α˙(s)
)
+
s− 1
4s
Hα(s−1)α˙(s−1)
(
Dα1D¯2Σ¯α2...αs−1α˙(s−1) − D¯α˙1D2Σα(s−1)α˙2...α˙s−1
)
+
1
s
Ψα(s)α˙(s−1)
(
Dα1D¯α˙1 − 2i(s− 1)Dα1α˙1
)
Σα2...αsα˙2...α˙s−1
+
1
s
Ψ¯α(s−1)α˙(s)
(
D¯α˙1Dα1 − 2i(s− 1)Dα1α˙1
)
Σ¯α2...αs−1α˙2...α˙s
−µs
2 + 4s− 1
2s
Hα(s−1)α˙(s−1)Dα1Σ¯α2...αs−1α˙(s−1)
+µ¯
s2 + 4s− 1
2s
Hα(s−1)α˙(s−1)D¯α˙1Σα(s−1)α˙2...α˙s−1
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+
s− 1
8s
(
Σα(s−1)α˙(s−2)D2Σα(s−1)α˙(s−2) − Σ¯α(s−2)α˙(s−1)D¯2Σ¯α(s−2)α˙(s−1)
)
− 1
s2
Σ¯α(s−2)α˙(s−2)β˙
(1
2
(s2 + 1)DβD¯β˙ + i(s− 1)2Dββ˙
)
Σβα(s−2)α˙(s−2)
+µ
s2 + 4s− 1
4s
Σ¯α(s−2)α˙(s−1)Σ¯α(s−2)α˙(s−1)
+µ¯
s2 + 4s− 1
4s
Σα(s−1)α˙(s−2)Σα(s−1)α˙(s−2)
}
. (4.2.12)
The above action is real due to the identity
Dα(D¯2 − 4µ)Dα = D¯α˙(D2 − 4µ¯)D¯α˙ . (4.2.13)
In the limit of vanishing curvature of the AdS superspace (µ → 0), we see that (4.2.12)
reduces to (3.2.8).
The V-gauge freedom (4.2.9) allows us to gauge away Σα(s−1)α˙(s−2),
Σα(s−1)α˙(s−2) = 0 . (4.2.14)
In this gauge, the action (4.2.12) reduces to that describing the longitudinal formulation
for the massless superspin-s multiplet [63]. The gauge condition (4.2.14) does not fix
completely the V-gauge freedom. The residual gauge transformations are generated by
Vα(s−1)α˙(s−1) = DβL(βα1...αs−1)α˙(s−1) , (4.2.15)
with Lα(s)α˙(s−1) being an unconstrained superfield. With this expression for Vα(s−1)α˙(s−1),
the gauge transformations (4.2.9a) and (4.2.9b) coincide with (4.2.3). Thus, the action
(4.2.12) indeed provides an off-shell formulation for the massless superspin-s multiplet in
AdS4|4.
Alternatively, one can impose a gauge fixing
Hα(s−1)α˙(s−1) = 0 . (4.2.16)
In accordance with (4.2.9b), in this gauge the residual gauge freedom is
Vα(s−1)α˙(s−1) = iRα(s−1)α˙(s−1) , R¯α(s−1)α˙(s−1) = Rα(s−1)α˙(s−1) . (4.2.17)
The gauge-invariant action (4.2.12) includes a single term which involves the prepo-
tential Ψα(s)α˙(s−1) and not the field strength Gα(s)α˙(s), the latter being defined by (4.2.2)
and invariant under the ζ-transformation (4.2.9a). This is actually a BF term, for it can
be written in two different forms
1
s
∫
d4xd2θd2θ¯ EΨα(s)α˙(s−1)
(
Dα1D¯α˙1 − 2i(s− 1)Dα1α˙1
)
Σα2...αsα˙2...α˙s−1
= − 1
s+ 1
∫
d4xd2θd2θ¯ E Gα(s)α˙(s)
(
D¯α˙1Dα1 + 2i(s+ 1)Dα1α˙1
)
Zα2...αsα˙2...α˙s . (4.2.18)
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The former makes the gauge symmetry (4.2.8) manifestly realised, while the latter turns
the ζ-transformation (4.2.9a) into a manifest symmetry. Making use of (4.2.18) leads to
a different representation for the action (4.2.12). It is
S
‖
(s) =
(
− 1
2
)s ∫
d4xd2θd2θ¯ E
{
1
8
Hα(s−1)α˙(s−1)Dβ(D¯2 − 4µ)DβHα(s−1)α˙(s−1)
+
s
s+ 1
Hα(s−1)α˙(s−1)
(
DβD¯β˙Gβα(s−1)β˙α˙(s−1) − D¯β˙DβG¯βα(s−1)β˙α˙(s−1)
)
+
(s+ 1)2
2
µ¯µHα(s−1)α˙(s−1)Hα(s−1)α˙(s−1)
+2G¯α(s)α˙(s)Gα(s)α˙(s) +
s
s+ 1
(
Gα(s)α˙(s)Gα(s)α˙(s) + G¯
α(s)α˙(s)G¯α(s)α˙(s)
)
+
s− 1
4s
Hα(s−1)α˙(s−1)
(
Dα1D¯2Σ¯α2...αs−1α˙(s−1) − D¯α˙1D2Σα(s−1)α˙2...α˙s−1
)
− 1
s+ 1
Gα(s)α˙(s−1)
(
D¯α˙1Dα1 + 2i(s+ 1)Dα1α˙1
)
Zα2...αsα˙2...α˙s
+
1
s+ 1
Gα(s)α˙(s−1)
(
Dα1D¯α˙1 + 2i(s+ 1)Dα1α˙1
)
Z¯α2...αsα˙2...α˙s
−µs
2 + 4s− 1
2s
Hα(s−1)α˙(s−1)Dα1Σ¯α2...αs−1α˙(s−1)
+µ¯
s2 + 4s− 1
2s
Hα(s−1)α˙(s−1)D¯α˙1Σα(s−1)α˙2...α˙s−1
+
s− 1
8s
(
Σα(s−1)α˙(s−2)D2Σα(s−1)α˙(s−2) − Σ¯α(s−2)α˙(s−1)D¯2Σ¯α(s−2)α˙(s−1)
)
− 1
s2
Σ¯α(s−2)α˙(s−2)β˙
(1
2
(s2 + 1)DβD¯β˙ + i(s− 1)2Dββ˙
)
Σβα(s−2)α˙(s−2)
+µ
s2 + 4s− 1
4s
Σ¯α(s−2)α˙(s−1)Σ¯α(s−2)α˙(s−1)
+µ¯
s2 + 4s− 1
4s
Σα(s−1)α˙(s−2)Σα(s−1)α˙(s−2)
}
. (4.2.19)
4.2.2 Dual formulation
By analogy with the flat superspace case, the action (4.2.19) can be reformulated in
terms of a transverse linear superfield by applying the duality transformation [63]. Let us
associate with our theory (4.2.19) the following first-order action
Sfirst-order = S
‖
(s)[U, U¯ ,H, Z, Z¯]
+
(−1
2
)s ∫
d4xd2θd2θ¯ E
( 2
s+ 1
Γα(s)α˙(s)Uα(s)α˙(s) + c.c.
)
, (4.2.20)
where S
‖
(s)[U, U¯ ,H, Z, Z¯] is obtained from the action (4.2.19) by replacing Gα(s)α˙(s) with an
unconstrained complex superfield Uα(s)α˙(s). The Lagrange multiplier Γα(s)α˙(s) is transverse
linear,
D¯β˙Γα(s)β˙α˙1...α˙s−1 = 0 . (4.2.21)
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We note that the specific normalisation of the Lagrange multiplier in (4.2.20) is chosen to
match that of [63]. Varying (4.2.20) with respect to the Lagrange multiplier and taking
into account the constraint (4.2.21) yields Uα(s)α˙(s) = Gα(s)α˙(s). As a result, Sfirst-order
turns into the original action (4.2.19). On the other hand, we can eliminate the auxiliary
superfields Uα(s)α˙(s) and U¯α(s)α˙(s) from (4.2.20) using their equations of motion. This leads
to the dual action
S⊥(s) = −
(
− 1
2
)s ∫
d4xd2θd2θ¯ E
{
− 1
8
Hα(s−1)α˙(s−1)Dβ(D¯2 − 4µ)DβHα(s−1)α˙(s−1)
+
1
8
s2
(s+ 1)(2s+ 1)
[Dβ, D¯β˙]Hα(s−1)α˙(s−1)[D(β, D¯(β˙]Hα(s−1))α˙(s−1))
+
1
2
s2
s+ 1
Dββ˙Hα(s−1)α˙(s−1)D(β(β˙Hα(s−1))α˙(s−1))
−(s+ 1)
2
2
µ¯µHα(s−1)α˙(s−1)Hα(s−1)α˙(s−1)
+
2is
2s+ 1
Hα(s−1)α˙(s−1)Dββ˙
(
Γβα(s−1)β˙α˙(s−1) − Γ¯βα(s−1)β˙α˙(s−1)
)
+
2
2s+ 1
Γ¯
α(s)α˙(s)
Γα(s)α˙(s) − s
(s+ 1)(2s+ 1)
(
Γα(s)α˙(s)Γα(s)α˙(s) + Γ¯
α(s)α˙(s)
Γ¯α(s)α˙(s)
)
− s− 1
2(2s+ 1)
Hα(s−1)α˙(s−1)
(
Dα1D¯2Σ¯α2...αs−1α˙(s−1) − D¯α˙1D2Σα(s−1)α˙2...α˙s−1
)
+
1
2(2s+ 1)
Hα(s−1)α˙(s−1)
(
D2D¯α˙1Σα(s−1)α˙2...α˙s−1 − D¯2Dα1Σ¯α2...αs−1α˙(s−1)
)
−i (s− 1)
2
s(2s+ 1)
Hα(s−1)α˙(s−1)Dα1α˙1
(
DβΣβα2...αs−1α˙2...α˙s−1 + D¯β˙Σ¯α2...αs−1β˙α˙2...α˙s−1
)
+µ
(s+ 2)(s+ 1)
2s+ 1
Hα(s−1)α˙(s−1)Dα1Σ¯α2...αs−1α˙(s−1)
−µ¯(s+ 2)(s+ 1)
2s+ 1
Hα(s−1)α˙(s−1)D¯α˙1Σα(s−1)α˙2...α˙s−1
−s− 1
8s
(
Σα(s−1)α˙(s−2)D2Σα(s−1)α˙(s−2) − Σ¯α(s−2)α˙(s−1)D¯2Σ¯α(s−2)α˙(s−1)
)
+
1
s2
Σ¯α(s−2)α˙(s−2)β˙
(1
2
(s2 + 1)DβD¯β˙ + i(s− 1)2Dββ˙
)
Σβα(s−2)α˙(s−2)
−µs
2 + 4s− 1
4s
Σ¯α(s−2)α˙(s−1)Σ¯α(s−2)α˙(s−1)
−µ¯s
2 + 4s− 1
4s
Σα(s−1)α˙(s−2)Σα(s−1)α˙(s−2)
}
, (4.2.22)
where we have defined
Γα(s)α˙(s) = Γα(s)α˙(s) − 1
2
D¯(α˙1D(α1Zα2...αs)α˙2...α˙s) − i(s+ 1)D(α1(α˙1Zα2...αs)α˙2...α˙s) .(4.2.23)
The first-order model introduced is equivalent to the original theory (4.2.19). The
action (4.2.20) is invariant under the gauge ξ-transformation (4.2.8) which acts on Uα(s)α˙(s)
58
and Γα(s)α˙(s) by the rule
δξUα(s)α˙(s) = 0 , (4.2.24a)
δξΓα(s)α˙(s) = D¯β˙
{ s+ 1
2(s+ 2)
D¯(β˙D(α1ξα2...αs)α˙1...α˙s) + i(s+ 1)D(α1(β˙ξα2...αs)α˙1...α˙s)
}
. (4.2.24b)
Here we point out that Γα(s)α˙(s) is invariant under the gauge transformations (4.2.8) and
(4.2.24b). The first-order action (4.2.20) is also invariant under the gaugeV-transformation
(4.2.9b) and (4.2.9c), which acts on Uα(s)α˙(s) and Γα(s)α˙(s) as
δVUα(s)α˙(s) =
1
2
D¯(α˙1D(α1Vα2...αs)α˙2...α˙s) , (4.2.25a)
δVΓα(s)α˙(s) = 0 . (4.2.25b)
The V-gauge freedom in (4.2.9c) may be used to impose the condition
Zα(s−1)α˙(s−1) = 0 . (4.2.26)
As a result, the action (4.2.22) reduces to that describing the transverse formulation for
the massless superspin-s multiplet [63]. The gauge condition (4.2.26) is preserved by
residual local V- and ξ-transformations of the form
D¯β˙ξα(s−1)β˙α˙(s−1) + V¯α(s−1)α˙(s−1) = 0 . (4.2.27)
Making use of the parametrisation (4.2.15), the residual gauge freedom is
δHα(s−1)α˙(s−1) = DβLβα(s−1)α˙(s−1) − D¯β˙L¯α(s−1)β˙α˙(s−1) , (4.2.28a)
δΓα(s)α˙(s) =
s+ 1
2(s+ 2)
D¯β˙
{
D¯(β˙D(α1 + 2i(s+ 2)D(α1(β˙
}
L¯α2...αs)α˙1...α˙s) . (4.2.28b)
This is exactly the gauge symmetry of the transverse formulation for the massless superspin-
s multiplet [63].
4.2.3 Models for the massless gravitino multiplet in AdS
The massless gravitino multiplet (i.e. the massless superspin-1 multiplet) was excluded
from the above consideration. Here we will fill the gap.
The (generalised) longitudinal formulation for the gravitino multiplet is described by
the action
S
‖
GM = −
∫
d4xd2θd2θ¯ E
{
1
16
HDα(D¯2 − 4µ)DαH + 1
4
H
(DαD¯α˙Gαα˙ − D¯α˙DαG¯αα˙)
+G¯αα˙Gαα˙ +
1
4
(
Gαα˙Gαα˙ + G¯
αα˙G¯αα˙
)
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+|µ|2
(
H − Φ
µ
− Φ¯
µ¯
)2
+
(Φ
µ
+
Φ¯
µ¯
)(
µDαΨα + µ¯D¯α˙Ψ¯α˙
)}
, (4.2.29a)
where Φ is a chiral scalar superfield, D¯α˙Φ = 0, and
Gαα˙ = D¯α˙Ψα , G¯αα˙ = −DαΨ¯α˙ . (4.2.29b)
This action is invariant under gauge transformations of the form
δH = V+ V¯ , (4.2.30a)
δΨα = =
1
2
DαV+ ηα , D¯α˙ηα = 0 , (4.2.30b)
δΦ = −1
4
(D¯2 − 4µ)V¯ . (4.2.30c)
This is one of the two models for the massless gravitino multiplet in AdS introduced
in [100]. In a flat superspace limit, the action reduces to that given in [137]. Imposing the
gauge condition Φ = 0 reduces the action (4.2.29) to the original longitudinal formulation
for the massless gravitino multiplet in AdS [63].
The action (4.2.29) involves the chiral scalar Φ and its conjugate only in the combi-
nation (ϕ + ϕ¯), where ϕ = Φ/µ. This means that the model (4.2.29) possesses a dual
formulation realised in terms of a real linear superfield L,(D¯2 − 4µ)L = 0 , L¯ = L . (4.2.31)
The dual model is described by the action [100]
SGM = −
∫
d4xd2θd2θ¯ E
{
1
16
HDα(D¯2 − 4µ)DαH + 1
4
H
(DαD¯α˙Gαα˙ − D¯α˙DαG¯αα˙)
+G¯αα˙Gαα˙ +
1
4
(
Gαα˙Gαα˙ + G¯
αα˙G¯αα˙
)
+ |µ|2H2
−1
4
(
2|µ|H + L− µ|µ|D
αΨα − µ¯|µ| D¯α˙Ψ¯
α˙
)2}
. (4.2.32)
This action is invariant under the gauge transformations (4.2.30a), (4.2.30b) and
δL =
1
|µ|
(
µDαηα + µ¯D¯α˙η¯α˙
)
. (4.2.33)
In a flat superspace limit, the action (4.2.32) reduces to that given in [140].
In Minkowski superspace, there exists one more dual realisation for the massless grav-
itino multiplet model [2] which is obtained by performing a Legendre transformation
converting Φ into a complex linear superfield. This formulation cannot be lifted to the
AdS case, the reason being the fact that the action (4.2.29) involves the chiral scalar Φ
and its conjugate only in the combination (ϕ+ ϕ¯), where ϕ = Φ/µ.
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The dependence on Ψα and Ψ¯α˙ in the last term of (4.2.29) can be expressed in terms
of Gαα˙ and G¯αα˙ if we introduce a complex unconstrained prepotential U for Φ in the
standard way
Φ = −1
4
(D¯2 − 4µ)U . (4.2.34)
Then making use of (4.2.11d) gives∫
d4xd2θd2θ¯ E ΦDαΨα = −
∫
d4xd2θd2θ¯ E Gαα˙
(1
4
D¯α˙Dα + iDαα˙
)
U . (4.2.35)
Since the resulting action depends on Gαα˙ and G¯αα˙, we can introduce a dual formulation
for the theory that is obtained turning Gαα˙ and G¯αα˙ into a transverse linear superfield
Γαα˙ = D¯β˙Φα α˙β˙ , Φα β˙α˙ = Φα α˙β˙ (4.2.36)
and its conjugate using the scheme described in [63]. The resulting action is
S⊥GM =
∫
d4xd2θd2θ¯ E
{
− 1
16
HDα(D¯2 − 4µ)DαH
+
1
96
[Dα, D¯α˙]H [Dα, D¯α˙]H + 1
8
Dαα˙H Dαα˙H
+
1
3
Γ¯
αα˙
Γαα˙ − 1
12
(
Γαα˙Γαα˙ + Γ¯
αα˙
Γ¯αα˙
)
+
i
3
(
Γ¯
αα˙ − Γαα˙
)
Dαα˙H
−1
6
ΦD2H − 1
6
Φ¯D¯2H − |µ|2
(
H − Φ
µ
− Φ¯
µ¯
)2}
, (4.2.37)
where we have defined
Γαα˙ := Γαα˙ − 1
2
D¯α˙DαU − 2iDαα˙U . (4.2.38)
The action (4.2.37) is invariant under the following gauge transformations
δξU = D¯α˙ξ¯α˙ , (4.2.39a)
δξΓαα˙ = −1
3
D¯β˙
{
D¯(β˙Dαξ¯α˙) + 6iDα(β˙ ξ¯α˙)
}
. (4.2.39b)
Both Φ and Γαα˙ are invariant under ξ-gauge transformations. The action (4.2.37) is also
invariant under the gauge transformations (4.2.30a), (4.2.30c) and
δVU = V¯ , (4.2.40a)
δVΓαα˙ = 0 . (4.2.40b)
Imposing the gauge condition U = 0 reduces the action (4.2.37) to the original transverse
formulation for the massless gravitino multiplet in AdS [63].
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4.3 Higher-spin supercurrents
In this section we introduce higher-spin supercurrent multiplets in AdS. First, we recall
the structure of the gauge superfields in terms of which the massless superspin-(s+ 1/2)
multiplet (s = 2, 3, . . .) are described [63].
4.3.1 Massless half-integer superspin multiplets
For a massless superspin-(s+ 1/2) multiplet in AdS, there exist two dually equivalent
off-shell formulations (i.e. transverse and longitudinal), which were first constructed in
[63]. The corresponding dynamical variables are [63]
V⊥s+1/2 =
{
Hα(s)α˙(s) , Γα(s−1)α˙(s−1) , Γ¯α(s−1)α˙(s−1)
}
, (4.3.1a)
V‖s+1/2 =
{
Hα(s)α˙(s) , Gα(s−1)α˙(s−1) , G¯α(s−1)α˙(s−1)
}
. (4.3.1b)
Here Hα(s)α˙(s) is a real unconstrained superfield. The complex superfields Γα(s−1)α˙(s−1)
and Gα(s−1)α˙(s−1) are transverse linear and longitudinal linear, respectively,
D¯β˙ Γα(s−1)β˙α˙(s−2) = 0 , (4.3.2a)
D¯(α˙1 Gα(s−1)α˙2...α˙s) = 0 . (4.3.2b)
These constraints are solved in terms of unconstrained prepotentials as follows:
Γα(s−1)α˙(s−1) = D¯β˙Φα(s−1) (β˙α˙1···α˙s−1) , (4.3.3a)
Gα(s−1)α˙(s−1) = D¯(α˙1Ψα(s−1) α˙2···α˙s−1) . (4.3.3b)
The prepotentials are defined modulo gauge transformations of the form:
δξΦα(s−1) α˙(s) = D¯β˙ξα(s−1) (β˙α˙1···α˙s) , (4.3.4a)
δζΨα(s−1) α˙(s−2) = D¯(α˙1ζα(s−1) α˙2···α˙s−2) , (4.3.4b)
with the gauge parameters ξα(s−1) α˙(s+1) and ζα(s−1) α˙(s−3) being unconstrained.
The gauge transformations of the superfields H, Γ and G are
δΛHα1...αsα˙1...α˙s = D¯(α˙1Λα1...αsα˙2...α˙s) −D(α1Λ¯α2...αs)α˙1...α˙s , (4.3.5a)
δΛΓα1...αs−1α˙1...α˙s−1 = −
s
2(s+ 1)
D¯β˙DβD(βΛ¯α(s−1))β˙α˙(s−1)
= −1
4
D¯β˙D2Λ¯α1...αs−1β˙α˙1...α˙s−1
−1
2
µ¯(s− 1)D¯β˙Λ¯α1...αs−1β˙α˙1...α˙s−1 , (4.3.5b)
δΛGα1...αs−1α˙1...α˙s−1 = −
1
2
D¯(α˙1D¯|β˙|DβΛβα1...αs−1α˙2...α˙s−1)β˙
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+i(s− 1)D¯(α˙1Dβ|β˙|Λβα1...αs−1α˙2...α˙s−1)β˙ . (4.3.5c)
Here the gauge parameter Λα1...αsα˙1...α˙s−1 = Λ(α1...αs)(α˙1...α˙s−1) is unconstrained. The sym-
metrisation in (4.3.5c) is extended only to the indices α˙1, α˙2, . . . , α˙s−1. It follows from
(4.3.5b) and (4.3.5c) that the transformation laws of the prepotentials Φα(s−1)α˙(s) and
Ψα(s−1)α˙(s−2) are
δΛΦα1...αs−1α˙1...α˙s = −
1
4
D2Λ¯α1...αs−1α˙1...α˙s −
1
2
µ¯(s− 1)Λ¯α1...αs−1α˙1...α˙s , (4.3.6a)
δΛΨα1...αs−1α˙1...α˙s−2 = −
1
2
(
D¯β˙Dβ − 2i(s− 1)Dββ˙
)
Λβα1...αs−1β˙α˙1...α˙s−2 . (4.3.6b)
4.3.2 Non-conformal supercurrents: Half-integer superspin
In the framework of the longitudinal formulation (4.3.1b), let us couple the prepoten-
tials Hα(s)α˙(s), Ψα(s−1)α˙(s−2) and Ψ¯α(s−2)α˙(s−1), to external sources
S
(s+ 1
2
)
source =
∫
d4xd2θd2θ¯ E
{
Hα(s)α˙(s)Jα(s)α˙(s) + Ψ
α(s−1)α˙(s−2)Tα(s−1)α˙(s−2)
+Ψ¯α(s−2)α˙(s−1)T¯α(s−2)α˙(s−1)
}
. (4.3.7)
Requiring S
(s+ 1
2
)
source to be invariant under (4.3.4b) gives
D¯β˙Tα(s−1)β˙α˙1...α˙s−3 = 0 , (4.3.8a)
and therefore Tα(s−1)α˙(s−2) is a transverse linear superfield. Requiring S
(s+ 1
2
)
source to be invari-
ant under the gauge transformations (4.3.5a) and (4.3.6b) gives the following conservation
equation:
D¯β˙Jα1...αsβ˙α˙1...α˙s−1 +
1
2
(
D(α1D¯(α˙1 − 2i(s− 1)D(α1(α˙1
)
Tα2...αs)α˙2...α˙s−1) = 0 . (4.3.8b)
For completeness, we also give the conjugate equation
DβJβα1...αs−1α˙1...α˙s −
1
2
(
D¯(α˙1D(α1 − 2i(s− 1)D(α1(α˙1
)
T¯α2...αs−1)α˙2...α˙s) = 0 . (4.3.8c)
Similar considerations for the transverse formulation (4.3.1a) lead to the following
non-conformal supercurrent multiplet
D¯β˙Jα1...αsβ˙α˙1...α˙s−1 −
1
4
(D¯2 + 2µ(s− 1))Fα1...αsα˙1...α˙s−1 = 0 , (4.3.9a)
D(α1Fα2...αs+1)α˙1...α˙s−1 = 0 . (4.3.9b)
It follows from (4.3.9b) that the trace multiplet F¯α(s−1)α˙(s) is longitudinal linear. In the
flat-superspace limit, the higher-spin supercurrent multiplets (4.3.8) and (4.3.9) reduce to
those described in subsection 3.3.1.
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Let us recall our condensed notation used in subsection 3.3.1. Associated with any
tensor superfield Uα(m)α˙(n) is the following index-free field on C2
U(m,n)(ζ, ζ¯) := ζ
α1 . . . ζαm ζ¯ α˙1 . . . ζ¯ α˙nUα1...αmα˙1...α˙n , (4.3.10)
We also introduce the AdS analogues of the operators (3.3.6):
D(1,0) := ζαDα , (4.3.11a)
D¯(0,1) := ζ¯ α˙D¯α˙ , (4.3.11b)
D(1,1) := 2iζαζ¯ α˙Dαα˙ = −
{D(1,0), D¯(0,1)} . (4.3.11c)
The following operators decrease the degree of homogeneity in the variables ζα and ζ¯ α˙,
specifically
D(−1,0) := Dα ∂
∂ζα
, (4.3.12a)
D¯(0,−1) := D¯α˙ ∂
∂ζ¯ α˙
. (4.3.12b)
Making use of the above notation, the transverse linear condition (4.3.8a) and its
conjugate become
D¯(0,−1)T(s−1,s−2) = 0 , (4.3.13a)
D(−1,0)T¯(s−2,s−1) = 0 . (4.3.13b)
The conservation equations (4.3.8b) and (4.3.8c) turn into
1
s
D¯(0,−1)J(s,s) − 1
2
A(1,1)T(s−1,s−2) = 0 , (4.3.14a)
1
s
D(−1,0)J(s,s) − 1
2
A¯(1,1)T¯(s−2,s−1) = 0 . (4.3.14b)
where
A(1,1) := −D(1,0)D¯(0,1) + (s− 1)D(1,1) , A¯(1,1) := D¯(0,1)D(1,0) − (s− 1)D(1,1) . (4.3.15)
Since D¯2(0,−1)J(s,s) = 0, the conservation equation (4.3.14a) is consistent provided
D¯(0,−1)A(1,1)T(s−1,s−2) = 0 . (4.3.16)
This is indeed true, as a consequence of the transverse linear condition (4.3.13a).
4.3.3 Improvement transformations
The conservation equations (4.3.8) and (4.3.9) define two consistent higher-spin super-
currents in AdS. Similar to the two irreducible AdS supercurrents [99], with (12+12) and
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(20 + 20) degrees of freedom (see also the review in section 2.4), the higher-spin supercur-
rents (4.3.8) and (4.3.9) are equivalent in the sense that there always exists a well-defined
improvement transformation that converts (4.3.8) into (4.3.9). Such an improvement
transformation is constructed below.
Since the trace multiplet Tα(s−1)α˙(s−2) is transverse, eq. (4.3.8a), there exists a well-
defined complex tensor operator Xα(s−1)α˙(s−1) such that
Tα(s−1)α˙(s−2) = D¯β˙Xα(s−1)(β˙α˙1...α˙s−2) . (4.3.17)
Let us introduce the real Uα(s−1)α˙(s−1) and imaginary Vα(s−1)α˙(s−1) parts of Xα(s−1)α˙(s−1),
Xα(s−1)α˙(s−1) = Uα(s−1)α˙(s−1) + iVα(s−1)α˙(s−1) . (4.3.18)
Then it may be checked that the operators
Jα(s)α˙(s) := Jα(s)α˙(s) +
s
2
[D(α1 , D¯(α˙1]Uα2...αs)α˙2...α˙s) + sD(α1(α˙1Vα2...αs)α˙2...α˙s) ,(4.3.19a)
Fα(s)α˙(s−1) := D(α1
{
(2s+ 1)Uα2...αs)α˙(s−1) − iVα2...αs)α˙(s−1)
}
(4.3.19b)
enjoy the conservation equation (4.3.9) and the constraint (4.3.9b). It is also not difficult
to construct an inverse improvement transformation converting the higher-spin supercur-
rent (4.3.9) to (4.3.8).
In accordance with the result obtained, for all applications it suffices to work with
the longitudinal supercurrent (4.3.8). This is why in the integer superspin case, which
will be studied in the next subsection, we will introduce only a higher-spin supercurrent
corresponding to the new gauge formulation (4.2.19).
There exists an improvement transformation2 for the supercurrent multiplet (4.3.8)
Given a chiral scalar superfield Ω, we introduce
J˜(s,s) := J(s,s) +Ds(1,1)
(
Ω + (−1)sΩ¯) , D¯α˙Ω = 0 , (4.3.20a)
T˜(s−1,s−2) := T(s−1,s−2) +
2(−1)s
s(s− 1)D¯(0,−1)D
s−1
(1,1)Ω¯
+
4(s+ 1)
s
µDs−2(1,1)D(1,0)Ω . (4.3.20b)
The operators J˜(s,s) and T˜(s−1,s−2) prove to obey the conservation equation (4.3.8).
4.3.4 Non-conformal supercurrents: Integer superspin
We now make use of the new gauge formulation (4.2.12), or equivalently (4.2.19),
for the integer superspin-s multiplet to derive the AdS analogue of the non-conformal
higher-spin supercurrents in subsection 3.3.2.
2One may compare this to (2.4.5) in the lower-spin case.
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Let us couple the prepotentials Hα(s−1)α˙(s−1), Zα(s−1)α˙(s−1) and Ψα(s)α˙(s−1) to external
sources
S(s)source =
∫
d4xd2θd2θ¯ E
{
Ψα(s)α˙(s−1)Jα(s)α˙(s−1) − Ψ¯α(s−1)α˙(s)J¯α(s−1)α˙(s)
+Hα(s−1)α˙(s−1)Sα(s−1)α˙(s−1)
+Zα(s−1)α˙(s−1)Tα(s−1)α˙(s−1) + Z¯α(s−1)α˙(s−1)T¯α(s−1)α˙(s−1)
}
. (4.3.21)
In order for S
(s)
source to be invariant under the ζ-transformation in (4.2.9a), the source
Jα(s)α˙(s−1) must satisfy
D¯β˙Jα(s)β˙α˙(s−2) = 0 ⇐⇒ DβJ¯βα(s−2)α˙(s) = 0 . (4.3.22)
Next, requiring S
(s)
source to be invariant under the transformation (4.2.8) leads to
D¯(α˙1Tα(s−1)α˙2...α˙s) = 0 ⇐⇒ D(α1T¯α2...αs)α˙(s−1) = 0 . (4.3.23)
We see that the superfields Jα(s)α˙(s−1) and Tα(s−1)α˙(s−1) are transverse linear and lon-
gitudinal linear, respectively. Finally, requiring S
(s)
source to be invariant under the V-
transformation (4.2.9) gives the following conservation equation
−1
2
DβJβα(s−1)α˙(s−1) + Sα(s−1)α˙(s−1) + T¯α(s−1)α˙(s−1) = 0 (4.3.24a)
as well as its conjugate
1
2
D¯β˙J¯α(s−1)β˙α˙(s−1) + Sα(s−1)α˙(s−1) + Tα(s−1)α˙(s−1) = 0 . (4.3.24b)
As a consequence of (4.3.23), from (4.3.24a) we deduce
1
4
D2Jα(s)α˙(s−1) − 1
2
µ¯(s+ 2)Jα(s)α˙(s−1) +D(α1Sα2...αs)α˙(s−1) = 0 . (4.3.25)
The equations (4.3.22) and (4.3.25) describe the conserved current supermultiplet which
corresponds to our theory in the gauge (4.2.16).
Taking the sum of (4.3.24a) and (4.3.24b) leads to
1
2
DβJβα(s−1)α˙(s−1) + 1
2
D¯β˙J¯α(s−1)β˙α˙(s−1) + Tα(s−1)α˙(s−1) − T¯α(s−1)α˙(s−1) = 0 . (4.3.26)
The equations (4.3.22), (4.3.23) and (4.3.26) describe the conserved current supermultiplet
which corresponds to our theory in the gauge (4.2.14). As a consequence of (4.3.23), the
conservation equation (4.3.26) implies
1
2
D(α1
{
D|β|Jα2...αs)βα˙(s−1) + D¯β˙J¯α2...αs)β˙α˙(s−1)
}
+D(α1Tα2...αs)α˙(s−1) = 0 . (4.3.27)
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Written in the condensed notation, the transverse linear condition (4.3.22) turns into
D¯(0,−1)J(s,s−1) = 0 , (4.3.28)
while the longitudinal linear condition (4.3.23) takes the form
D¯(0,1)T(s−1,s−1) = 0 . (4.3.29)
The conservation equation (4.3.24a) becomes
− 1
2s
D(−1,0)J(s,s−1) + S(s−1,s−1) + T¯(s−1,s−1) = 0 (4.3.30)
and (4.3.27) takes the form
1
2s
D(1,0)
{D(−1,0)J(s,s−1) + D¯(0,−1)J¯(s−1,s)}+D(1,0)T(s−1,s−1) = 0 . (4.3.31)
4.3.5 Improvement transformation
There exist an improvement transformation for the supercurrent multiplet (4.3.24).
Given a chiral scalar superfield Ω, we introduce
J˜(s,s−1) := J(s,s−1) +Ds−1(1,1)D(1,0)Ω , D¯α˙Ω = 0 , (4.3.32a)˜¯T (s−1,s−1) := T¯(s−1,s−1) + s− 1
4s
Ds−1(1,1)(D2 − 4µ¯)Ω
+(−1)s(s− 1)
(
µ¯+
µ
s
)
Ds−1(1,1)Ω¯ , (4.3.32b)
S˜(s−1,s−1) := S(s−1,s−1) + µ(s− 1)Ds−1(1,1)Ω + (−1)s−1µ¯(s− 1)Ds−1(1,1)Ω¯
+µ¯
s− 1
s
Ds−1(1,1)Ω + (−1)s−1µ
s− 1
s
Ds−1(1,1)Ω¯ . (4.3.32c)
It may be checked that the operators J˜(s,s−1), ˜¯T (s−1,s−1) and S˜(s−1,s−1) obey the conserva-
tion equation (4.3.30), as well as (4.3.23) and (4.3.28).
4.4 Higher-spin supercurrents for chiral superfields:
Half-integer superspin
In the remainder of this chapter we will study explicit realisations of the higher spin
supercurrents introduced above in various supersymmetric field theories in AdS.
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4.4.1 Superconformal model for a chiral superfield
Let us consider the superconformal theory of a single chiral scalar superfield
S =
∫
d4xd2θd2θ¯ E Φ¯Φ , (4.4.1)
where Φ is covariantly chiral, D¯α˙Φ = 0. We can define the conformal supercurrent J(s,s)
in direct analogy with the flat superspace case [1, 68]
J(s,s) =
s∑
k=0
(−1)k
(
s
k
){(
s
k + 1
)
Dk(1,1)D(1,0)Φ Ds−k−1(1,1) D¯(0,1)Φ¯
+
(
s
k
)
Dk(1,1)Φ Ds−k(1,1)Φ¯
}
. (4.4.2)
Making use of the massless equations of motion, (D2 − 4µ¯) Φ = 0, one may check that
J(s,s) satisfies the conservation equation
D(−1,0)J(s,s) = 0 ⇐⇒ D¯(0,−1)J(s,s) = 0 . (4.4.3)
The calculation of (4.4.3) in AdS is much more complicated than in flat superspace due
to the fact that the algebra of covariant derivatives (2.3.5) is nontrivial. Let us sketch the
main steps in evaluating the left-hand side of eq. (4.4.3) with J(s,s) given by (4.4.2). We
start with the obvious relations
∂
∂ζα
D(1,1) = 2iζ¯ α˙Dαα˙ , (4.4.4a)
∂
∂ζα
Dk(1,1) =
k∑
n=1
Dn−1(1,1) 2i ζ¯ α˙Dαα˙ Dk−n(1,1) , k > 1 . (4.4.4b)
To simplify eq. (4.4.4b), we may push ζ¯ α˙Dαα˙, say, to the left provided that we take into
account its commutator with D(1,1):
[ζ¯ α˙Dαα˙ ,D(1,1)] = −4i µ¯µ ζαζ¯ α˙ζ¯ β˙M¯α˙β˙ . (4.4.5)
Associated with the Lorentz generators are the operators
M¯(0,2) := ζ¯
α˙ζ¯ β˙M¯α˙β˙ , (4.4.6a)
M(2,0) := ζ
αζβMαβ , (4.4.6b)
where M¯(0,2) appears in the right-hand side of (4.4.5). These operators annihilate every
superfield U(m,n)(ζ, ζ¯) of the form (4.3.10),
3
M¯(0,2)U(m,n) = 0 , M(2,0)U(m,n) = 0 . (4.4.6c)
3These properties are analogous to those that play a fundamental role for the consistent definition of
covariant projective supermultiplets in 5D N = 1 [148] and 4D N = 2 [149] supergravity theories.
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From the above consideration, it follows that
[ζ¯ α˙Dαα˙ ,Dk(1,1)]U(m,n) = 0 , (4.4.7a)( ∂
∂ζα
Dk(1,1)
)
U(m,n) = 2ik ζ¯
α˙Dαα˙Dk−1(1,1)U(m,n) . (4.4.7b)
We also state some other properties which we often use throughout our calculations
D2(0,1) = −2µ¯M(2,0) , (4.4.8a)[D(1,0) ,D(1,1)] = [D¯(0,1) ,D(1,1)] = 0 , (4.4.8b)[Dα,D(1,1)] = −2µ¯ ζαD¯(0,1) , (4.4.8c)[Dα,Dk(1,1)] = −2µ¯ k ζαDk−1(1,1)D¯(0,1) , (4.4.8d)[Dα, ζ¯ β˙Dββ˙] = iµ¯ δαβ D¯(0,1) . (4.4.8e)
The above identities suffice to prove that the supercurrent (4.4.2) does obey the conser-
vation equation (4.4.3).
4.4.2 Non-superconformal model for a chiral superfield
Let us now add the mass term to (4.4.1) and consider the following action
S =
∫
d4xd2θd2θ¯ E Φ¯Φ +
{m
2
∫
d4xd2θ E Φ2 + c.c.
}
, (4.4.9)
with m a complex mass parameter. The real supercurrent J(s,s) takes the same form as
in the massless case, (4.4.2). However, in the massive case J(s,s) satisfies a more general
conservation equation (4.3.14a) for some superfield T(s−1,s−2), which we need to determine.
Indeed, making use of the equations of motion
−1
4
(D2 − 4µ¯)Φ + m¯Φ¯ = 0 , −1
4
(D¯2 − 4µ)Φ¯ +mΦ = 0 , (4.4.10)
we obtain
D¯(0,−1)J(s,s) = F(s,s−1) , (4.4.11a)
where we have denoted
F(s,s−1) = 2m(s+ 1)
s∑
k=0
(−1)s−1+k
(
s
k
)(
s
k + 1
)
×
{
1 + (−1)s k + 1
s− k + 1
}
Dk(1,1)Φ Ds−k−1(1,1) D(1,0)Φ . (4.4.11b)
We now look for a superfield T(s−1,s−2) such that (i) it obeys the transverse linear
constraint (4.3.13a); and (ii) it satisfies the equation
F(s,s−1) =
s
2
A(1,1)T(s−1,s−2) . (4.4.12)
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Our analysis will be similar to the one performed in 3.3.1.1 in flat superspace. We consider
a general ansatz
T(s−1,s−2) = (−1)sm
s−2∑
k=0
ckDk(1,1)ΦDs−k−2(1,1) D(1,0)Φ (4.4.13)
with some coefficients ck which have to be determined. For k = 1, 2, ...s− 2, condition (i)
implies that the coefficients ck must satisfy
kck = (s− k − 1)cs−k−1 , (4.4.14a)
while (ii) gives the following equation
cs−k−1 + sck + (s− 1)ck−1 = −4(−1)k s+ 1
s
(
s
k
)(
s
k + 1
)
×
{
1 + (−1)s k + 1
s− k + 1
}
. (4.4.14b)
Condition (ii) also implies that
(s− 1)cs−2 + c0 = 4(−1)s(s+ 1)
{
1 + (−1)s s
2
}
, (4.4.14c)
c0 = −4
s
(s+ 1 + (−1)s) . (4.4.14d)
It turns out that the equations (4.4.14) lead to a unique expression for ck given by
ck = −4(s+ 1)(s− k − 1)
s(s− 1)
k∑
l=0
(−1)k
s− l
(
s
l
)(
s
l + 1
){
1 + (−1)s l + 1
s− l + 1
}
, (4.4.15)
k = 0, 1, . . . s− 2 .
If the parameter s is odd, s = 2n + 1, with n = 1, 2, . . . , one can check that the
equations (4.4.14a)–(4.4.14c) are identically satisfied. However, if the parameter s is
even, s = 2n, with n = 1, 2, . . . , there appears an inconsistency: the right-hand side of
(4.4.14c) is positive, while the left-hand side is negative, (s− 1)cs−2 + c0 < 0. Therefore,
our solution (4.4.15) is only consistent for s = 2n+ 1, n = 1, 2, . . . .
Relations (4.4.2), (4.4.13) and (4.4.15) determine the non-conformal higher-spin su-
percurrents in the massive chiral model (4.4.9). Unlike the conformal higher-spin super-
currents (4.4.2), the non-conformal ones exist only for the odd values of s, s = 2n + 1,
with n = 1, 2, . . . . In the flat superspace limit, the above results reduce to those derived
in 3.3.1.1 and in Ref. [115].
4.4.3 Superconformal model with N chiral superfields
We now generalise the superconformal model (4.4.1) to the case of N covariantly chiral
scalar superfields Φi, i = 1, . . . N ,
S =
∫
d4xd2θd2θ¯ E Φ¯iΦi , D¯α˙Φi = 0 . (4.4.16)
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The novel feature of the N > 1 case is that there exist two different types of conformal
supercurrents, which are:
J+(s,s) = S
ij
s∑
k=0
(−1)k
(
s
k
){(
s
k + 1
)
Dk(1,1)D(1,0)Φi Ds−k−1(1,1) D¯(0,1)Φ¯j
+
(
s
k
)
Dk(1,1)Φi Ds−k(1,1)Φ¯j
}
, Sij = Sji (4.4.17)
and
J−(s,s) = iA
ij
s∑
k=0
(−1)k
(
s
k
){(
s
k + 1
)
Dk(1,1)D(1,0)Φi Ds−k−1(1,1) D¯(0,1)Φ¯j
+
(
s
k
)
Dk(1,1)Φi Ds−k(1,1)Φ¯j
}
, Aij = −Aji . (4.4.18)
Here S and A are arbitrary real symmetric and antisymmetric constant matrices, respec-
tively. We have put an overall factor
√−1 in eq. (4.4.18) in order to make J−(s,s) real. One
can show that the currents (4.4.17) and (4.4.18) are conserved on-shell:
D(−1,0)J±(s,s) = 0 ⇐⇒ D¯(0,−1)J±(s,s) = 0 . (4.4.19)
The above results can be recast in terms of the matrix conformal supercurrent J(s,s) =(
J ij(s,s)
)
with components
J ij(s,s) :=
s∑
k=0
(−1)k
(
s
k
){(
s
k + 1
)
Dk(1,1)D(1,0)Φi Ds−k−1(1,1) D¯(0,1)Φ¯j
+
(
s
k
)
Dk(1,1)Φi Ds−k(1,1)Φ¯j
}
, (4.4.20)
which is Hermitian, J(s,s)
† = J(s,s). The chiral action (4.4.16) possesses rigid U(N) sym-
metry acting on the chiral column-vector Φ = (Φi) by Φ → gΦ, with g ∈ U(N), which
implies that the supercurrent (4.4.20) transforms as J(s,s) → gJ(s,s)g−1.
4.4.4 Massive model with N chiral superfields
Consider a theory of N massive chiral multiplets with action
S =
∫
d4xd2θd2θ¯ E Φ¯iΦi +
{1
2
∫
d4xd2θ EM ijΦiΦj + c.c.
}
, (4.4.21)
where M ij is a constant symmetric N ×N mass matrix. The corresponding equations of
motion are
−1
4
(D2 − 4µ¯)Φi + M¯ ijΦ¯j = 0 , −1
4
(D¯2 − 4µ)Φ¯i +M ijΦj = 0 . (4.4.22)
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First we will consider the case where S is a real and symmetric matrix. Making use
of the equations of motion, we obtain
D(−1,0)J(s,s) = 2(s+ 1)(SM¯)ji
s∑
k=0
(−1)k
(
s
k
)(
s
k
)
× k
k + 1
Dk−1(1,1) D¯(0,1)Φ¯i Ds−k(1,1)Φ¯j
+2(s+ 1)(SM¯)ji
s−1∑
k=0
(−1)k
(
s
k
)(
s
k + 1
)
×Dk(1,1)Φ¯i Ds−k−1(1,1) D¯(0,1)Φ¯j . (4.4.23)
Now, suppose the product SM¯ is symmetric, which implies [S, M¯ ] = 0. Then, (4.4.23)
becomes
D(−1,0)J(s,s) = 2(s+ 1)(SM¯)ij
s−1∑
k=0
(−1)k
(
s
k
)(
s
k + 1
)
×
{
1 + (−1)s k + 1
s− k + 1
}
Dk(1,1)Φ¯i Ds−k−1(1,1) D¯(0,1)Φ¯j . (4.4.24)
We now look for a superfield T¯(s−2,s−1) such that (i) it obeys the transverse antilinear
constraint (4.3.13b); and (ii) it satisfies the conservation equation (4.3.14b):
D(−1,0)J(s,s) = s
2
A¯(1,1)T¯(s−2,s−1) . (4.4.25)
As in the single field case we consider a general ansatz
T¯(s−2,s−1) = (SM¯)ij
s−2∑
k=0
ckDk(1,1)Φ¯iDs−k−2(1,1) D¯(0,1)Φ¯j . (4.4.26)
Then for k = 1, 2, ...s− 2, condition (i) implies that the coefficients ck must satisfy
kck = (s− k − 1)cs−k−1 , (4.4.27a)
while (ii) gives the following equation
cs−k−1 + sck + (s− 1)ck−1 = −4(−1)k s+ 1
s
(
s
k
)(
s
k + 1
)
×
{
1 + (−1)s k + 1
s− k + 1
}
. (4.4.27b)
Condition (ii) also implies that
(s− 1)cs−2 + c0 = 4(−1)s(s+ 1)
{
1 + (−1)s s
2
}
, (4.4.27c)
c0 = −4
s
(s+ 1 + (−1)s) . (4.4.27d)
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The above conditions coincide with eqs.(4.4.14a)–(4.4.14d) in the case of a single, massive
chiral superfield, which are satisfied only for s = 2n+ 1, n = 1, 2, . . . . Hence, the solution
for the coefficients ck is given by (4.4.15) for odd values of s and there is no solution for
even s.
On the other hand, if SM¯ is antisymmetric (which is equivalent to {S, M¯} = 0),
eq. (4.4.24) is slightly modified
D(−1,0)J(s,s) = 2(s+ 1)(SM¯)ij
s−1∑
k=0
(−1)k
(
s
k
)(
s
k + 1
)
×
{
−1 + (−1)s k + 1
s− k + 1
}
Dk(1,1)Φ¯i Ds−k−1(1,1) D¯(0,1)Φ¯j . (4.4.28)
Starting with a general ansatz
T¯(s−2,s−1) = (SM¯)ij
s−2∑
k=0
dkDk(1,1)Φ¯iDs−k−2(1,1) D¯(0,1)Φ¯j (4.4.29)
and imposing conditions (i) and (ii) yield the following equations for the coefficients dk
kdk = −(s− k − 1)ds−k−1 . (4.4.30a)
−ds−k−1 + sdk + (s− 1)dk−1 = −4(−1)k s+ 1
s
(
s
k
)(
s
k + 1
)
×
{
−1 + (−1)s k + 1
s− k + 1
}
. (4.4.30b)
(s− 1)ds−2 − d0 = 4(−1)s(s+ 1)
{
−1 + (−1)s s
2
}
. (4.4.30c)
d0 =
4
s
(s+ 1 + (−1)s−1) . (4.4.30d)
The equations (4.4.30) lead to a unique expression for dk given by
dk = −4(s+ 1)(s− k − 1)
s(s− 1)
k∑
l=0
(−1)k
s− l
(
s
l
)(
s
l + 1
){
−1 + (−1)s l + 1
s− l + 1
}
, (4.4.31)
k = 0, 1, . . . s− 2 .
If the parameter s is even, s = 2n, with n = 1, 2, . . . , one can check that the equations
(4.4.30a)–(4.4.30d) are identically satisfied. However, if the parameter s is odd, s = 2n+1,
with n = 1, 2, . . . , there appears an inconsistency: the right-hand side of (4.4.30c) is
positive, while the left-hand side is negative, (s−1)ds−2−d0 < 0. Therefore, our solution
(4.4.31) is only consistent for s = 2n, n = 1, 2, . . . .
Finally, we consider Aij = −Aji with the corresponding J(s,s) given by (4.4.18). The
analysis in this case is similar to the one presented above and we will simply state the
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results. If s is odd the non-conformal higher-spin supercurrents exist if {A, M¯} = 0. The
trace supercurrent T¯(s−2,s−1) is given by (4.4.26) with the coefficients ck given by
ck = i
4(s+ 1)(s− k − 1)
s(s− 1)
k∑
l=0
(−1)k
s− l
(
s
l
)(
s
l + 1
){
1 + (−1)s l + 1
s− l + 1
}
, (4.4.32)
k = 0, 1, . . . s− 2 .
If s is even the non-conformal higher-spin supercurrents exist if [A, M¯ ] = 0. The trace
supercurrent T¯(s−2,s−1) is given by (4.4.29) with the coefficients dk given by
dk = i
4(s+ 1)(s− k − 1)
s(s− 1)
k∑
l=0
(−1)k
s− l
(
s
l
)(
s
l + 1
){
−1 + (−1)s l + 1
s− l + 1
}
, (4.4.33)
k = 0, 1, . . . s− 2 .
Note that the coefficients ck in (5.5.6) differ from similar coefficients in (4.4.15) by a
factor of −i. This means that for odd s we can define a more general supercurrent
J(s,s) = H
ij
s∑
k=0
(−1)k
(
s
k
){(
s
k + 1
)
Dk(1,1)D(1,0)Φi Ds−k−1(1,1) D¯(0,1)Φ¯j
+
(
s
k
)
Dk(1,1)Φi Ds−k(1,1)Φ¯j
}
, (4.4.34)
where H ij is a generic matrix which can be split into the symmetric and antisymmetric
parts H ij = Sij + iAij. Here both S and A are real and we put an i in front of A because
J(s,s) must be real. From the above consideration it then follows that the corresponding
more general solution for T¯(s−2,s−1) reads
T¯(s−2,s−1) = (H¯M¯)ij
s−2∑
k=0
ckDk(1,1)Φ¯iDs−k−2(1,1) D¯(0,1)Φ¯j , (4.4.35)
where [S, M¯ ] = 0, {A, M¯} = 0 and ck are, as before, given by eq. (4.4.15). Similarly, the
coefficients dk in (4.4.33) differ from similar coefficients in (4.4.31) by a factor of −i. This
means that for even s we can define a more general supercurrent (4.4.34), where H ij is a
generic matrix which we can split as before into the symmetric and antisymmetric parts,
H ij = Sij + iAij. From the above consideration it then follows that the corresponding
more general solution for T¯(s−2,s−1) reads
T¯(s−2,s−1) = (H¯M¯)ij
s−2∑
k=0
dkDk(1,1)Φ¯iDs−k−2(1,1) D¯(0,1)Φ¯j , (4.4.36)
where {S, M¯} = 0, [A, M¯ ] = 0 and dk are given by eq. (4.4.31).
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4.5 Higher-spin supercurrents for chiral superfields:
Integer superspin
In this section we provide explicit realisations for the fermionic higher-spin supercur-
rents (integer superspin) in models described by chiral scalar superfields.
4.5.1 Massive hypermultiplet model
Consider a free massive hypermultiplet in AdS
S =
∫
d4xd2θd2θ¯ E
(
Ψ¯+Ψ+ + Ψ¯−Ψ−
)
+
{
m
∫
d4xd2θ E Ψ+Ψ− + c.c.
}
, (4.5.1)
where the superfields Ψ± are covariantly chiral, D¯α˙Ψ± = 0 and m is a complex mass
parameter.4 By a change of variables it is possible to make m real. Let us introduce
another set of fields Φ±, D¯α˙Φ± = 0, related to Ψ± by the following transformations
Φ± = eiα/2Ψ± , m = Meiα . (4.5.2)
Under the transformations (4.5.2), the action (4.5.1) turns into
S =
∫
d4xd2θd2θ¯ E
(
Φ¯+Φ+ + Φ¯−Φ−
)
+
{
M
∫
d4xd2θ E Φ+Φ− + c.c.
}
, (4.5.3)
where the mass parameter M is now real. In the massless case, M = 0, the conserved
fermionic supercurrent Jα(s)α˙(s−1) was constructed in [68] and is given by
J(s,s−1) =
s−1∑
k=0
(−1)k
(
s− 1
k
){(
s
k + 1
)
Dk(1,1)D(1,0)Φ+ Ds−k−1(1,1) Φ−
−
(
s
k
)
Dk(1,1)Φ+ Ds−k−1(1,1) D(1,0)Φ−
}
. (4.5.4)
Making use of the massless equations of motion, −1
4
(D2 − 4µ¯) Φ± = 0, one may check
that J(s,s−1) obeys, for s > 1, the conservation equations
D(−1,0)J(s,s−1) = 0, D¯(0,−1)J(s,s−1) = 0 . (4.5.5)
We will construct fermionic higher-spin supercurrents corresponding to the massive
model (4.5.3). Making use of the massive equations of motion
−1
4
(D2 − 4µ¯)Φ+ +MΦ¯− = 0, −1
4
(D2 − 4µ¯)Φ− +MΦ¯+ = 0, (4.5.6)
4This model possesses off-shell N = 2 AdS supersymmetry [96,150].
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we obtain
D(−1,0)J(s,s−1) = 2M(s+ 1)
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
×
{
−s− k
k + 1
Dk(1,1)Φ¯−Ds−k−1(1,1) Φ− +Dk(1,1)Φ+Ds−k−1(1,1) Φ¯+
}
+2M(s+ 1)
s−1∑
k=1
(−1)k+1
(
s− 1
k
)(
s
k
)
k
k + 1
×Dk−1(1,1)D¯(0,1)Φ¯− Ds−k−1(1,1) D(1,0)Φ−
+2M(s+ 1)
s−2∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
s− 1− k
k + 1
×Dk(1,1)D(1,0)Φ+ Ds−k−2(1,1) D¯(0,1)Φ¯+ . (4.5.7)
It can be shown that the massive supercurrent J(s,s−1) also obeys (4.3.28).
We now look for a superfield T(s−1,s−1) such that (i) it obeys the longitudinal linear
constraint (4.3.29); and (ii) it satisfies (4.3.31), which is a consequence of the conservation
equation (4.3.30). For this we consider a general ansatz
T(s−1,s−1) =
s−1∑
k=0
ckDk(1,1)Φ− Ds−k−1(1,1) Φ¯−
+
s−1∑
k=0
dkDk(1,1)Φ+ Ds−k−1(1,1) Φ¯+
+
s−1∑
k=1
fkDk−1(1,1)D(1,0)Φ− Ds−k−1(1,1) D¯(0,1)Φ¯−
+
s−1∑
k=1
gkDk−1(1,1)D(1,0)Φ+ Ds−k−1(1,1) D¯(0,1)Φ¯+ . (4.5.8)
Condition (i) implies that the coefficients must be related by
c0 = d0 = 0 , fk = ck , gk = dk , (4.5.9a)
while for k = 1, 2, . . . s− 2, condition (ii) gives the following recurrence relations:
ck + ck+1 =
M(s+ 1)
s
(−1)s+k
(
s− 1
k
)(
s
k
)
× 1
(k + 2)(k + 1)
{
(2k + 2− s)(s+ 1)− k − 2
}
, (4.5.9b)
dk + dk+1 =
M(s+ 1)
s
(−1)k
(
s− 1
k
)(
s
k
)
× 1
(k + 2)(k + 1)
{
(2k + 2− s)(s+ 1)− k − 2
}
. (4.5.9c)
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Condition (ii) also implies that
c1 = −(−1)sM(s
2 − 1)
2
, cs−1 = −M(s
2 − 1)
s
; (4.5.9d)
d1 = −M(s
2 − 1)
2
, ds−1 = −(−1)sM(s
2 − 1)
s
. (4.5.9e)
The above conditions lead to simple expressions for ck and dk:
dk =
M(s+ 1)
s
k
k + 1
(−1)k
(
s− 1
k
)(
s
k
)
, (4.5.10a)
ck = (−1)sdk , (4.5.10b)
where k = 1, 2, . . . s− 1.
4.5.2 Superconformal model with N chiral superfields
In this subsection we will generalise the above results for N chiral superfields Φi,
i = 1, . . . N . We first consider the superconformal model (4.4.16). Let us construct the
following fermionic supercurrent
J(s,s−1) = Cij
s−1∑
k=0
(−1)k
(
s− 1
k
){(
s
k + 1
)
Dk(1,1)D(1,0)Φi Ds−k−1(1,1) Φj
−
(
s
k
)
Dk(1,1)Φi Ds−k−1(1,1) D(1,0)Φj
}
, (4.5.11)
where Cij is a constant complex matrix. By changing the summation index it is not hard
to show that J(s,s−1) = 0 if (i) s is odd and Cij is symmetric; and (ii) s is even and Cij is
antisymmetric, that is
Cij = Cji , s = 1, 3, . . . =⇒ J(s,s−1) = 0 ; (4.5.12a)
Cij = −Cji , s = 2, 4, . . . =⇒ J(s,s−1) = 0 . (4.5.12b)
This means that we have to consider the two separate cases: the case of even s with
symmetric C, and the case of odd s with antisymmetric C. Using the massless equation
of motion, −1
4
(D2 − 4µ¯) Φi = 0, one may check that J(s,s−1) satisfies the conservation
equations (4.5.5)
D(−1,0)J(s,s−1) = 0 , D¯(0,−1)J(s,s−1) = 0 . (4.5.13)
In the case of a single chiral superfield, the supercurrent (4.5.11) exists for even s,
J(s,s−1) = 2
s−1∑
k=0
(−1)k
(
s− 1
k
)(
s
k + 1
)
Dk(1,1)D(1,0)ΦDs−k−1(1,1) Φ (4.5.14)
The flat-superspace version of (4.5.14) is given by eq. (3.4.3) and Ref. [119].
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4.5.3 Massive model with N chiral superfields
Let us turn to the massive model (4.4.21). As was discussed in previous subsection,
to construct the conserved currents we first have to calculate D(−1,0)J(s,s−1) using the
equations of motion in the massive theory. The calculation depends on whether Cij is
symmetric or antisymmetric.
4.5.3.1 Symmetric C
If Cij is a symmetric matrix, using the massive equation of motion, we obtain
D(−1,0)J(s,s−1) = −2(s+ 1)(CM¯)ji
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
s− k
k + 1
×Dk(1,1)Φ¯iDs−k−1(1,1) Φj
+2(s+ 1)(CM¯)ij
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
×Dk(1,1)ΦiDs−k−1(1,1) Φ¯j
+2(s+ 1)(CM¯)ji
s−1∑
k=1
(−1)k+1
(
s− 1
k
)(
s
k
)
k
k + 1
×Dk−1(1,1)D¯(0,1)Φ¯i Ds−k−1(1,1) D(1,0)Φj
+2(s+ 1)(CM¯)ij
s−2∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
s− 1− k
k + 1
×Dk(1,1)D(1,0)Φi Ds−k−2(1,1) D¯(0,1)Φ¯j . (4.5.15)
Here we have two cases to consider:
1. CM¯ is symmetric ⇐⇒ [C, M¯ ] = 0, s even.
2. CM¯ is antisymmetric ⇐⇒ {C, M¯} = 0, s even.
Case 1: Eq. (4.5.15) can be simplified to yield
D(−1,0)J(s,s−1) = 4(s+ 1)(CM¯)ij
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
×Dk(1,1)ΦiDs−k−1(1,1) Φ¯j
+4(s+ 1)(CM¯)ij
s−1∑
k=1
(−1)k+1
(
s− 1
k
)(
s
k
)
k
k + 1
×Dk−1(1,1)D¯(0,1)Φ¯i Ds−k−1(1,1) D(1,0)Φj . (4.5.16)
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We now look for a superfield T(s−1,s−1) such that (i) it obeys the longitudinal linear
constraint (4.3.29); and (ii) it satisfies (4.3.31), which is a consequence of the conservation
equation (4.3.30). The precise form of eq. (4.3.31) in the present case is
1
2s
D(1,0)
{D(−1,0)J(s,s−1) + D¯(0,−1)J¯(s−1,s)}
=
2
s+ 1
D(1,0)
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
×
{
s
k + 1
(CM¯)ij − (s+ 1)(s− k)
(k + 1)(k + 2)
(C¯M)ij
}
×Dk(1,1)ΦiDs−k−1(1,1) Φ¯j
= −D(1,0)T(s−1,s−1) . (4.5.17)
To find T(s−1,s−1) we consider a general ansatz
T(s−1,s−1) =
s−1∑
k=0
(ck)
ij Dk(1,1)Φi Ds−k−1(1,1) Φ¯j
+
s−1∑
k=1
(dk)
ij Dk−1(1,1)D(1,0)Φj Ds−k−1(1,1) D¯(0,1)Φ¯j . (4.5.18)
It is possible to show that no solution for T(s−1,s−1) can be found unless we impose5
CM¯ = C¯M . (4.5.19)
Furthermore, condition (i) implies that the coefficients must be related by
(c0)
ij = 0 , (ck)
ij = (dk)
ij , (4.5.20a)
while for k = 1, 2, . . . s− 2, while condition (ii) and eq. (4.5.19) gives the following recur-
rence relations
(dk)
ij + (dk+1)
ij = −2(s+ 1)
s
(CM¯)ij(−1)k+1
(
s− 1
k
)(
s
k
)
× 1
k + 1
{
s− (s+ 1)(s− k)
k + 2
}
. (4.5.20b)
Condition (ii) also implies that
(d1)
ij = (1− s2)(CM¯)ij , (ds−1)ij = 2(1− s
2)
s
(CM¯)ij . (4.5.20c)
The above conditions lead to simple expressions for dk:
(dk)
ij =
2(s+ 1)
s
(CM¯)ij
k
k + 1
(−1)k
(
s− 1
k
)(
s
k
)
, (4.5.21)
where k = 1, 2, . . . s− 1 and s is even.
Case 2: If we take CM¯ to be antisymmetric, a similar analysis shows that no solution
for T(s−1,s−1) exists for even values of s.
5Since C and M¯ commute we can take them both to be diagonal, C = diag(c1, . . . , cN ), M =
diag(m1, . . . ,mN ). Then the condition (4.5.19) means that arg(ci)− arg(mi) = nipi for some integers ni.
79
4.5.3.2 Antisymmetric C
If Cij is antisymmetric we get:
D(−1,0)J(s,s−1) = 2(s+ 1)(CM¯)ji
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
s− k
k + 1
×Dk(1,1)Φ¯iDs−k−1(1,1) Φj
+2(s+ 1)(CM¯)ij
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
×Dk(1,1)ΦiDs−k−1(1,1) Φ¯j
−2(s+ 1)(CM¯)ji
s−1∑
k=1
(−1)k+1
(
s− 1
k
)(
s
k
)
k
k + 1
×Dk−1(1,1)D¯(0,1)Φ¯i Ds−k−1(1,1) D(1,0)Φj
+2(s+ 1)(CM¯)ij
s−2∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
s− 1− k
k + 1
×Dk(1,1)D(1,0)Φi Ds−k−2(1,1) D¯(0,1)Φ¯j . (4.5.22)
As in the symmetric C case, there are also two cases to consider:
1. CM¯ is symmetric ⇐⇒ {C, M¯} = 0, s odd.
2. CM¯ is antisymmetric ⇐⇒ [C, M¯ ] = 0, s odd.
Case 1: Using eq. (4.5.22) and keeping in mind that s is odd, we obtain
D(−1,0)J(s,s−1) = 4(s+ 1)(CM¯)ij
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
×Dk(1,1)ΦiDs−k−1(1,1) Φ¯j
−4(s+ 1)(CM¯)ij
s−1∑
k=1
(−1)k+1
(
s− 1
k
)(
s
k
)
k
k + 1
×Dk−1(1,1)D¯(0,1)Φ¯i Ds−k−1(1,1) D(1,0)Φj . (4.5.23)
Then it follows that eq. (4.3.31) becomes
1
2s
D(1,0)
{D(−1,0)J(s,s−1) + D¯(0,−1)J¯(s−1,s)}
=
2
s+ 1
D(1,0)
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
)
×
{
s
k + 1
(CM¯)ij − (s+ 1)(s− k)
(k + 1)(k + 2)
(C¯M)ij
}
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×Dk(1,1)ΦiDs−k−1(1,1) Φ¯j
= −D(1,0)T(s−1,s−1) . (4.5.24)
Note that it is the equation same as eq. (4.5.17) which means that the solution for T(s−1,s−1)
is the same as in Case 1. That is, the matrices C and M must satisfy CM¯ = C¯M ,
T(s−1,s−1) is given by eq. (4.5.18) and the coefficients (ck)ij, (dk)ij are given by eqs. (4.5.20).
Case 2: If we take CM¯ to be antisymmetric, a similar analysis shows that no solution
for T(s−1,s−1) exists for odd values of s.
4.5.3.3 Massive hypermultiplet model revisited
As a consistency check of our general method, let us reconsider the case of a hy-
permultiplet studied previously. For this we will take N = 2, the mass matrix in the
form
M =
(
0 m
m 0
)
, (4.5.25)
and denote Φi = (Φ+,Φ−). If s is even we will take C in the form
C =
(
0 c
c 0
)
. (4.5.26)
Note that C commutes with M . The condition CM¯ = C¯M is equivalent to arg(c) =
arg(m)+npi. For simplicity, let us choose both c and m to be real. Under these conditions
eq. (4.5.11) for J(s,s−1) becomes
J(s,s−1) = c
s−1∑
k=0
(−1)k
(
s− 1
k
)(
s
k + 1
){
Dk(1,1)D(1,0)Φ+ Ds−k−1(1,1) Φ−
+Dk(1,1)D(1,0)Φ− Ds−k−1(1,1) Φ+
}
+c
s−1∑
k=0
(−1)k+1
(
s− 1
k
)(
s
k
){
Dk(1,1)Φ+ Ds−k−1(1,1) D(1,0)Φ−
+Dk(1,1)Φ− Ds−k−1(1,1) D(1,0)Φ+
}
. (4.5.27)
Introducing a new summation variable k′ = s− 1− k for the second and fourth terms, we
obtain
J(s,s−1) = c
s−1∑
k=0
(−1)k
(
s− 1
k
)(
s
k + 1
)[
(1 + (−1)s
]
Dk(1,1)D(1,0)Φ+ Ds−k−1(1,1) Φ−
−c
s−1∑
k=0
(−1)k
(
s− 1
k
)(
s
k
)[
(1 + (−1)s
]
Dk(1,1)Φ+Ds−k−1(1,1) D(1,0)Φ− . (4.5.28)
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We see that for even s it coincides with the hypermultiplet supercurrent given by (4.5.4)
up to an overall coefficient 2c. If s is odd we have to choose C to be antisymmetric
C =
(
0 c
−c 0
)
. (4.5.29)
Note that C now anticommutes with M . For simplicity, we again choose c and m to be
real. Now the expression (4.5.11) for J(s,s−1) becomes
J(s,s−1) = c
s−1∑
k=0
(−1)k
(
s− 1
k
)(
s
k + 1
)[
(1− (−1)s
]
Dk(1,1)D(1,0)Φ+ Ds−k−1(1,1) Φ−
−c
s−1∑
k=0
(−1)k
(
s− 1
k
)(
s
k
)[
(1− (−1)s
]
Dk(1,1)Φ+Ds−k−1(1,1) D(1,0)Φ− . (4.5.30)
We see that for odd s it coincides with the hypermultiplet supercurrent given by (4.5.4)
up to an overall coefficient 2c. To summarise, we reproduced the hypermultiplet super-
current (4.5.4) for both even and odd values of s. However, for even s it came from a
symmetric matrix (4.5.26) and for odd s it came from an antisymmetric matrix (4.5.29).
Let us now consider T(s−1,s−1). First, we will note that the product CM¯ is given by
CM¯ = cm
(
1 0
0 (−1)s
)
. (4.5.31)
This means that T(s−1,s−1) is given by the following expression valid for all values of s
T(s−1,s−1) =
s−1∑
k=0
(dk)
ij
[
Dk(1,1)Φi Ds−k−1(1,1) Φ¯j +Dk−1(1,1)D(1,0)Φj Ds−k−1(1,1) D¯(0,1)Φ¯j
]
, (4.5.32)
where the matrix (dk)
ij is given by
(dk)
ij = 2cm
s+ 1
s
k
k + 1
(−1)k
(
s− 1
k
)(
s
k
)(
1 0
0 (−1)s
)
. (4.5.33)
It is easy to see that this expression for T(s−1,s−1) coincides with the one obtained for
the hypermultiplet in the previous subsections in eqs. (4.5.8), (4.5.9a), (4.5.10) up to an
overall factor 2c.
4.6 Summary and applications
In this chapter, we have described higher-spin conserved supercurrents for N = 1
supersymmetric theories in four-dimensional anti-de Sitter space. We have explicitly
constructed such supercurrents in the case of N chiral scalar superfields with an arbitrary
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mass matrix M . The structure of the supercurrents depends on whether the superspin is
integer or half-integer, as well as on the value of the superspin, and the mass matrix. Let
us summarise our results.
In the case of half-integer superspin-(s+ 1
2
), the supercurrent has the structure J(s,s) =
H ijJ ij(s,s), where i, j = 1, . . . N and H
ij is a Hermitian matrix. The precise form of J ij(s,s)
was discussed in section 4.4. In the massless theory it is conserved for all values of s. In
the massive theory, the conservation equation involves an additional complex multiplet
T(s−1,s−2) whose existence depends on the value of s and the mass matrix. For odd values
of s, it exists provided [S, M¯ ] = 0, {A, M¯} = 0, where S and A are the symmetric and
antisymmetric parts of H, respectively. When s is even, it exists provided {S, M¯} = 0,
[A, M¯ ] = 0.
In the case of integer superspin-s, the fermionic supercurrent was discussed in section
4.5. It has the form J(s,s−1) = CijJ
ij
(s,s−1). In the massless theory it exists for even values
of s if C is symmetric and for odd values of s if C is antisymmetric. In the massive theory
the conservation equation involves an additional complex multiplet T(s−1,s−1) and a real
multiplet S(s−1,s−1). Their existence also depends on the value of s. For s even they exist
provided CM¯ = C¯M , [C, M¯ ] = 0 and for s odd provided CM¯ = C¯M , {C, M¯} = 0.
It should be mentioned that in the non-supersymmetric case, conserved higher-spin
currents for scalar and spinor fields in Minkowski space have been studied extensively
in the past. Appendices B.1 and B.2 review the construction of conserved higher-spin
currents for N scalars and spinors, respectively, with arbitrary mass matrices. These
results are scattered in the literature, including [102–105].
In the rest of this section, we will discuss several applications of the results obtained.
4.6.1 Higher-spin supercurrents for a tensor multiplet
Let us consider a special case of the non-superconformal chiral model (4.4.9) with the
mass parameter m = µ,
S[Φ, Φ¯] =
1
2
∫
d4xd2θd2θ¯ E (Φ + Φ¯)2 , D¯α˙Φ = 0 . (4.6.1)
This theory is known to be dual to a tensor multiplet model [151]
S[L] = −1
2
∫
d4xd2θd2θ¯ E L2 , (4.6.2)
which is realised in terms of a real linear superfield L = L¯, constrained by (D¯2−4µ)L = 0,
which is the gauge-invariant field strength of a chiral spinor superfield
L = Dαηα + D¯α˙η¯α˙ , D¯β˙ηα = 0 . (4.6.3)
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We recall that the duality between (4.6.1) and (4.6.2) follows, e.g., from the fact the
off-shell constraint
(D¯2 − 4µ)Dα(Φ + Φ¯) = 0 (4.6.4a)
and the equation of motion for Φ
(D¯2 − 4µ)(Φ + Φ¯) = 0 (4.6.4b)
are equivalent to the equation of motion for ηα
(D¯2 − 4µ)DαL = 0 (4.6.5a)
and the off-shell constraint
(D¯2 − 4µ)L = 0 , (4.6.5b)
respectively.
Higher-spin supercurrents for the tensor model (4.6.2) can be obtained from the results
derived in subsection 4.4.2 in conjunction with an improvement transformation of the type
(4.3.20) with Ω = −1
2
Φ2. Given an odd s = 3, 5 . . . , for the supercurrent we get
J(s,s) = −L Ds−1(1,1) [D(1,0), D¯(0,1)]L
+
s−1∑
k=0
(−1)k
(
s
k
)(
s
k + 1
)
Dk(1,1)D(1,0)L Ds−k−1(1,1) D¯(0,1)L
+
1
2
s−1∑
k=1
{
−1 + (−1)k
(
s
k
)}(
s
k
)
Dk−1(1,1) [D(1,0), D¯(0,1)]L Ds−k(1,1)L . (4.6.6)
The corresponding trace multiplet proves to be
T(s−1,s−2) = −4µ
s
L Ds−2(1,1)D(1,0)L+ 4µ
s+ 1
s
D(1,0)L Ds−3(1,1)D¯(0,1)D(1,0)L
−2
s
Ds−2(1,1)
{D(1,0)D¯α˙L D¯α˙L}
+µ
s−2∑
k=1
ckDk−1(1,1)D¯(0,1)D(1,0)L Ds−k−2(1,1) D(1,0)L
+
4µ
s
s−2∑
k=1
(
s− 2
k
)
Dk−1(1,1)D(1,0)D¯(0,1)L Ds−k−2(1,1) D(1,0)L
+2µ
s+ 1
s
s−3∑
k=1
(
s− 2
k
){
Dk(1,1)D(1,0)L Ds−k−3(1,1) D¯(0,1)D(1,0)L
+Dk−1(1,1)D¯(0,1)D(1,0)L Ds−k−2(1,1) D(1,0)L
}
. (4.6.7)
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The coefficient ck is given by eq. (4.4.15), s is odd. The Ferrara-Zumino supercurrent
(s = 1) for the model (4.6.2) in an arbitrary supergravity background was derived in
section 6.3 of [35]. Modulo normalisation, the AdS supercurrent is
Jαα˙ = D¯α˙LDαL+ L
[Dα, D¯α˙]L , (4.6.8a)
and the corresponding trace multiplet is
T =
1
4
(D¯2 − 4µ)L2 . (4.6.8b)
The supercurrent obeys the conservation equation (2.4.1).
4.6.2 Higher-spin supercurrents for a complex linear multiplet
Conserved higher-spin supercurrents for a complex linear multiplet in Minkowski su-
perspace were first studied by Koutrolikos, Kocˇi and von Unge [116], as an extension of
the lower-spin case [152]. In AdS, the superconformal non-minimal scalar multiplet is
described by the action
S[Γ, Γ¯] = −
∫
d4xd2θd2θ¯ E Γ¯Γ , (4.6.9)
where Γ is a complex linear scalar, (D¯2 − 4µ)Γ = 0. This is a dual formulation for the
superconformal chiral model (4.4.1). As is well known, the duality between (4.4.1) and
(4.6.9) follows from the fact that the off-shell constraint
(D2 − 4µ¯)Γ¯ = 0 , (4.6.10a)
and the equation of motion for Γ
D¯α˙Γ¯ = 0 (4.6.10b)
are equivalent to the equation of motion for Φ¯, (D2−4µ¯)Φ = 0, and the off-shell constraint
D¯α˙Φ = 0, respectively. In other words, on the mass shell we can identify Γ¯ with Φ.
The higher-spin supercurrents, J(s,s) and J(s,s−1), for the model (4.6.9) are obtained
from (4.4.2) and (4.5.14), respectively, by replacing Φ with Γ¯. The fermionic supercurrent
J(s,s−1) exists for even values of s. Indeed, in Minkowski superspace, the expression for
J(s,s) obtained coincides with the main result of Ref. [116]
6, which applied the Noether
procedure to generate cubic vertices between massless higher-spin supermultiplets and
the free complex linear superfield model
S[Γ, Γ¯] = −
∫
d4xd2θd2θ¯Γ¯Γ , D¯2Γ = 0 . (4.6.11)
6See also [153] for the discussion of the fermionic supercurrent J(s,s−1).
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4.6.3 Gauge higher-spin multiplets and conserved supercurrents
For each of the two off-shell formulations for the massless multiplet of half-integer
superspin-(s + 1
2
), with s = 2, 3, . . ., which we reviewed in section 4.3.1, it was shown
in [63] that there exists a gauge-invariant field strength Wα(2s+1) which is covariantly
chiral, D¯β˙Wα(2s+1) = 0, and is given by the expression
Wα(2s+1) = −1
4
(D¯2 − 4µ)D(α1 β˙1 · · · D(αs β˙sDαs+1Hαs+2···α2s+1)β˙1···β˙s . (4.6.12)
It was also shown in [63] that on the mass shell it holds that (i) Wα(2s+1) and its conjugate
W¯α˙(2s+1) are the only independent gauge-invariant field strengths; and (ii) Wα(2s+1) obeys
the irreducibility condition
DβWβα(2s) = 0 . (4.6.13)
The relations (4.6.12) and (4.6.13) also hold for the cases s = 0 and s = 1, which
correspond to the vector multiplet and linearised supergravity, respectively. In terms of
Wα(2s+1) and W¯α˙(2s+1), we can define the following higher-spin supercurrent
Jα(2s+1)α˙(2s+1) = Wα(2s+1)W¯α˙(2s+1) , s = 0, 1, . . . , (4.6.14)
which obeys the conservation equation
D¯(0,−1)J(2s+1,2s+1) = 0 ⇐⇒ D(−1,0)J(2s+1,2s+1) = 0 . (4.6.15)
In the case of the longitudinal formulation for the massless multiplet of integer superspin-
s, with s = 2, 3, . . ., which we described in section 4.2, it was shown in [63] that there
exists a gauge-invariant field strength Wα(2s) which is covariantly chiral, D¯β˙Wα(2s) = 0,
and is given by the expression7
Wα(2s) = −1
4
(D¯2 − 4µ)D(α1 β˙1 · · · D(αs−1 β˙s−1DαsΨαs+1···α2s)β˙1···β˙s−1 . (4.6.16)
As demonstrated in [63], on the mass shell it holds that (i) Wα(2s) and its conjugate
W¯α˙(2s) are the only independent gauge-invariant field strengths; and (ii) Wα(2s) obeys the
irreducibility condition
DβWβα(2s−1) = 0 . (4.6.17)
The relations (4.6.16) and (4.6.17) also hold for the case s = 1, which corresponds to
the gravitino multiplet. In terms of Wα(2s) and W¯α˙(2s), we can define the higher-spin
supercurrent
Jα(2s)α˙(2s) = Wα(2s)W¯α˙(2s) , s = 1, 2, . . . , (4.6.18)
7The flat-superspace version of (4.6.16) is given in section 6.9 of [35].
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which obeys the conservation equation
D¯(0,−1)J(2s,2s) = 0 ⇐⇒ D(−1,0)J(2s,2s) = 0 . (4.6.19)
The conserved supercurrents Jα(n)α˙(n) = Wα(n)W¯α˙(n), with n = 1, 2, . . . , are the AdS
extensions of those introduced many years ago by Howe, Stelle and Townsend [69].
Now, for any positive integer n > 0, we can try to generalise the higher-spin super-
current (4.4.2) as follows:
J(s+n,s+n) =
s∑
k=0
(−1)k
(
s
k
)(
s+n
k
)(
n+k
n
) {(−1)n s− k
n+ k + 1
Dk(1,1)D(1,0)W(n,0) Ds−k−1(1,1) D¯(0,1)W¯(0,n)
+Dk(1,1)W(n,0) Ds−k(1,1)W¯(0,n)
}
. (4.6.20)
Making use of the on-shell condition
D(−1,0)W(n,0) = 0 ⇐⇒ (D2 − 2(n+ 2)µ¯)W(n,0) = 0 , (4.6.21)
one may check that
D(−1,0)J(s+n,s+n) = 2nµ¯
s−1∑
k=0
(−1)n+k s− k
n+ k + 1
(
s
k
)(
s+n
k
)(
n+k
n
)
×Dk(1,1)W(n,0) Ds−k−1(1,1) D¯(0,1)W¯(0,n) . (4.6.22)
This demonstrates that J(s+n,s+n) is not conserved in AdS
4|4.
In the flat-superspace limit, µ → 0, the right-hand side of (4.6.22) vanishes and
J(s+n,s+n) becomes conserved. In Minkowski superspace, the conserved supercurrent
J(s+n,s+n) was recently constructed in [119] as an extension of the non-supersymmetric
approach [154].
As a generalisation of the conserved supercurrents Jα(n)α˙(n) = Wα(n)W¯α˙(n), one can
introduce
Jα(n)α˙(m) = Wα(n)W¯α˙(m) , (4.6.23)
with n 6= m. They obey the conservation equations
D¯(0,−1)J(n,m) = 0 , D(−1,0)J(n,m) = 0 (4.6.24)
and can be viewed as Noether currents for the generalised superconformal higher-spin
multiplets introduced in [68]. Starting from the conserved supercurrents (4.6.23), one can
construct a generalisation of (4.6.20). We will not elaborate on a construction here.
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Chapter 5
N = 2 supersymmetric higher-spin
gauge theories and current
multiplets in three dimensions
In four dimensions, there exists a correspondence between N = 1 anti-de Sitter (AdS)
supergravity [110] and the two dually equivalent series of massless multiplets of half-
integer superspin-(s + 1
2
), with s = 1, 2, . . . [63]. Specifically, there are two off-shell
formulations for pure N = 1 AdS supergravity: minimal (see e.g. [35,56] for reviews) and
non-minimal [99]. These theories possess a single maximally supersymmetric solution,
which is the N = 1 AdS superspace AdS4|4. For the lowest superspin value corresponding
to s = 1, the longitudinal series yields the linearised action for minimal AdS supergravity,
while the transverse one leads to linearised non-minimal AdS supergravity.
In three dimensions, the AdS group is a product of two simple groups,
SO(2, 2) ∼=
(
SL(2,R)× SL(2,R)
)
/Z2 ,
and so are its simplest supersymmetric extensions, OSp(p|2;R)×OSp(q|2;R). This implies
that N -extended AdS supergravity exists in several incarnations [111]. These are known
as the (p, q) AdS supergravity theories, where the non-negative integers p ≥ q ≥ 0 are
such that N = p + q. Superspace approach to 3D N -extended conformal supergravity
was developed by Kuzenko, Lindstro¨m and Tartaglino-Mazzucchelli [113], and used to
construct off-shell N ≤ 4 supergravity-matter couplings. The formalism of [113] was then
applied to study the geometry of (p, q) AdS superspaces [155]. The so-called (p, q) AdS
superspace [155]
AdS(3|p,q) =
OSp(p|2;R)×OSp(q|2;R)
SL(2,R)× SO(p)× SO(q)
can be realised as a maximally symmetric solution of (p, q) AdS supergravity (see [155]
for the technical details).
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In the case of 3D N = 2 supersymmetry, there exist two distinct AdS superspaces,
AdS(3|1,1) and AdS(3|2,0). The former is the 3D counterpart of the 4D N = 1 AdS su-
perspace, while the latter has no 4D analogue. The existence of these superspaces and
their superconformal flatness were studied for the first time in [112]. Ref. [83] presented
superfield formulations for 3D N = 2 AdS supergravity theories and their corresponding
supercurrent multiplets. Two off-shell formulations for (1,1) AdS supergravity have been
developed: minimal [83,113,156–160] and non-minimal [83,160] theories; and one for (2,0)
AdS supergravity [83,113,160,161]. AdS(3|1,1) is the unique maximally symmetric solution
of the two dually equivalent (1,1) AdS supergravity theories, minimal and non-minimal
ones. AdS(3|2,0) is the unique maximally symmetric solution of the (2,0) AdS supergravity.
This supergravity theory was originally formulated in [161] in the component setting. The
early superspace descriptions of the minimal (1,1) supergravity were given in [157,158].
It has recently been pointed out [4] that the correspondence between AdS supergravity
theories and massless higher-spin supermultiplets in 3D anti-de Sitter space, AdS3, might
occur in the N = 2 case. Since there are three off-shell N = 2 AdS supergravity theories,
one might expect the existence of three series of massless higher-spin gauge supermul-
tiplets. Two series of massless higher-spin actions associated with the minimal and the
non-minimal (1,1) AdS supergravity theories were presented in [4]. These generalise sim-
ilar constructions in the super-Poincare´ case [49]. As will be explained in sections 5.6 and
5.7, the off-shell higher-spin supermultiplets in (2,0) AdS superspace [5] were constructed
using a different approach.
Pure N = 2 supergravity (massless superspin-3/2 multiplet) and its higher-spin ex-
tensions have no propagating degrees of freedom in three dimensions. Nevertheless, there
are at least two nontrivial applications of the massless higher-spin gauge supermultiplets.
Firstly, one can follow the pattern of topologically massive (super)gravity [162–165] and
construct massive higher-spin supermultiplets by combining a massless action with a
higher-spin extension of the action for linearised conformal supergravity. This has been
achieved in [49] in the N = 2 super-Poincare´ case, and similar ideas have been imple-
mented in the frameworks of N = 1 Poincare´ and AdS supersymmetry [50,51]. Topolog-
ically massive higher-spin supermultiplets in (1,1) and (2,0) AdS superspaces have been
formulated in [4] and [5], respectively. The second application is to develop a 3D exten-
sion of the higher-spin supercurrents presented in chapters 3 and 4. Specifically, making
use of the off-shell formulations for massless higher-spin supermultiplets in AdS3, one can
define consistent higher-spin supercurrent multiplets that contain ordinary bosonic and
fermionic conserved currents in AdS3. One can then look for explicit realisations of such
higher-spin supercurrents in concrete supersymmetric theories in AdS3 [4].
This chapter can be divided into two parts: sections 5.1 to 5.5 focus on rigid supersym-
metric higher-spin gauge theories in (1,1) AdS superspace which were studied in [4], while
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sections 5.6 and 5.7 are concerned with the construction of off-shell massless higher-spin
gauge multiplets with (2,0) AdS supersymmetry as described in [5]. In section 5.1, we
review the superspace geometry of 3D N = 2 conformal supergravity. We then introduce
primary linear supermultiplets and conformal higher-spin gauge superfields coupled to
N = 2 conformal supergravity, the latter being one of the key ingredients in constructing
massless higher-superspin actions. Section 5.2 reviews the two inequivalent N = 2 AdS
superspaces. Two dual off-shell Lagrangian formulations for every massless higher-spin
supermultiplet in (1,1) AdS superspace will be presented in sections 5.3 and 5.4. As in
the 4D AdS constructions, the two cases of half-integer and integer superspin, as well
as massless gravitino multiplet have to be treated separately. Section 5.5 is devoted to
constructing non-conformal higher-spin supercurrent multiplets in models for chiral scalar
superfields. The materials presented in sections 5.1, 5.3 and subsections 5.4.1−5.4.2 are
based on the work by Kuzenko and Ogburn [4]. Here I only include a summary of those
results which are essential for constructing a new off-shell model for the massless integer
superspin, as well as describing (1,1) AdS higher-spin supercurrents.
Starting with simple models for a chiral scalar supermultiplet in (2,0) AdS superspace,
in section 5.6 we obtain the conservation equation obeyed by the multiplet of higher-spin
currents. This will allow us to determine the off-shell gauge superfields which couple
to the current multiplet. Two off-shell formulations for a massless multiplet of half-
integer superspin in (2,0) AdS superspace are developed in section 5.7. Our results, their
implications and possible extensions are discussed in section 5.8.
5.1 Superconformal higher-spin multiplets
Before presenting superconformal higher-spin multiplets, let us first give a succinct
review of the formulation for N = 2 conformal supergravity following [113]. There exists a
more general formulation for conformal supergravity [166], the so-called N = 2 conformal
superspace. However, for our purposes it suffices to use the formulation of [113], which
is obtained from the N = 2 conformal superspace by partially fixing the gauge freedom.
The reader is referred to appendix A.2 for more details on our 3D conventions.
5.1.1 Conformal supergravity
All known off-shell formulations for 3D N = 2 supergravity [83,113] can be realised in
a curved superspaceM3|4 with the structure group SL(2,R)×U(1)R. Here SL(2,R) and
U(1)R stand for the spin group and the R-symmetry group, respectively. We parametrise
the superspace by local bosonic (xm) and fermionic (θµ, θ¯µ) coordinates z
M = (xm, θµ, θ¯µ),
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where m = 0, 1, 2 , µ = 1, 2. The Grassmann variables θµ and θ¯µ are related to each other
by complex conjugation: θµ = θ¯µ.
The superspace covariant derivatives have the form
DA = (Da,Dα, D¯α) = EA + ΩA + iΦAJ . (5.1.1)
Here EA is the inverse supervielbein, while ΩA and ΦA denote the Lorentz and U(1)R
connections, respectively,
EA = EAM
∂
∂zM
, ΩA =
1
2
ΩAbcMbc = −ΩAbMb = 1
2
ΩAβγMβγ . (5.1.2)
The explicit relations between Lorentz generators with two vector indices (Mab = −Mba),
one vector index (Ma) and two spinor indices (Mαβ = Mβα) are defined in appendix A.2.
The actions of the generators SL(2,R)×U(1)R on the covariant derivatives are defined as
[J,Dα] = Dα , [J, D¯α] = −D¯α , [J,Da] = 0 ,
[Mαβ,Dγ] = εγ(αDβ) , [Mαβ, D¯γ] = εγ(αD¯β) , [Mab,Dc] = 2ηc[aDb] . (5.1.3)
The covariant derivatives obey (anti-)commutation relations
[DA,DB} = TABCDC + 1
2
RABcdMcd + iRABJ. (5.1.4)
In the above, TABC is the torsion, while RABcd and RAB describe the curvature. In order
to describe N = 2 conformal supergravity, the torsion has to obey the covariant con-
straints proposed in [161]. Solving the constraints gives the following algebra of covariant
derivatives [83,113]
{Dα,Dβ} = −4R¯Mαβ , (5.1.5a)
{Dα, D¯β} = −2i(γc)αβDc − 2CαβJ − 4iεαβSJ + 4iSMαβ − 2εαβCγδMγδ , (5.1.5b)
[Da,Dβ] = iεabc(γb)βγCcDγ + (γa)βγSDγ − i(γa)βγR¯D¯γ + i(γa)βγD(γCδρ)M δρ
−1
3
(2DβS + iD¯βR¯)Ma − 2
3
εabc(γ
b)β
α(2DαS + iD¯αR¯)M c
+
i
2
(
(γa)
αγD(αCβγ) + 1
3
(γa)β
γ(8iDγS − D¯γR¯)
)
J , (5.1.5c)
We thus see that the algebra is parametrised by three torsion superfields: a real scalar S,
a complex scalar R and its conjugate R¯, and a real vector Cαβ := (γa)αβCa. The U(1)R
charges of the torsion superfields R, R¯ and Cαβ are −2, +2 and 0, respectively. They
satisfy the Bianchi identities
DαR¯ = 0 , (D¯2 − 4R)S = 0 DβCαβ = −1
2
(D¯αR¯+ 4iDαS) . (5.1.6)
Throughout this chapter, we define D2 := DαDα and D¯2 := D¯αD¯α.
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The algebra of covariant derivatives given by (5.1.5) is invariant under the super-Weyl
transformation [83,113]
D′α = e
1
2
σ
(
Dα +DγσMγα −DασJ
)
, (5.1.7a)
D¯′α = e
1
2
σ
(
D¯α + D¯γσMγα + D¯ασJ
)
, (5.1.7b)
D′a = eσ
(
Da − i
2
(γa)
γδDγσD¯δ − i
2
(γa)
γδD¯γσDδ + εabcDbσM c
− i
2
(Dγσ)D¯γσMa − i
24
(γa)
γδe−3σ[Dγ, D¯δ]e3σJ
)
, (5.1.7c)
which induces the following transformation of the torsion tensors:
S ′ = eσ
(
S + i
4
DγD¯γσ
)
, (5.1.7d)
C ′a =
(
Ca + 1
8
(γa)
γδ[Dγ, D¯δ]
)
eσ , (5.1.7e)
R′ = −1
4
e2σ(D¯2 − 4R)e−σ . (5.1.7f)
The parameter σ is an arbitrary real scalar superfield. The super-Weyl invariance (5.1.7)
is intrinsic to conformal supergravity. For every supergravity-matter system, its action is
required to be a super-Weyl invariant functional of the supergravity multiplet coupled to
certain conformal compensators, see [83,113] for more details.
The N = 2 supersymmetric extension of the Cotton tensor [167] is
Wαβ = − i
4
[Dγ, D¯γ]Cαβ + 1
2
[D(α, D¯β)]S + 2SCαβ . (5.1.8)
It transforms homogeneously under (5.1.7),
W ′αβ = e2σWαβ , (5.1.9)
and obeys the Bianchi identities [166]
D¯βWαβ = DβWαβ = 0 . (5.1.10)
The curved superspace is conformally flat if and only if Wαβ = 0 [166].
5.1.2 Primary superfields
Let Tα(n) := Tα1...αn = T(α1...αn) be a symmetric rank-n spinor superfield of U(1)R
charge q,
JTα(n) = qTα(n) . (5.1.11)
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The superfield Tα(n) is called super-Weyl primary of dimension d if it transforms under
the infinitesimal super-Weyl transformation law as
δσTα(n) = dσTα(n) . (5.1.12)
As an example, the super-Cotton tensor is super-Weyl primary of dimension +2. Let us
introduce several types of primary superfields which will be important for our subsequent
analysis.
A symmetric rank-n spinor superfield Gα(n) is called longitudinal linear if it obeys the
following first-order constraint
D¯(α1Gα2...αn+1) = 0 , (5.1.13)
which implies (D¯2 + 2nR)Gα(n) = 0 . (5.1.14)
If Gα(n) is super-Weyl primary, the constraint (5.1.13) is consistent provided the dimension
dG(n) and U(1)R charge qG(n) of Gα(n) are related as
dG(n) = −
n
2
− qG(n) . (5.1.15)
In the scalar case, n = 0, the constraint (5.1.13) becomes the condition of covariant
chirality, D¯αG = 0. The dimension dG and U(1)R charge qG of any primary chiral scalar
superfield G are related as dG + qG = 0, in accordance with [113].
Given a positive integer n, a symmetric rank-n spinor superfield Γα(n) is called trans-
verse linear if it obeys the first-order constraint
D¯βΓβα1...αn−1 = 0 , n 6= 0 , (5.1.16)
which implies (D¯2 − 2(n+ 2)R)Γα(n) = 0 . (5.1.17)
If Γα(n) is super-Weyl primary, then the constraint (5.1.16) is consistent provided the
dimension dΓ(n) and U(1)R charge qΓ(n) of Γα(n) are related to each other as follows:
dΓ(n) = 1 +
n
2
− qΓ(n) . (5.1.18)
In the n = 0 case, the constraint (5.1.16) is not defined. However, its corollary (5.1.17) is
perfectly consistent, (D¯2 − 4R)Γ = 0 , (5.1.19)
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and defines a covariantly linear scalar superfield Γ. The dimension dΓ and U(1)R charge
qΓ of any primary linear scalar Γ are related as dΓ + qΓ = 1, in accordance with [113].
The constraints (5.1.13) and (5.1.16) are solved in terms of prepotentials Ψα(n−1) and
Φα(n+1) as follows:
Gα(n) = D¯(α1Ψα2...αn) , (5.1.20a)
Γα(n) = D¯βΦ(βα1...αn) . (5.1.20b)
Provided the constraints (5.1.13) and (5.1.16) are the only conditions imposed on Gα(n)
and Γα(n) respectively, the prepotentials Ψα(n−1) and Φα(n+1) can be chosen to be uncon-
strained complex, and are defined modulo gauge transformations of the form:
δζΨα(n−1) = D¯(α1ζα2...αn−1) , (5.1.21a)
δξΦα(n+1) = D¯γξ(γα1...αn+1) , (5.1.21b)
with the gauge parameters ζα(n−2) and ξα(n+2) being unconstrained. If the linear superfields
Gα(n) and Γα(n) are super-Weyl primary, then their prepotentials Ψα(n−1) and Φα(n+1) can
also be chosen to be super-Weyl primary.
In the n = 0 case, the prepotential solution (5.1.20b) is still valid. The prepotential
Φα can be chosen to be unconstrained complex provided the constraint (5.1.19) is the
only condition imposed on Γ. However, if we are dealing with a real linear superfield,(D¯2 − 4R)L = 0 , L¯ = L , (5.1.22)
then the constraints are solved [155] in terms of an unconstrained real prepotential V ,
L = iD¯αDαV , V¯ = V , (5.1.23)
which is defined modulo gauge transformations of the form:
δV = λ+ λ¯ , Jλ = 0 , D¯αλ = 0 . (5.1.24)
If L is super-Weyl primary, then eq. (5.1.18) tells us that the dimension of L is +1. In this
case it is consistent to consider the gauge prepotential V to be inert under the super-Weyl
transformations [113], δσV = 0.
5.1.3 Conformal gauge superfields
Let n be a positive integer. A real symmetric rank-n spinor superfield Hα(n) is said to
be a conformal gauge supermultiplet if (i) it is super-Weyl primary of dimension (−n/2),
δσHα(n) = −n
2
σHα(n) ; (5.1.25)
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and (ii) it is defined modulo gauge transformations of the form
δλHα(n) = D¯(α1λα2...αn) − (−1)nD(α1λ¯α2...αn) , (5.1.26)
with the gauge parameter λα(n−1) being unconstrained complex. The dimension of Hα(n) in
(5.1.25) is uniquely fixed by requiring the longitudinal linear superfield gα(n) = D¯(α1λα2...αn)
in the right-hand side of (5.1.26) to be super-Weyl primary. Indeed, the gauge parameter
gα(n) must be neutral with respect to the R-symmetry group U(1)R since Hα(n) is real.
Hence, the dimension of gα(n) is equal to (−n/2), in accordance with (5.1.15).
5.2 Geometry of N = 2 AdS superspaces
Let us briefly discuss maximally supersymmetric backgrounds in the off-shell N = 2
supergravity theories, since the superspaces AdS(3|1,1) and AdS(3|2,0) are special examples
of such supermanifolds. The most general maximally supersymmetric backgrounds are
characterised by several conditions [160] on the torsion superfields R, S and Ca, which
parametrise the superspace geometry of N = 2 conformal supergravity, see 5.1.1. These
requirements are as follows:
RS = 0 , RCa = 0 , (5.2.1a)
DAR = 0 , DAS = 0 , DαCb = 0 =⇒ DaCb = 2εabcCcS . (5.2.1b)
The (1,1) AdS superspace is singled out by the conditions S = 0 and Ca = 0, with
R and its conjugate R¯ having non-zero constant values [83]. On the other hand, the
solution with R = 0, Ca = 0 and S 6= 0 corresponds to the (2,0) AdS superspace [83].
It may be shown that the U(1)R connection is flat if and only if S = 0 [155]. The
non-vanishing U(1)R curvature is the main reason why the structure of massless higher-
spin gauge supermultiplets in (2,0) AdS superspace [5] considerably differs from their
counterparts with (1,1) AdS supersymmetry. This will be the subject of section 5.7.
5.2.1 (1,1) AdS superspace
In this subsection we collect salient facts about the geometry of (1,1) AdS superspace
[83], AdS(3|1,1), as well as elaborate on superfield representations of the isometry group.
The geometry of AdS(3|1,1) is characterised by covariant derivatives
DA = (Da,Dα, D¯α) = EAM
∂
∂zM
+
1
2
ΩAcdMcd (5.2.2)
obeying the following graded commutation relations [83]:
{Dα, D¯β} = −2iDαβ , (5.2.3a)
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{Dα,Dβ} = −4µ¯Mαβ , {D¯α, D¯β} = 4µMαβ , (5.2.3b)
[Dαβ,Dγ] = −2iµ¯ εγ(αD¯β) , [Dαβ, D¯γ] = 2iµ εγ(αDβ) , (5.2.3c)
[Dαβ,Dγδ] = 4µ¯µ
(
εγ(αMβ)δ + εδ(αMβ)γ
)
, (5.2.3d)
with µ 6= 0 being a complex parameter. As compared with (5.1.5), we have denoted
R = µ. In particular, of some use during calculations are the following identities, which
can derived from the algebra (5.2.3):
DαDβ =
1
2
εαβD
2 − 2µ¯Mαβ , D¯αD¯β = −1
2
εαβD¯
2 + 2µMαβ , (5.2.4a)
DαD
2 = 4µ¯DβMαβ + 4µ¯Dα , D
2Dα = −4µ¯DβMαβ − 2µ¯Dα , (5.2.4b)
D¯αD¯
2 = 4µ D¯βMαβ + 4µ D¯α , D¯
2D¯α = −4µ D¯βMαβ − 2µ D¯α , (5.2.4c)[
D¯2,Dα
]
= 4iDαβD¯
β + 6µDα = 4iD¯
βDαβ − 6µDα , (5.2.4d)[
D2, D¯α
]
=−4iDαβDβ + 6µ¯ D¯α = −4iDβDαβ − 6µ¯ D¯α , (5.2.4e)
These relations imply the identity
Dα(D¯2 − 6µ)Dα = D¯α(D2 − 6µ¯)D¯α , (5.2.5)
which guarantees the reality of the actions considered in later sections.
The covariantly transverse linear and longitudinal linear superfields on an arbitrary
supergravity background were described in the previous section. In the case of (1,1) AdS
superspace, such superfields play an important role. One can define projectors P⊥n and
P
||
n on the spaces of transverse linear and longitudinal linear superfields, respectively. The
projectors are
P⊥n =
1
4(n+ 1)µ
(D¯2 + 2nµ) , (5.2.6a)
P ||n = −
1
4(n+ 1)µ
(D¯2 − 2(n+ 2)µ) , (5.2.6b)
with the properties(
P⊥n
)2
= P⊥n ,
(
P ||n
)2
= P ||n , P
⊥
n P
||
n = P
||
nP
⊥
n = 0 , P
⊥
n + P
||
n = 1 . (5.2.7)
Given a complex tensor superfield Vα(n) with n 6= 0, it can be represented as a sum of
transverse linear and longitudinal linear multiplets,
Vα(n) = − 1
2µ(n+ 2)
D¯γD¯(γVα1...αn) −
1
2µ(n+ 1)
D¯(α1D¯
|γ|Vα2...αn)γ . (5.2.8)
Choosing Vα(n) to be longitudinal linear (Gα(n)) or transverse linear (Γα(n)), the above
identity gives the relations (5.1.20a) and (5.1.20b) for some prepotentials Ψα(n−1) and
Φα(n+1), respectively.
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In order to study rigid supersymmetric field theories in (1,1) AdS superspace, a super-
field description of the corresponding isometry transformations is required. There exists a
universal formalism to determine isometries of curved superspace backgrounds in diverse
dimensions [35]. Real supervector fields λAEA on AdS
(3|1,1) are called Killing supervector
fields if [
Λ +
1
2
labMab,DC
]
= 0 , Λ := λaDa + λ
αDα + λ¯αD¯
α , λa = λa , (5.2.9)
and lab corresponds to some local Lorentz parameter. As demonstrated in [83], the master
equation (5.2.9) implies that the parameters λα and lab are uniquely expressed in terms
of the vector λa,
λα =
i
6
D¯βλαβ , lαβ = 2D(αλβ) , (5.2.10)
and the vector parameter obeys the equation
D(αλβγ) = 0 ⇐⇒ D¯(αλβγ) = 0 . (5.2.11)
In comparison with the 3D N = 2 Minkowski superspace, the specific feature of AdS(3|1,1)
is that any two of the three parameters {λαβ, λα, lαβ} are expressed in terms of the third
parameter, in particular
λαβ =
i
µ
D¯(αλβ) , λα =
1
12µ¯
Dβlαβ . (5.2.12)
From (5.2.10) and (5.2.12) we deduce
D¯αλα = Dαλ
α = 0 . (5.2.13)
These Killing supervector fields can be shown to generate the isometry group of AdS(3|1,1),
which is OSp(1|2;R)×OSp(1|2;R).
In Minkowski superspace M3|4, there are two ways to generate supersymmetric invari-
ants, one of which corresponds to the integration over the full superspace and the other
over its chiral subspace. In (1,1) AdS superspace, every chiral integral can always be
recast as a full superspace integral. Associated with a scalar superfield L is the following
supersymmetric invariant∫
d3xd2θd2θ¯E L = −1
4
∫
d3xd2θ E (D¯2 − 4µ)L , E−1 = Ber (EAM) , (5.2.14)
where E denotes the chiral integration measure. Let Lc be a covariantly chiral scalar La-
grangian, D¯αLc = 0 . It generates a supersymmetric invariant of the form
∫
d3xd2θ E Lc.
The specific feature of (1,1) AdS superspace is that the chiral action can equivalently be
written as an integral over the full superspace [83]∫
d3xd2θ E Lc = 1
µ
∫
d3xd2θd2θ¯E Lc . (5.2.15)
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Unlike the flat superspace case, the integral on the right does not vanish in AdS.
Supersymmetric invariant (5.2.14) can be reduced to component fields by the rule [160]∫
d3xd2θd2θ¯E L = 1
16
∫
d3x e (D2 − 16µ¯)(D¯2 − 4µ)L∣∣ , (5.2.16)
with e−1 := det(eam). Here eam is the inverse vielbein, which determines the torsion-free
covariant derivative of AdS space
∇a = ea + 1
2
ωa
bc(e)Mbc , ea := ea
m∂m . (5.2.17)
In general, the θ, θ¯-independent component, T |θ=θ¯=0, of a superfield T (x, θ, θ¯) is denoted
by T |. To complete the formalism of component reduction, we only need the following
relation (
DaT
)∣∣ = ∇aT | . (5.2.18)
In what follows, we will work with full superspace integrals only and make use of the
notation d3|4z := d3xd2θd2θ¯.
5.2.2 (2,0) AdS superspace
Let us briefly review the key results concerning (2,0) AdS superspace, AdS(3|2,0); see
[83, 168] for the details. There are two ways to describe the geometry of (2,0) AdS
superspace, which correspond to making use of either a real or complex basis for the
spinor covariant derivatives. Here we first consider the formulation in the complex basis.
The geometry of AdS(3|2,0) is described by covariant derivatives
DA = (Da,Dα, D¯α) = EAM ∂
∂zM
+
1
2
ΩAcdMcd + iΦAJ (5.2.19)
obeying the following algebra
{Dα,Dβ} = 0 , {D¯α, D¯β} = 0 , (5.2.20a)
{Dα, D¯β} = −2i
(Dαβ − 2SMαβ)− 4iεαβSJ , (5.2.20b)
[Da,Dβ] = (γa)βγSDγ , [Da, D¯β] = (γa)βγSD¯γ , (5.2.20c)
[Da,Db] = −4S2Mab . (5.2.20d)
Here the parameter S is related to the AdS scalar curvature as R = −24S2.
The covariant derivatives of (2,0) AdS superspace hold various identities, which can
be easily derived from the algebra (5.2.20). Some of the useful ones include[Dα, D¯2] = 4iDαβD¯β + 4iSD¯α − 8iSD¯αJ − 8iSD¯βMαβ , (5.2.21a)
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[D¯α,D2] = −4iDαβDβ − 4iSDα − 8iSDαJ + 8iSDβMαβ , (5.2.21b)[Da, D¯2] = 0 , [Da,D2] = 0 . (5.2.21c)
These relations imply
DαD¯2Dα = D¯αD2D¯α , (5.2.22)
which guarantees the reality of the actions considered in the later sections.
In accordance with the general formalism of [35], the isometries of (2,0) AdS superspace
are generated by the Killing supervector fields ζAEA, which are defined to solve the master
equation [
ζ +
1
2
lbcMbc + iτJ ,DA
]
= 0 , (5.2.23a)
where
ζ = ζBDB = ζbDb + ζβDβ + ζ¯βD¯β , ζb = ζb , (5.2.23b)
and τ and lbc are some real U(1)R and Lorentz superfield parameters, respectively. It
follows from eq. (5.2.23) that the parameters ζα, τ and lαβ are uniquely expressed in
terms of the vector parameter ζαβ as follows:
ζα =
i
6
D¯βζβα , τ = i
2
Dαζα , lαβ = 2
(D(αζβ) − Sζαβ) . (5.2.24)
The vector parameter ζαβ satisfies the equation
D(αζβγ) = 0 . (5.2.25)
This implies the standard Killing equation,
Daζb +Dbζa = 0 . (5.2.26)
One may also prove the following relations
D¯ατ = i
3
D¯βlαβ = 4Sζα , D¯αζβ = 0 , D(αlβγ) = 0 , (5.2.27)
see [83] for derivations. The Killing supervector fields prove to generate the supergroup
OSp(2|2;R) × Sp(2,R), which is the isometry group of (2,0) AdS superspace. Rigid
supersymmetric field theories in (2,0) AdS superspace are required to be invariant under
the isometry transformations. An infinitesimal isometry transformation acts on a tensor
superfield U (with suppressed indices) by the rule
δζU =
(
ζ +
1
2
lbcMbc + iτJ
)
U . (5.2.28)
Associated with a real scalar superfield L is the following supersymmetric invariant∫
d3xd2θd2θ¯E L = −1
4
∫
d3xd2θ E D¯2L . (5.2.29)
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5.3 Massless half-integer superspin gauge theories in
(1,1) AdS superspace
The results presented in this section were obtained by Daniel Ogburn [4].
The conformal higher-spin gauge superfields Hα(n) (see 5.1.3) at least for n = 2s,
with s = 1, 2, . . . , can be used to construct massless actions in two of the three N = 2
maximally symmetric backgrounds, which are Minkowski superspace [49] and (1,1) AdS
superspace [4]. Such actions, however, involve not only Hα(n) but also some compensators.
It is worth pointing out that all massless higher-spin supermultiplets in 3D (1,1) AdS
superspace may be obtained from their counterparts in 4D N = 1 AdS superspace [63] by
dimensional reduction. In practice, however, carrying out such a reduction proves to be a
non-trivial technical task. To explain this, let us consider the longitudinal formulation for
massless superspin-(s + 1
2
) multiplets, with s = 1, 2, . . . , in four and three dimensions.1
In the 4D N = 1 AdS case [63], the massless superspin-(s + 1
2
) multiplet is described by
a real unconstrained gauge superfield Hα1...αsα˙1...α˙s = H(α1...αs)(α˙1...α˙s), a complex longitu-
dinal linear compensator Gα1...αs−1α˙1...α˙s−1 = G(α1...αs−1)(α˙1...α˙s−1) and its conjugate. The
dimensional reduction ofHα1...αsα˙1...α˙s leads to a family of real unconstrained symmetric su-
perfields Hα1...α2s , Hα1...α2s−2 , · · · , H. Next, the dimensional reduction of Gα1...αs−1α˙1...α˙s−1
leads to a family of constrained 3D superfields, which include a complex longitudinal
linear compensator Gα1...α2s−2 and some lower-spin supermultiplets.
As will be shown later, the massless superspin-(s + 1
2
) multiplet in 3D (1,1) AdS su-
perspace is described by the gauge superfield Hα1...α2s , the compensator Gα1...α2s−2 and
its conjugate. The above consideration makes it clear that the naive 4D → 3D dimen-
sional reduction leads to the massless superspin-(s+ 1
2
) multiplet intertwined with lower-
superspin multiplets. The non-trivial technical task is to disentangle the pure superspin-
(s + 1
2
) multiplet from the rest. This was explicitly done in [83] for the s = 1 case,
for which dimensional reduction leads to two supermultiplets in (1,1) AdS superspace: a
massless superspin-3
2
multiplet and a massless vector supermultiplet. Instead of carrying
out dimensional reduction, it proves to be more efficient to recast the 4D gauge principle
of [63] in a 3D form and use it to construct gauge-invariant actions. This is the approach
advocated in [4, 49].
We recall the constructions presented in [49]. There exist two off-shell formulations
for the massless N = 2 multiplet of superspin-(s + 1
2
), s = 2, 3, . . . , which describe two
propagating massless fields with spin-(s + 1) and spin-(s + 1
2
) on Minkowski space [49].
These dually equivalent formulations, known as transverse and longitudinal, differ in the
compensators used.
1The s = 1 case corresponds to linearised supergravity.
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Let us extend these gauge theories to (1,1) AdS superspace. There exist two formula-
tions which are described in terms of the following dynamical variables
V⊥
(s+ 1
2
)
=
{
Hα(2s),Γα(2s−2), Γ¯α(2s−2)
}
, (5.3.1a)
V‖
(s+ 1
2
)
=
{
Hα(2s), Gα(2s−2), G¯α(2s−2)
}
. (5.3.1b)
Here Hα(2s) is an unconstrained real superfield. The complex superfields Γα(2s−2) and
Gα(2s−2) are transverse linear and longitudinal linear in the sense that they obey the con-
straints (5.1.16) and (5.1.13), respectively. In accordance with (5.1.20), these constraints
can be solved in terms of unconstrained complex prepotentials as follows:
Γα(2s−2) = D¯βΦ(βα1...α2s−2) , (5.3.2a)
Gα(2s−2) = D¯(α1Ψα2...α2s−2) . (5.3.2b)
These prepotentials are defined modulo gauge transformations of the form
δξΦα(2s−1) = D¯βξ(βα1...α2s−1) , (5.3.3a)
δζΨα(2s−3) = D¯(α1ζα2...α2s−3) , (5.3.3b)
with the gauge parameters ξα(2s) and ζα(2s−4) being unconstrained complex.
The dynamical superfields Hα(2s) and Γα(2s−2) are postulated to be defined modulo
gauge transformations of the form
δλHα(2s) = D¯(α1λα2...α2s) −D(α1λ¯α2...α2s) ≡ gα(2s) + g¯α(2s) , (5.3.4a)
δλΓα(2s−2) = −1
4
D¯β
(
D2 + 2(2s− 1)µ¯)λ¯βα(2s−2) = s
2s+ 1
D¯βDγ g¯(βγα1...α2s−2) , (5.3.4b)
δλGα(2s−2) = −1
4
(
D¯2 − 4sµ)Dβλα(2s−2)β + i(s− 1)D¯(α1D|βγ|λα2...α2s−2)βγ . (5.3.4c)
where the complex gauge parameter λα(2s−1) is unconstrained. The gauge transformation
of Hα(2s) coincides with (5.1.26) for n = 2s. From δλΓα(2s−2), we can read off the gauge
transformation of the prepotential Φα(2s−1), which is
δλΦα(2s−1) = −1
4
(
D2 + 2(2s− 1)µ¯)λ¯α(2s−1) . (5.3.5)
In the transverse formulation, the quadratic action invariant under the gauge trans-
formations (5.3.4a) and (5.3.4b) is
S⊥
(s+ 1
2
)
=
(
− 1
2
)s ∫
d3|4zE
{
1
8
Hα(2s)Dβ(D¯2 − 6µ)DβHα(2s)
+2s(s− 1)µ¯µHα(2s)Hα(2s) + Hα(2s)
(
Dα1D¯α2Γα3...α2s − D¯α1Dα2Γ¯α3...α2s
)
+
2s− 1
s
Γ¯α(2s−2)Γα(2s−2) +
2s+ 1
2s
(
Γα(2s−2)Γα(2s−2) + Γ¯α(2s−2)Γ¯α(2s−2)
)}
. (5.3.6)
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In the flat superspace limit, this action reduces to the one derived in [49].
The s = 1 choice was excluded from the above consideration, since the constraint
(5.1.16) is not defined for n = 0. However, the corollary (5.1.17) of (5.1.16) is perfectly
consistent for n = 0 and defines a covariantly transverse linear scalar superfield (5.1.19),
(D¯2 − µ)Γ = 0 . (5.3.7)
We therefore postulate Γ and its conjugate Γ¯ to be the compensators in the s = 1 case.
The gauge transformations (5.3.4a) and (5.3.4b) then become
δλHαβ = D¯(αλβ) −D(αλ¯β) , (5.3.8a)
δλΓ = −1
4
D¯β
(
D2 + 2µ¯
)
λ¯β . (5.3.8b)
The variation δλΓ is compatible with the constraint (5.3.7), that is (D¯
2 − µ)δλΓ = 0.
Finally, choosing s = 1 in (5.3.6) gives the linearised action for non-minimal (1,1) AdS
supergravity, which was originally derived in section 9.2 of [83].
In the longitudinal formulation, the action invariant under the gauge transformations
(5.3.4a) and (5.3.4c) is
S
‖
(s+ 1
2
)
=
(
− 1
2
)s ∫
d3|4zE
{
1
8
Hα(2s)Dβ(D¯2 − 6µ)DβHα(2s)
+2s(s− 1)µµ¯Hα(2s)Hα(2s) − 1
16
([Dβ, D¯γ]H
βγα(2s−2))[Dδ, D¯ρ]Hδρα(2s−2)
+
s
2
(DβγH
βγα(2s−2))DδρHδρα(2s−2)
+
2s− 1
2s
[
i(DβγH
βγα(2s−2))
(
Gα(2s−2) − G¯α(2s−2)
)
+
1
s
G¯α(2s−2)Gα(2s−2)
]
−2s+ 1
4s2
(
Gα(2s−2)Gα(2s−2) + G¯α(2s−2)G¯α(2s−2)
)}
. (5.3.9)
As shown in [4], the longitudinal action may be derived from the transverse one by per-
forming a superfield duality transformation.
In the s = 1 case, the compensator G becomes covariantly chiral, D¯αG = 0. Choosing
s = 1 in (5.3.9) gives the linearised action for minimal (1,1) AdS supergravity, which was
originally derived in section 9.1 of [83], provided we identify G = 3σ. The corresponding
gauge transformations are
δλHαβ = D¯(αλβ) −D(αλ¯β) , (5.3.10a)
δλG = −1
4
(
D¯2 − 4µ)Dβλβ . (5.3.10b)
It is clear that the variation δλG is covariantly chiral.
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5.4 Massless integer superspin gauge theories in (1,1)
AdS superspace
The results in subsections 5.4.1 and 5.4.2 were obtained by Daniel Ogburn [4].
When attempting to develop a Lagrangian formulation for a massless multiplet of
superspin s, where s = 1, 2, . . . , a naive expectation is that the dynamical variables of such
a theory should consist of a conformal gauge superfield Hα(2s−1) = H¯α(2s−1), introduced
in subsection 5.1.3, in conjunction with some compensator(s). Instead, our approach in
this section will be based on developing 3D N = 2 analogues of the two dually equivalent
off-shell formulations, the so-called longitudinal and transverse ones, for the massless
N = 1 multiplets of integer superspin in AdS4 [63]. As the next step, we will construct
a generalised longitudinal model, in a way similar to the one proposed in the 4D N = 1
AdS case in subsection 4.2.1. Such a reformulation naturally leads to the appearance of
the conformal gauge superfield Hα(2s−1).
5.4.1 Longitudinal formulation
Given an integer s ≥ 1, the longitudinal formulation for the massless superspin-s
multiplet is realised in terms of the following dynamical variables:
V‖(s) =
{
Uα(2s−2), Gα(2s), G¯α(2s)
}
. (5.4.1)
Here Uα(2s−2) is an unconstrained real superfield, and the complex superfield Gα(2s) is
longitudinal linear, eq. (5.1.13). In accordance with (5.1.20a), the constraint (5.1.13) can
be solved in terms of an unconstrained complex prepotential Ψα(2s−1),
Gα1...α2s := D¯(α1Ψα2...α2s) , (5.4.2)
which is defined modulo gauge transformations of the form
δζΨα(2s−1) = D¯(α1ζα2...α2s−1) , (5.4.3)
with the gauge parameter ζα(2s−2) being unconstrained complex.
We postulate the dynamical superfields Uα(2s−2) and Gα(2s) to be defined modulo gauge
transformations of the form
δLUα(2s−2) = DβLβα1...α2s−2 − D¯βL¯βα1...α2s−2 ≡ γ¯α(2s−2) + γα(2s−2) , (5.4.4a)
δLGα(2s) = −1
2
D¯(α1
(
D2 − 2(2s+ 1)µ¯
)
Lα2...α2s) = D¯(α1Dα2 γ¯α3...α2s) . (5.4.4b)
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Here the gauge parameter Lα(2s−1) is an unconstrained complex superfield, and γα(2s−2) :=
D¯βL¯
βα(2s−2) is transverse linear. From (5.4.4b) we read off the gauge transformation law
of the prepotential,
δLΨα(2s−1) = −1
2
(
D2 − 2(2s+ 1)µ¯
)
Lα(2s−1) = D(α1D
|β|Lα2...α2s−1)β . (5.4.5)
Modulo an overall normalisation factor, there is a unique quadratic action which is
invariant under the gauge transformations (5.4.4). The action is
S
‖
(s) =
(
− 1
2
)s ∫
d3|4zE
{
1
8
Uα(2s−2)Dγ(D¯2 − 6µ)DγUα(2s−2)
+
s
2s+ 1
Uα(2s−2)
(
DβD¯γGβγα(2s−2) − D¯βDγG¯βγα(2s−2)
)
+
s
2s− 1G¯
α(2s)Gα(2s) +
s
2(2s+ 1)
(
Gα(2s)Gα(2s) + G¯
α(2s)G¯α(2s)
)
+2s(s+ 1)µµ¯Uα(2s−2)Uα(2s−2)
}
. (5.4.6)
The special s = 1 case, which corresponds to the massless gravitino multiplet, will be
studied in more detail in subsection 5.4.4.
5.4.2 Transverse formulation
The transverse formulation for the massless superspin-s multiplet is realised in terms
of the following dynamical variables:
V⊥(s) =
{
Uα(2s−2),Γα(2s), Γ¯α(2s)
}
. (5.4.7)
Here Uα(2s−2) is the same as in (5.4.1), and the complex superfield Γα(2s) is transverse
linear, eq. (5.1.16). In accordance with (5.1.20b), the constraint on Γα(2s) is solved in
terms of an unconstrained prepotential Φα(2s+1),
Γα(2s) = D¯
βΦ(βα1...α2s) , (5.4.8)
which is defined modulo gauge transformations of the form
δξΦα(2s+1) = D¯
βξ(βα1...α2s+1) , (5.4.9)
with the gauge parameter ξα(2s+2) being unconstrained.
The transverse formulation for the massless superspin-s multiplet is described by the
following action
S⊥(s) =
(
− 1
2
)s ∫
d3|4zE
{
1
8
Uα(2s−2)Dγ(D¯2 − 6µ)DγUα(2s−2)
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− 2s− 1
16(2s+ 1)
(
8sDα1α2Uα3...α2sD(α1α2Uα3...α2s)
+[Dα1 , D¯α2 ]Uα3...α2s [D(α1 , D¯α2 ]Uα3...α2s)
)
+2s(s+ 1)µµ¯Uα(2s−2)Uα(2s−2) − iUα1...α2s−2Dα2s−1α2s
(
Γα(2s) − Γ¯α(2s)
)
− 2
2s− 1Γ¯
α(2s)Γα(2s) +
1
2s+ 1
(Γα(2s)Γα(2s) + Γ¯
α(2s)Γ¯α(2s))
}
, (5.4.10)
which is invariant under the gauge transformation (5.4.4a) accompanied with
δLΓα(2s) = −1
4
(D¯2 + 4sµ)D(α1L¯α2...α2s) +
i
2
(2s+ 1)D¯γD(γα1L¯α2...α2s)
=
1
2
D(α1D¯α2γα3...α2s) −
i
2
(2s− 1)D(α1α2γα3...α2s) , (5.4.11)
where γα(2s−2) = −D¯βL¯βα1...α2s−2 .
5.4.3 Reformulation of the longitudinal theory
Let us take a step further and consider a generalisation of the longitudinal formulation
(5.4.6). This can be achieved by enlarging the gauge freedom (5.4.4), where we choose to
work with an unconstrained complex gauge parameter Vα(2s−2), instead of the transverse
linear superfield γα(2s−2). As a result, we are required to introduce a new purely gauge
superfield, in addition to Uα(2s−2), Ψα(2s−1) and Ψ¯α(2s−1). In such a setting, the gauge
freedom of Ψα(2s−1) coincides with that of a complex conformal gauge superfield.
Given a positive integer s ≥ 2, a massless superspin-s multiplet in AdS(3|1,1) can be
described using a complex unconstrained prepotential Ψα(2s−1), a real superfield Uα(2s−2)
and a complex superfield Σα(2s−3) constrained to be transverse linear,
D¯βΣβα(2s−4) = 0 . (5.4.12)
The constraint (5.4.12) is solved in terms of a complex unconstrained prepotential Zα(2s−2),
Σα(2s−3) = D¯βZ(βα1...α2s−3) , (5.4.13)
which is defined modulo gauge shift
δξZα(2s−2) = D¯βξ(βα1...α2s−2) . (5.4.14)
Here the gauge parameter ξα(2s−1) is unconstrained.
The gauge freedom of Ψα(2s−1) is given by
δV,ζΨα1...α2s−1 = D(α1Vα2...α2s−1) + D¯(α1ζα2...α2s−1) , (5.4.15a)
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with unconstrained gauge parameters Vα(2s−2) and ζα(2s−2). We further postulate the
linearised gauge transformations for the superfields Uα(2s−2) and Σα(2s−3) as follows
δVUα(2s−2) = Vα(2s−2) + V¯α(2s−2) , (5.4.15b)
δVΣα(2s−3) = D¯βV¯βα(2s−3) =⇒ δVZα(2s−2) = V¯α(2s−2) . (5.4.15c)
The longitudinal linear superfield Gα(2s) defined by (5.4.2) is invariant under the ζ-
transformation (5.4.15a). It varies under the V-transformation as
δVGα1...α2s = D¯(α1Dα2Vα3...α2s) . (5.4.16)
The action
S
‖
(s) =
(
− 1
2
)s ∫
d3|4zE
{
1
8
Uα(2s−2)Dβ(D¯2 − 6µ)DβUα(2s−2)
+
s
2s+ 1
Uα(2s−2)
(
DβD¯γGβγα(2s−2) − D¯βDγG¯βγα(2s−2)
)
+2s(s+ 1)µ¯µUα(2s−2)Uα(2s−2)
+
s
2s− 1G¯
α(2s)Gα(2s) +
s
2(2s+ 1)
(
Gα(2s)Gα(2s) + G¯
α(2s)G¯α(2s)
)
+
1
2
s− 1
2s− 1U
α(2s−2)
(
Dα1D¯
2Σ¯α2...α2s−2 − D¯α1D2Σα2...α2s−2
)
+
1
2s− 1Ψ
α(2s−1)
(
Dα1D¯α2 − 2i(s− 1)Dα1α2
)
Σα3...α2s−1
+
1
2s− 1Ψ¯
α(2s−1)
(
D¯α1Dα2 − 2i(s− 1)Dα1α2
)
Σ¯α3...α2s−1
−µ(s+ 3)Uα(2s−2)Dα1Σ¯α2...α2s−2 + µ¯(s+ 3)Uα(2s−2)D¯α1Σα2...α2s−2
+
s− 1
4(2s− 1)
(
Σα(2s−3)D2Σα(2s−3) − Σ¯α(2s−3)D¯2Σ¯α(2s−3)
)
− 1
2s− 1Σ¯
α(2s−3)
(
(2s2 − s+ 1)DβD¯α1 + 2i
(s− 1)(2s− 3)
2s− 1 D
β
α1
)
Σβα2...α2s−3
+µ(s+ 3)Σ¯α(2s−3)Σ¯α(2s−3) + µ¯(s+ 3)Σα(2s−3)Σα(2s−3)
}
, (5.4.17)
possesses the gauge invariance (5.4.15) and, by construction, (5.4.14). The above action
is real due to the identity (5.2.22).
Due to the V-gauge freedom (5.4.15), we are free to make the gauge choice
Σα(2s−3) = 0 , (5.4.18)
by which we regain the original longitudinal action for the massless superspin-s multiplet
(5.4.6). The gauge condition (5.4.18) does not fix completely the V-gauge freedom. The
residual gauge transformations are generated by
Vα(2s−2) = DβL(βα1...α2s−2) , (5.4.19)
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with Lα(2s−1) being an unconstrained superfield. With this expression for Vα(2s−2), the
gauge transformations (5.4.15a) and (5.4.15b) coincide with (5.4.4b). Thus, the action
(5.4.17) indeed provides an off-shell formulation for the massless superspin-s multiplet in
(1,1) AdS superspace.
The action (5.4.17) contains a single term which involves the gauge prepotential
Ψ¯α(2s−1) and not the field strength G¯α(2s). This term can be written as∫
d3|4zE Ψ¯α(2s−1)
(
D¯α1Dα2 − 2i(s− 1)Dα1α2
)
Σ¯α3...α2s−1
= − 2s
2s+ 1
∫
d3|4zE G¯α(2s)
(
Dα1D¯α2 + i(2s+ 1)Dα1α2
)
Z¯α3...α2s . (5.4.20)
The former makes the gauge symmetry (5.4.14) manifestly realised, while the latter turns
the ζ-transformation (5.4.15a) into a manifest symmetry. If we instead wish to make use
of (5.4.20), we obtain a different representation for the action (5.4.17). It is
S
‖
(s) =
(
− 1
2
)s ∫
d3|4zE
{
1
8
Uα(2s−2)Dβ(D¯2 − 6µ)DβUα(2s−2)
+
s
2s+ 1
Uα(2s−2)
(
DβD¯γGβγα(2s−2) − D¯βDγG¯βγα(2s−2)
)
+2s(s+ 1)µ¯µUα(2s−2)Uα(2s−2)
+
s
2s− 1G¯
α(2s)Gα(2s) +
s
2(2s+ 1)
(
Gα(2s)Gα(2s) + G¯
α(2s)G¯α(2s)
)
+
1
2
s− 1
2s− 1U
α(2s−2)
(
Dα1D¯
2Σ¯α2...α2s−2 − D¯α1D2Σα2...α2s−2
)
+
2s
(2s− 1)(2s+ 1)G
α(2s)
(
D¯α1Dα2 + i(2s+ 1)Dα1α2
)
Zα3...α2s
− 2s
(2s− 1)(2s+ 1)G¯
α(2s)
(
Dα1D¯α2 + i(2s+ 1)Dα1α2
)
Z¯α3...α2s
−µ(s+ 3)Uα(2s−2)Dα1Σ¯α2...α2s−2 + µ¯(s+ 3)Uα(2s−2)D¯α1Σα2...α2s−2
+
s− 1
4(2s− 1)
(
Σα(2s−3)D2Σα(2s−3) − Σ¯α(2s−3)D¯2Σ¯α(2s−3)
)
− 1
2s− 1Σ¯
α(2s−3)
(
(2s2 − s+ 1)DβD¯α1 + 2i
(s− 1)(2s− 3)
2s− 1 D
β
α1
)
Σβα2...α2s−3
+µ(s+ 3)Σ¯α(2s−3)Σ¯α(2s−3) + µ¯(s+ 3)Σα(2s−3)Σα(2s−3)
}
. (5.4.21)
It is worth discussing the structure of the dynamical variable Ψα(2s−1). This superfield
is unconstrained complex, and its gauge transformation law is given by eq. (5.4.15a).
Comparing (5.4.15a) with the gauge transformation law (5.1.26) with n = 2s− 1, which
corresponds to the conformal gauge superfield Hα(2s−1), we see that Ψα(2s−1) may be
interpreted as a complex conformal gauge superfield.
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5.4.4 Massless gravitino multiplet
The massless gravitino multiplet, which corresponds to the s = 1 case, was excluded
from our consideration of the previous subsection. Here we will fill the gap.
The (generalised) longitudinal formulation for the gravitino multiplet is described by
the action
S
‖
GM = −
1
2
∫
d3|4zE
{
1
8
UDβ(D¯2 − 6µ)DβU + 1
3
U
(
DαD¯βGαβ − D¯αDβG¯αβ
)
+G¯αβGαβ +
1
6
(
GαβGαβ + G¯
αβG¯αβ
)
+|µ|2
(
2U − Φ
µ
− Φ¯
µ¯
)2
+ 2
(Φ
µ
+
Φ¯
µ¯
)(
µDαΨα + µ¯D¯αΨ¯
α
)}
, (5.4.22)
where Φ is a covariantly chiral scalar superfield, D¯αΦ = 0, and
Gαβ = D¯(αΨβ) , G¯αβ = −D(αΨ¯β) . (5.4.23)
This action is invariant under gauge transformations of the form
δU = V+ V¯ , (5.4.24a)
δΨα = = DαV+ D¯αζ , (5.4.24b)
δΦ = −1
4
(D¯2 − 4µ)V¯ , (5.4.24c)
where the gauge parameters V and ζ are unconstrained complex superfields.
The gauge V-freedom (5.4.24) allows us to impose the condition Φ = 0. In this gauge
the action (5.4.22) turns into (5.4.6) with s = 1, and the residual gauge V-freedom is
described by V = DβLβ, where the spinor gauge parameter Lα is unconstrained complex.
The action (5.4.22) involves the chiral scalar Φ and its conjugate only in the combi-
nation (ϕ + ϕ¯), where ϕ = Φ/µ. This means that the model (5.4.22) possesses a dual
formulation realised in terms of a real linear superfield subject to the constraint (5.1.22).
5.4.5 N = 2→ N = 1 superspace reduction
Every supersymmetric field theory in (1,1) AdS superspace AdS3|(1,1) may be refor-
mulated in terms of superfields on N = 1 AdS superspace.2 Let us briefly discuss how to
perform such a reduction.
First, it proves to be advantageous to switch to the real basis for the (1,1) AdS spinor
covariant derivatives. Following [155], we can introduce a real basis for the spinor covariant
2In the case of N = 1 AdS supersymmetry, both notations (1, 0) and N = 1 are used in the literature.
We will also use the notation AdS3|2 for N = 1 AdS superspace.
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derivatives which is obtained by replacing the complex operators Dα and D¯α with ∇Iα,
where I = 1, 2, defined by
Dα =
eiϕ√
2
(∇1α − i∇2α) , D¯α = −
e−iϕ√
2
(∇1α + i∇2α) , (5.4.25)
where we have represented µ = − i e2iϕ|µ|. The new covariant derivatives can be shown
to obey the algebra:
{∇1α,∇1β} = 2i∇αβ − 4i|µ|Mαβ , {∇2α,∇2β} = 2i∇αβ + 4i|µ|Mαβ , (5.4.26a)
{∇1α,∇2β} = 0 , (5.4.26b)
[∇a,∇1β] = |µ|(γa)βγ∇1γ , [∇a,∇2β] = −|µ|(γa)βγ∇2γ , (5.4.26c)
[∇a,∇b] = −4|µ|2Mab . (5.4.26d)
The graded commutation relations for the operators ∇a and ∇1α form a closed algebra.
Indeed, they are isomorphic to those defining the N = 1 AdS superspace, see [155] for the
details. These properties mean that (1,0) AdS superspace is naturally embedded in (1,1)
AdS superspace as a subspace. The Grassmann variables θµI = (θ
µ
1 , θ
µ
2 ) may be chosen in
such a way that (1,0) AdS corresponds to the surface defined by θµ2 = 0. It is thus possible
to carry out a consistent (1,1) → (1,0) AdS superspace reduction for all the higher-spin
supersymmetric gauge theories constructed in sections 5.3 and 5.4. Implementation of
this program will be described elsewhere.
For concreteness, let us consider the N = 2→ N = 1 superspace reduction of the lon-
gitudinal model for massless superspin-s multiplet (5.4.6). Here our analysis is restricted
to the flat superspace case for simplicity.
In order to be consistent with the previous work [50], in which the N = 2 → N = 1
superspace reduction of the massless superspin-(s + 1
2
) models of [49] was studied, we
denote by Dα and D¯α the spinor covariant derivatives of N = 2 Minkowski superspace
M3|4. They obey the anti-commutation relations
{Dα, D¯β} = −2i ∂αβ , {Dα,Dβ} = {D¯α, D¯β} = 0 . (5.4.27)
In order to carry out the N = 2→ N = 1 superspace reduction, it is useful to introduce
real Grassmann coordinates θαI for M3|4, where I = 1, 2. We define these coordinates by
choosing the corresponding spinor covariant derivatives DIα as in [169]:
Dα =
1√
2
(D1α − iD2α) , D¯α = −
1√
2
(D1α + iD
2
α) . (5.4.28)
From (5.4.27) we deduce{
DIα, D
J
β
}
= 2i δIJ(γm)αβ ∂m , I, J = 1, 2 . (5.4.29)
109
Given an N = 2 superfield U(x, θI), we define its N = 1 bar-projection
U | := U(x, θI)|θ2=0 , (5.4.30)
which is a superfield on N = 1 Minkowski superspace M3|2 parametrised by real Cartesian
coordinates zA = (xa, θα), where θα := θα1 . The spinor covariant derivative of N = 1
Minkowski superspace Dα := D
1
α obeys the anti-commutation relation{
Dα, Dβ
}
= 2i (γm)αβ ∂m . (5.4.31)
Finally, the N = 2 → N = 1 superspace reduction of the N = 2 supersymmetric action
is carried out using the rule [50]
S =
∫
d3|4z L(N=2) =
∫
d3|2z L(N=1) , L(N=1) := − i
4
(D2)2L(N=2)
∣∣∣ . (5.4.32)
Given an integer s ≥ 1, the longitudinal formulation for the massless superspin-s
multiplet is realised in terms of the following dynamical variables:
V‖(s) =
{
Uα(2s−2),Gα(2s), G¯α(2s)
}
. (5.4.33)
Here Uα(2s−2) is an unconstrained real superfield, and the complex superfield Gα(2s) is
longitudinal linear,
D¯(α1Gα2...α2s+1) = 0 . (5.4.34)
The dynamical superfields are defined modulo gauge transformations of the form
δUα(2s−2) = γ¯α(2s−2) + γα(2s−2) , (5.4.35a)
δGα(2s) = D¯(α1Dα2 γ¯α3...α2s) , (5.4.35b)
where the gauge parameter γα(2s−2) is an arbitrary transverse linear superfield,
D¯βγβα1...α2s−3 = 0 . (5.4.36)
The gauge-invariant action is
S
‖
(s) =
(
− 1
2
)s ∫
d3|4z
{
1
8
Uα(2s−2)DγD¯2DγUα(2s−2)
+
s
2s+ 1
Uα(2s−2)
(
DβD¯γGβγα(2s−2) − D¯βDγG¯βγα(2s−2)
)
+
s
2s− 1G¯
α(2s)Gα(2s) +
s
2(2s+ 1)
(
Gα(2s)Gα(2s) + G¯α(2s)G¯α(2s)
)}
. (5.4.37)
Making use of the representation (5.4.28), the transverse linear constraint (5.4.36)
takes the form
D2βγβα1...α2s−3 = iD
1βγβα1...α2s−3 . (5.4.38)
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It follows that γα(2s−2) has two independent θ2-components, which are:
γα(2s−2)|, D2(α1γα2...α2s−1)| . (5.4.39)
The gauge transformation of Uα(2s−2), eq. (5.4.35), allows us to impose two conditions
Uα(2s−2)| = 0 , D2(α1Uα2...α2s−1)| = 0 . (5.4.40)
In this gauge we define the following unconstrained real N = 1 superfields:
Uα(2s−3) :=
i
s
D2βUβα(2s−3)| , (5.4.41a)
Uα(2s−2) := − i
4s
(D2)2Uα(2s−2)| . (5.4.41b)
The residual gauge freedom, which preserves the gauge conditions (5.4.40), is described
by unconstrained real N = 1 superfield parameters ζα(2s−2) and λα(2s−1) defined by
γα(2s−2)| = i
2
ζα(2s−2) , ζ¯α(2s−2) = ζα(2s−2) , (5.4.42a)
D2(α1γα2...α2s−1)| =
1
2
λα(2s−1) , λ¯α(2s−1) = λα(2s−1) . (5.4.42b)
The gauge transformation laws of the superfields (5.4.41) are
δUα(2s−3) = − i
s
Dβζβα(2s−3) , (5.4.43a)
δUα(2s−2) =
1
2s
Dβλβα(2s−2) . (5.4.43b)
We now turn to reducing Gα(2s) to N = 1 superspace. From the point of view of N = 1
supersymmetry, Gα(2s) is equivalent to two unconstrained complex superfields, which we
define as follows:
Gα(2s)| = −1
2
(Gα(2s) + iHα(2s)) , (5.4.44a)
iD2βGβα(2s−1)| = Φα(2s−1) + iΨα(2s−1) . (5.4.44b)
Making use of the gauge transformation (5.4.35) gives
δGα(2s) = −i∂(α1α2 γ¯α3...α2s) + iD1(α1D2α2 γ¯α3...α2s) , (5.4.45a)
iD2βδGβα(2s−1) = i
{
− i2s− 1
2s
∂β α1D
2
(βγ¯α2...α2s−1)
+
s− 1
s
∂(α1α2D
βγ¯α3...α2s−1)β − 2Dβ∂β(α1 γ¯α2...α2s−1)
+
2s+ 1
4s
D2D2(α1 γ¯α2...α2s−1)
}
. (5.4.45b)
At this stage one should recall that upon imposing the N = 1 supersymmetric gauge con-
ditions (6.2.3) the residual gauge freedom is described by the gauge parameters (5.4.42a)
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and (5.4.42b). From (5.4.45) we read off the gauge transformations of the N = 1 complex
superfields (5.4.44)
δGα(2s)| = −1
2
{
∂(α1α2ζα3...α2s) + iD(α1λα2...α2s)
}
, (5.4.46a)
iD2βδGβα(2s−1)| = −2s− 1
4s
∂β (α1λα2...α2s−1)β − i
2s+ 1
8s
D2λα(2s−1)
+
s− 1
2s
∂(α1α2D
βζα3...α2s−1)β −Dβ∂β(α1ζα2...α2s−1) . (5.4.46b)
In the N = 1 supersymmetric gauge (5.4.40), Uα(2s−2) is described by two uncon-
strained real superfields Uα(2s−3) and Uα(2s−2) defined according to (5.4.41), and their
gauge transformation laws are given by eqs. (5.4.43a) and (5.4.43b), respectively. It
follows from the gauge transformations (5.4.43a), (5.4.43b) and (5.4.46) that in fact we
are dealing with two different gauge theories. One of them is formulated in terms of the
unconstrained real gauge superfields
{Gα(2s), Uα(2s−3),Ψα(2s−1)} (5.4.47)
which are defined modulo gauge transformations of the form
δGα(2s) = ∂(α1α2ζα3...α2s) , (5.4.48a)
δUα(2s−3) = − i
s
Dβζβα(2s−3) , (5.4.48b)
δΨα(2s−1) = −is− 1
2s
∂(α1α2D
βζα3...α2s−1)β + iD
β∂β(α1ζα2...α2s−1) , (5.4.48c)
where the gauge parameter ζα(2s−2) is unconstrained real. The other theory is described
by the gauge superfields
{Hα(2s), Uα(2s−2),Φα(2s−1)} (5.4.49)
with the following gauge freedom
δHα(2s) = D(α1λα2...α2s) , (5.4.50a)
δUα(2s−2) =
1
2s
Dβλβα(2s−2) , (5.4.50b)
δΦα(2s−1) = − 1
8s
{
(4s− 2)∂β (α1λα2...α2s−1)β + i(2s+ 1)D2λα(2s−1)
}
. (5.4.50c)
Applying the reduction rule (5.4.32) to the action (5.4.37) gives two decoupled N = 1
supersymmetric actions, which are described in terms of the dynamical variables (5.4.47)
and (5.4.49), respectively. In the former case, the superfield Ψα(2s−1) is auxiliary. Inte-
grating it out, we arrive at the following action:
S = −
(
− 1
2
)s s2(s− 1)
2s− 1
i
2
∫
d3|2z
{
1
2s
Gα(2s)D2Gα(2s)
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− i
s− 1G
α(2s−1)β∂β γGα(2s−1)γ − 2iUα(2s−3)∂βγDδGβγδα(2s−3)
+2Uα(2s−3)2Uα(2s−3) +
(2s− 3)(s− 2)
2s− 1 ∂δλU
δλα(2s−5)∂βγUβγα(2s−5)
−1
2
2s− 3
2s− 1DβU
α(2s−4)βD2DγUγα(2s−4)
}
. (5.4.51)
This action is invariant under the gauge transformations (5.4.48a) and (5.4.48b).
In the latter case, the superfield Φα(2s−1) is auxiliary. Integrating it out, we obtain the
following gauge-invariant action:
S =
(
− 1
2
)s s
2s− 1i
∫
d3|2z
{
1
2
Hα(2s)D2Hα(2s) + iH
α(2s−1)β∂β γHα(2s−1)γ
+2i(2s− 1)Uα(2s−2)∂βγHβγα(2s−2) + (2s− 1)Uα(2s−2)D2Uα(2s−2)
+2(2s− 1)(s− 1)DβUβα(2s−3)DγUγα(2s−3)
}
. (5.4.52)
This action is invariant under the gauge transformations (5.4.50a) and (5.4.50b). Modulo
an overall normalisation factor, (5.4.52) coincides with the off-shellN = 1 supersymmetric
action for massless superspin-s multiplet [50] in the form given in [51].
The action (5.4.51) defines a new N = 1 supersymmetric higher-spin theory which
did not appear in the analysis of [50]. It may be shown that at the component level it
reduces, upon imposing a Wess-Zumino gauge and eliminating the auxiliary fields, to a
sum of two massless actions. One of them is the bosonic Fronsdal-type spin-s model and
the other is the fermionic Fang-Fronsdal-type spin-(s+ 1
2
) model.
5.5 Higher-spin (1,1) AdS supercurrents
Inspired by the analysis of Dumitrescu and Seiberg [79], the most general supercur-
rent multiplets for theories with (1,1) AdS or (2,0) AdS supersymmetry were introduced
in [83], with the (1,1) AdS case being a natural extension of the 4D N = 1 AdS supercur-
rents classified in [99,100]. Here we will formulate higher-spin supercurrent multiplets in
(1,1) AdS superspace by making use of the off-shell massless supersymmetric higher-spin
theories constructed in the previous two sections. Our analysis will be mostly analogous
to that in the 4D case.
5.5.1 Non-conformal supercurrents: Half-integer superspin
The two formulations for the massless half-integer superspin which were described in
section 5.3 lead to different higher-spin supercurrent multiplet. Following similar deriva-
tions as in subsections 3.3.1 and 4.3.2, one may show that the most general half-integer
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superspin current multiplet is described by the conservation equation
D¯βJβα(2s−1) = −1
2
(
D(α1D¯α2 − 2i(s− 1)D(α1α2
)
Tα3...α2s−1)
+
1
4
(
D¯2 + 2µ(2s− 1))Fα(2s−1) . (5.5.1a)
Here the higher-spin supercurrent Jα(2s) is a real superfield. The trace multiplets Tα(2s−3)
and Fα(2s−1) are complex superfields constrained by
D¯βTβα(2s−4) = 0 , (5.5.1b)
D(α1Fα2...α2s) = 0 , (5.5.1c)
and therefore Tα(2s−3) is a transverse linear superfield, while F¯α(2s−1) is longitudinal linear.
The multiplet with Fα(2s−1) = 0 corresponds to the longitudinal formulation for massless
superspin-(s+ 1
2
) multiplet (5.3.9). The case Tα(2s−3) = 0 is associated with the transverse
formulation (5.3.6). In this way, we have 3D counterparts of the 4D half-integer superspin
current multiplets given by (4.3.8) and (4.3.9).
We can also construct a well-defined improvement transformation which converts the
longitudinal higher-spin supercurrent to the transverse one, thus showing that they are
indeed equivalent. The most general higher-spin supercurrent (5.5.1) can be modified by
an improvement transformation
Jα(2s) −→ Jα(2s) + s
2
[
D(α1 , D¯α2
]
Uα3...α2s) + sD(α1α2Vα3...α2s) , (5.5.2a)
Tα(2s−3) −→ Tα(2s−3) − D¯β
(
Uβα(2s−3) + iVβα(2s−3)
)
, (5.5.2b)
Fα(2s−1) −→ Fα(2s−1) +D(α1
(
2sUα2...α2s−1) − iVα2...α2s−1)
)
, (5.5.2c)
with Uα(2s−2) and Vα(2s−2) well-defined operators.
The transverse linearity constraint (5.5.1b) can always be solved in the (1,1) AdS
geometry as
Tα(2s−3) = D¯β
(
Uβα(2s−3) + iVβα(2s−3)
)
, (5.5.3)
for well-defined real tensor operators Uα(2s−2) and Vα(2s−2) . This property means that
we can always set Tα(2s−3) to zero by applying a certain improvement transformation
(5.5.2). The above analysis shows that the longitudinal and transverse supercurrents are
equivalent. The situation proves to be analogous in the integer superspin case, for which
we will formulate in the next subsection a higher-spin supercurrent associated with the
new gauge formulation (5.4.21). Therefore, it suffices to work with one of them, say,
the longitudinal supercurrent multiplet (Jα(2s), Tα(2s−3)), which obeys the conservation
equation
D¯βJβα(2s−1) = −1
2
(
D(α1D¯α2 − 2i(s− 1)D(α1α2
)
Tα3...α2s−1) . (5.5.4)
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For completeness, we also give the conjugate equation
DβJβα(2s−1) =
1
2
(
D¯(α1Dα2 − 2i(s− 1)D(α1α2
)
T¯α3...α2s−1) . (5.5.5)
Before we proceed to the construction of higher-spin supercurrents for (1,1) AdS su-
persymmetric field theories, let us first recall our condensed notation in complete analogy
with the four-dimensional analysis. We introduce auxiliary real variables ζα ∈ R2 and
associate with any tensor superfield Uα(m) the following index-free field
U(m)(ζ) := ζ
α1 . . . ζαmUα1...αm , (5.5.6)
which is a homogeneous polynomial of degree m in ζα. Furthermore, we make use of
the bosonic variables ζα and the corresponding partial derivatives ∂/∂ζα to convert the
spinor and vector covariant derivatives into index-free operators. In the case of (1,1) AdS
superspace, we introduce operators that increase the degree of homogeneity in ζα,
D(1) := ζ
αDα , D¯(1) := ζ
αD¯α , (5.5.7a)
D(2) := iζ
αζβDαβ = −1
2
{D(1), D¯(1)} . (5.5.7b)
We also introduce two operators that decrease the degree of homogeneity in the variable
ζα, specifically
D(−1) := Dα
∂
∂ζα
, D¯(−1) := D¯α
∂
∂ζα
. (5.5.8)
The transverse linear condition (5.5.1b) and its conjugate can be written as
D¯(−1)T(2s−3) = 0 , (5.5.9a)
D(−1)T¯(2s−3) = 0 . (5.5.9b)
The conservation equations (5.5.4) and (5.5.5) turn into
1
2s
D¯(−1)J(2s) =
1
2
A(2)T(2s−3) , (5.5.10a)
1
2s
D(−1)J(2s) =
1
2
A¯(2)T¯(2s−3) . (5.5.10b)
where
A(2) := −D(1)D¯(1) + 2(s− 1)D(2) , A¯(2) := D¯(1)D(1) − 2(s− 1)D(2) . (5.5.11)
Since (D¯(−1))2J(2s) = 0, the conservation equation (5.5.10a) is consistent provided
D¯(−1)A(2)T(2s−3) = 0 . (5.5.12)
This is indeed true, as a consequence of the transverse linear condition (5.5.9a).
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5.5.1.1 Models for a chiral superfield
We now give several examples of higher-spin supercurrents introduced above by study-
ing rigid supersymmetric field theories in (1,1) AdS superspace.
Our first example is the superconformal theory of a single chiral scalar superfield
S =
∫
d3|4zE Φ¯Φ , (5.5.13)
where Φ is covariantly chiral, D¯αΦ = 0. The corresponding conformal higher-spin super-
current is given by
J(2s) =
s∑
k=0
(−1)k
{
1
2
(
2s
2k + 1
)
Dk(2)D¯(1)Φ¯ D
s−k−1
(2) D(1)Φ +
(
2s
2k
)
Dk(2)Φ¯ D
s−k
(2) Φ
}
,(5.5.14)
which is a minimal extension of the conserved supercurrent constructed in flat N = 2
Minkowski superspace [109]. It may be checked that for s > 0, the real higher-spin
supercurrent J(2s) satisfies the conservation equation
D(−1)J(2s) = 0 ⇐⇒ D¯(−1)J(2s) = 0 , (5.5.15)
by virtue of the massless equations of motion, (D2 − 4µ¯) Φ = 0 .
Let us now add the mass term to (5.5.13) and consider the following action
S =
∫
d3|4zE Φ¯Φ +
{1
2
∫
d3|4zE
m
µ
Φ2 + c.c.
}
, (5.5.16)
with m a complex mass parameter. The equations of motion are
−1
4
(D2 − 4µ¯)Φ + m¯Φ¯ = 0 , −1
4
(D¯2 − 4µ)Φ¯ +mΦ = 0 . (5.5.17)
After some lengthy calculations (see [4] for the derivation), the equations of motion imply
that on-shell the higher-spin supercurrent multiplet takes the form
J(2s) =
s∑
k=0
(−1)k
{
1
2
(
2s
2k + 1
)
Dk(2)D¯(1)Φ¯ D
s−k−1
(2) D(1)Φ +
(
2s
2k
)
Dk(2)Φ¯ D
s−k
(2) Φ
}
,(5.5.18a)
T¯(2s−3) = m¯
s−2∑
k=0
ckD
k
(2)Φ¯D
s−k−2
(2) D¯(1)Φ¯ , (5.5.18b)
with the coefficients ck given by
ck = (−1)s+k−1 (2s+ 1)(s− k − 1)
2s(s− 1)
k∑
l=0
1
s− l
(
2s
2l + 1
){
1 + (−1)s 2l + 1
2s− 2l + 1
}
, (5.5.18c)
k = 0, 1, . . . s− 2 .
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This is the (1,1) AdS analogue of the non-conformal supercurrents presented in 4.4.2.
Indeed, the same selection rules also emerge since one can verify that the conservation
equation (5.5.10b) and the transverse linearity constraint (5.5.9b) are identically satisfied
only for the odd values of s, s = 2n + 1, with n = 1, 2, . . . . In this sense our (1,1) AdS
higher-spin supercurrents are very similar to the 4D N = 1 Minkowski and AdS cases
studied in subsections 3.3.1.1 and 4.4.2, respectively.
5.5.1.2 Superconformal model with N chiral superfields
Another interesting example is a generalisation of the superconformal model (5.5.13)
to the case of N covariantly chiral scalar superfields Φi, i = 1, . . . N ,
S =
∫
d3|4zE Φ¯iΦi , D¯αΦi = 0 . (5.5.19)
This model is characterised by two different types of conformal supercurrents, which we
denote by
J+(2s) = S
ij
s∑
k=0
(−1)k
{
1
2
(
2s
2k + 1
)
Dk(2)D¯(1)Φ¯
i Ds−k−1(2) D(1)Φ
j
+
(
2s
2k
)
Dk(2)Φ¯
i Ds−k(2) Φ
j
}
, Sij = Sji (5.5.20)
and
J−(2s) = iA
ij
s∑
k=0
(−1)k
{
1
2
(
2s
2k + 1
)
Dk(2)D¯(1)Φ¯
i Ds−k−1(2) D(1)Φ
j
+
(
2s
2k
)
Dk(2)Φ¯
i Ds−k(2) Φ
j
}
, Aij = −Aji (5.5.21)
Here S and A are arbitrary real symmetric and antisymmetric constant matrices, respec-
tively. We have put an overall factor
√−1 in eq. (5.5.21) in order to make J−(2s) real. The
currents (5.5.20) and (5.5.21) obey the conservation equation
D(−1)J±(2s) = 0 ⇐⇒ D¯(−1)J±(2s) = 0 . (5.5.22)
The above results can be recast in terms of the matrix conformal supercurrent J(2s) =(
J ij(2s)
)
with components
J ij(2s) :=
s∑
k=0
(−1)k
{
1
2
(
2s
2k + 1
)
Dk(2)D¯(1)Φ¯
i Ds−k−1(2) D(1)Φ
j
+
(
2s
2k
)
Dk(2)Φ¯
i Ds−k(2) Φ
j
}
, (5.5.23)
which is Hermitian, J†(2s) = J(2s). The chiral action (5.5.19) possesses rigid U(N) symmetry
acting on the chiral column-vector Φ = (Φi) by Φ → gΦ, with g ∈ U(N). This implies
that the supercurrent (5.5.23) transforms as J(2s) → gJ(2s)g−1.
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5.5.2 Non-conformal supercurrents: Integer superspin
Let us now consider the new gauge formulation (5.4.17), or equivalently (5.4.21), for
the integer superspin-s multiplet to derive the 3D analogue of the non-conformal higher-
spin supercurrents formulated in 4.3.4.
As usual, we first couple the prepotentials Uα(2s−2), Zα(2s−2) and Ψα(2s−1) to some
external sources through the action
S(s)source =
∫
d3|4zE
{
Ψα(2s−1)Jα(2s−1) − Ψ¯α(2s−1)J¯α(2s−1) + Uα(2s−2)Sα(2s−2)
+ Zα(2s−2)Tα(2s−2) + Z¯α(2s−2)T¯α(2s−2)
}
. (5.5.24)
The action S
(s)
source should be invariant under the ζ-transformation (5.4.15a), which de-
mands the source Jα(2s−1) to be transverse linear,
D¯βJβα(2s−2) = 0 ⇐⇒ DβJ¯βα(2s−2) = 0 . (5.5.25)
Next, the action S
(s)
source should also preserve the ξ-gauge freedom (5.4.14). This requires
Tα(2s−2) to be longitudinal linear
D¯(α1Tα2...α2s−1) = 0 ⇐⇒ D(α1T¯α2...α2s−1) = 0 . (5.5.26)
Finally, imposing the invariance of S
(s)
source under the V-transformation (5.4.15) leads to
the following conservation equation
−DβJβα(2s−2) + Sα(2s−2) + T¯α(2s−2) = 0 (5.5.27a)
as well as its conjugate
D¯βJ¯βα(2s−2) + Sα(2s−2) + Tα(2s−2) = 0 . (5.5.27b)
Taking the sum of (5.5.27a) and (5.5.27b) leads to
DβJβα(2s−2) + D¯βJ¯βα(2s−2) + Tα(2s−2) − T¯α(2s−2) = 0 . (5.5.28)
As a consequence of (5.5.26), the conservation equation (5.5.28) implies
D(α1
{
D|β|Jα2...α2s−1)β + D¯
βJ¯α2...α2s−1)β
}
+D(α1Tα2...α2s−1) = 0 . (5.5.29)
Employing the condensed notation, the transverse linear condition (5.5.25) turns into
D¯(−1)J(2s−1) = 0 , (5.5.30)
while the longitudinal linear condition (5.5.26) takes the form
D¯(1)T(2s−2) = 0 . (5.5.31)
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The conservation equation (5.5.27a) becomes
− 1
(2s− 1)D(−1)J(2s−1) + S(2s−2) + T¯(2s−2) = 0 (5.5.32)
and (5.5.29) takes the form
1
(2s− 1)D(1)
{
D(−1)J(2s−1) + D¯(−1)J¯(2s−1)
}
+D(1)T(2s−2) = 0 . (5.5.33)
As an example, let us go back to the massive chiral multiplet model (5.5.16)
S =
∫
d3|4z E Φ¯Φ +
{1
2
∫
d3|4z E
M
µ
Φ2 + c.c.
}
, (5.5.34)
where the mass parameter M is now real.3
In the massless case, M = 0, this model is characterised by a fermionic supercurrent
Jα(2s−1), which only exists for even values of s. In condensed notation, it has the form
J(2s−1) = 2
s−1∑
k=0
(−1)k
(
2s− 1
2k + 1
)
Dk(2)D(1)Φ D
s−k−1
(2) Φ (5.5.35)
The above is the (1,1) AdS counterpart of the integer supercurrent (4.5.14). One may
check that for s > 1, the conservation equations
D(−1)J(2s−1) = 0, D¯(−1)J(2s−1) = 0 (5.5.36)
hold on-shell.
In the massive case, we need to solve a more general conservation equation given by
(5.5.33). After some calculations, one may show that the on-shell conditions (5.5.17)
imply
D¯(−1)J(2s−1) = 0 , (5.5.37a)
D(−1)J(2s−1) = 8Ms
s−1∑
k=0
(−1)k+1
(
2s− 1
2k
)
×
{
Dk(2)ΦD
s−k−1
(2) Φ¯ +
k
2k + 1
Dk−1(2) D¯(1)Φ¯ D
s−k−1
(2) D(1)Φ
}
. (5.5.37b)
The latter allows us to deduce the explicit form of the trace multiplet T(2s−2), which
is a longitudinal linear superfield (5.5.31) and obeys (5.5.33), as a consequence of the
conservation equation (5.5.32). This guides us to choose an ansatz of the form
T(2s−2) =
s−1∑
k=0
ckD
k
(2)Φ D
s−k−1
(2) Φ¯
3This is analogous to the massive hypermultiplet model considered in (4.5.1), where it is always
possible to make the mass parameter real by changing of variables.
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+
s−1∑
k=1
dkD
k−1
(2) D(1)Φ D
s−k−1
(2) D¯(1)Φ¯ . (5.5.38)
Condition (5.5.33) implies that the coefficients must be related by
c0 = 0 , ck = 2dk . (5.5.39a)
For k = 1, 2, . . . s− 2, the following recurrence relations are obtained by the requirement
(5.5.32):
dk + dk+1 = − 8Ms
2s− 1(−1)
k+1
(
2s− 1
2k
)
4ks+ 3s− 1− 2s2
(2k + 1)(2k + 3)
. (5.5.39b)
It also follows from (5.5.33) that
d1 = −8
3
Ms(s− 1) , ds−1 = − 8
2s− 1Ms(s− 1) . (5.5.39c)
The above conditions lead to a simple expression for dk:
dk =
8Ms
2s− 1
k
2k + 1
(−1)k
(
2s− 1
2k
)
, (5.5.40)
where k = 1, 2, . . . s− 1 and the parameter s is even for J(2s−1) to be non-zero.
5.6 Higher-spin supercurrents for chiral matter in
(2,0) AdS superspace
We now turn to describing the off-shell constructions of higher-spin gauge supermul-
tiplets in (2,0) AdS superspace [5], which prove to be less trivial. As pointed out in the
introduction, the massless 3D constructions of [4, 49], were largely modelled on the 4D
results of [63, 64]. With respect to 3D (2,0) AdS supersymmetry, unfortunately there is
no 4D intuition to guide us, and new ideas are required in order to construct higher-spin
gauge supermultiplets. The approach employed in [5] was based on an observation that
has often been used in the past to formulate off-shell supergravity multiplets [58, 84–88].
The idea is to make use of a higher-spin extension of the supercurrent. Specifically,
for a simple supersymmetric model in (2,0) AdS superspace we identify a multiplet of
conserved higher-spin currents. In general, the multiplet of currents is always off-shell.
Using the constructed higher-spin supercurrent, we may identify a corresponding off-shell
supermultiplet of higher-spin fields.
We begin with some simple models for a chiral scalar supermultiplet in (2, 0) AdS
superspace and try to derive the corresponding higher-spin supercurrent multiplet.
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5.6.1 Massless models
Let us first consider a massless model. Its action
S =
∫
d3xd2θd2θ¯E Φ¯Φ , D¯αΦ = 0 (5.6.1)
is invariant under the isometry transformations of (2,0) AdS superspace for any U(1)R
charge r of the chiral superfield,
JΦ = −rΦ , r = const . (5.6.2)
The action is superconformal provided r = 1
2
.
Let us first consider the superconformal case, r = 1
2
. The analysis given in subsection
5.5.1.1 implies that the theory possesses a real, bosonic supercurrent J(2s) = J¯(2s), for any
positive integer s, which obeys the conservation equation
D(−1)J(2s) = 0 . (5.6.3)
This supercurrent proves to have the same form as in the (1,1) AdS case, given by (5.5.14).
Specifically, the higher-spin supercurrent is given by
J(2s) =
s∑
k=0
(−1)k
{
1
2
(
2s
2k + 1
)
Dk(2)D¯(1)Φ¯ Ds−k−1(2) D(1)Φ +
(
2s
2k
)
Dk(2)Φ¯ Ds−k(2) Φ
}
. (5.6.4)
Making use of the massless equations of motion, D2Φ = 0, one may check that (5.6.4)
does obey the conservation equation (5.6.3). In the flat superspace limit, the supercurrent
(5.6.4) reduces to the one constructed in [109].
Now we turn to the non-superconformal case, r 6= 1
2
. Direct calculations give
D(−1)J(2s) = D(1)T(2s−2) , (5.6.5a)
where we have denoted
T(2s−2) = 2i(1− 2r)S(2s+ 1)(s+ 1)
s−1∑
k=0
1
2s− 2k + 1(−1)
k
(
2s
2k + 1
)
×Dk(2)Φ¯ Ds−k−1(2) Φ . (5.6.5b)
The trace multiplet T(2s−2) is covariantly linear,
D¯2T(2s−2) = 0 , D2T(2s−2) = 0 , (5.6.5c)
as a consequence of the equations of motion and the identity (5.2.21c). It is seen that
T(2s−2) has nonzero real and imaginary parts,
T(2s−2) = Y(2s−2) − iZ(2s−2) , Y¯(2s−2) = Y(2s−2) , Z¯(2s−2) = Z(2s−2) , (5.6.5d)
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except for the s = 1 case which is characterised by Y = 0. For s = 1 the above results
agree with [83].
The above results can be used to derive higher-spin supercurrents in a non-minimal
scalar supermultiplet model described by the action
S = −
∫
d3xd2θd2θ¯E Γ¯Γ , D¯2Γ = 0 , (5.6.6)
with Γ being a complex linear superfield. The non-minimal theory (5.6.6) proves to be
dual to (5.6.1) provided the U(1)R weight of Γ is opposite to that of Φ,
JΓ = rΓ . (5.6.7)
Replacing Φ → Γ¯ and Φ¯ → Γ in (5.6.5) gives the higher-spin supercurrents in the non-
minimal theory (5.6.6), which is similar to the 4D case [3, 116].
Let us also mention that in deriving eq. (5.6.5), one may find the following identities
useful. We start with the obvious relations
∂
∂ζα
D(2) = 2iζβDαβ , (5.6.8a)
∂
∂ζα
Dk(2) =
k∑
n=1
Dn−1(2) 2i ζβDαβ Dk−n(2) , k > 1 . (5.6.8b)
To simplify eq. (5.6.8b), we may push ζβDαβ, say, to the left provided that we take into
account its commutator with D(2):
[ζβDαβ ,D(2)] = −4iS2ζαζβζγMβγ . (5.6.9)
Associated with the Lorentz generators are the operators
M(2) := ζ
αζβMαβ , (5.6.10)
where M(2) appears in the right-hand side of (5.6.9). This operator annihilates every
superfield U(m)(ζ) of the form (5.5.6),
M(2)U(m) = 0 . (5.6.11)
From the above consideration, it follows that
[ζβDαβ ,Dk(2)]U(m) = 0 , (5.6.12a)( ∂
∂ζα
Dk(2)
)
U(m) = 2ik ζ
βDαβ Dk−1(2) U(m) . (5.6.12b)
We also state some other properties which we often use throughout our calculations
D2(1) = 0 , (5.6.13a)[D(1) ,D(2)] = [D¯(1) ,D(2)] = 0 , (5.6.13b)[Dα,D(2)] = 2iS ζαD(1) , (5.6.13c)[Dα,Dk(2)] = 2iS k ζαDk−1(2) D(1) , (5.6.13d)[Dα, ζβDαβ] = 3SD(1) . (5.6.13e)
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5.6.2 Massive model
We consider the addition of a mass term to the functional (5.6.1)
S =
∫
d3xd2θd2θ¯E Φ¯Φ +
{m
2
∫
d3xd2θ E Φ2 + c.c.
}
, (5.6.14)
with m a complex mass parameter. In the m 6= 0 case, the U(1)R weight of Φ is uniquely
fixed to be r = 1, in order for the action to be R-invariant.
Making use of the massive equations of motion
−1
4
D2Φ + m¯Φ¯ = 0, −1
4
D¯2Φ¯ +mΦ = 0, (5.6.15)
we obtain
D(−1)J(2s) = −2iS(2s+ 1)(s+ 1)D(1)
s−1∑
k=0
1
2s− 2k + 1(−1)
k
(
2s
2k + 1
)
×Dk(2)Φ¯ Ds−k−1(2) Φ
+m¯ (−1)s(2s+ 1)
s−1∑
k=0
{
1 + (−1)s 2k + 1
2s− 2k + 1
}
(−1)k
(
2s
2k + 1
)
×Dk(2)Φ¯ Ds−k−1(2) D¯(1)Φ¯ , (5.6.16)
where J(2s) is defined by (5.6.4). We observe that (5.6.16) can also be written in the form
D(−1)J(2s) = 1
2
(−1)sD(−1)
s−1∑
k=0
(−1)k
(
2s
2k + 1
)
Dk(2)D(1)Φ Ds−k−1(2) D¯(1)Φ¯
−1
2
D(1)
s−1∑
k=0
(2k + 1)(−1)k
(
2s
2k + 1
)
Dk(2)DαΦ Ds−k−1(2) D¯αΦ¯
+2iS D(1)
s−1∑
k=0
[
(2k + 1) + (−1)s−1s(2s− 2k − 1)]
×(−1)k
(
2s
2k + 1
)
Dk(2)Φ Ds−k−1(2) Φ¯
+i[1 + (−1)s]
s−1∑
k=0
(2k + 1)(−1)k
(
2s
2k + 1
)
×Dk(2)DαΦ Ds−k−1(2) ζβDαβΦ¯ . (5.6.17)
Thus, for all odd values of s,
s = 2n+ 1 , n = 0, 1, . . . , (5.6.18a)
we end up with the conservation equation
D(−1)Jˆ(2s) = D(1)Tˆ(2s−2) (5.6.18b)
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where we have denoted
Jˆ(2s) = J(2s) − 1
2
s∑
k=0
(−1)k
(
2s
2k + 1
)
Dk(2)D¯(1)Φ¯ Ds−k−1(2) D(1)Φ , (5.6.18c)
Tˆ(2s−2) = −1
2
s−1∑
k=0
(2k + 1)(−1)k
(
2s
2k + 1
)
Dk(2)DαΦ Ds−k−1(2) D¯αΦ¯
+2iS
s−1∑
k=0
[
(1− s)(2k + 1) + 2s2] (−1)k( 2s
2k + 1
)
Dk(2)Φ Ds−k−1(2) Φ¯ . (5.6.18d)
The trace multiplet Tˆ(2s−2) is covariantly linear,
D¯2Tˆ(2s−2) = 0 , D2Tˆ(2s−2) = 0 . (5.6.18e)
The conservation equation defined by eqs. (5.6.18b) and (5.6.18e) coincides with that
defined by eqs. (5.6.5a) and (5.6.5c).
The above analysis demonstrates that in the massive case, the higher-spin supercurrent
Jˆ(2s) exists only for the odd values of s. This conclusion is again analogous to our previous
results in 4D and (1,1) AdS superspace. As demonstrated in the construction of AdS
higher-spin supercurrents (see 4.4.4), the even values of s are also allowed provided there
are several massive chiral superfields in the theory. This analysis may be extended to the
(2,0) AdS case.
5.7 Massless higher-spin gauge theories in (2,0) AdS
superspace
The explicit structure of the higher-spin supercurrent multiplet defined by eqs. (5.6.5a)
and (5.6.5c) allows us to develop two off-shell formulations for a massless multiplet of half-
integer superspin-(s+ 1
2
), with s = 2, 3, . . . . We will call them type II and type III series4
to comply with the terminology introduced in [83] for the minimal off-shell formulations
for N = 2 supergravity (s = 1).
5.7.1 Type II series
Given a positive integer s ≥ 2, we propose to describe a massless multiplet of superspin-
(s+ 1
2
) in terms of two unconstrained real superfields
V(II)
(s+ 1
2
)
=
{
Hα(2s),Lα(2s−2)
}
. (5.7.1)
4Type I series will be referred to as the longitudinal formulation for the gauge massless half-integer
superspin multiplets in (1,1) AdS superspace (5.3.9) and Minkowski superspace [49]. The type I series and
its dual are naturally related to the off-shell formulations for massless higher-spin N = 1 supermultiplets
in four dimensions [63–65]. The type II and type III series have no four-dimensional counterpart.
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Here Hα(2s) = H(α1...α2s) and Lα(2s−2) = L(α1...α2s−2) are symmetric in their spinor indices.
We postulate gauge transformations for the dynamical superfields:
δλHα(2s) = D¯(α1λα2...α2s) −D(α1λ¯α2...α2s) ≡ gα(2s) + g¯α(2s) , (5.7.2a)
δλLα(2s−2) = − i
2
(D¯βλβα(2s−2) +Dβλ¯βα(2s−2)) , (5.7.2b)
where the gauge parameter λα(2s−1) is unconstrained complex. Eq. (5.7.2a) implies that
the complex gauge parameter gα(2s) is a covariantly longitudinal linear superfield,
gα(2s) := D¯(α1λα2...α2s) , D¯(α1gα2...α2s+1) = 0 . (5.7.3)
The gauge transformation of Hα(2s), eq. (5.7.2a), corresponds to the conformal superspin-
(s+ 1
2
) gauge prepotential reviewed in subsection 5.1.3. It is natural to interpret Lα(2s−2)
as a compensating multiplet. In order for δλHα(2s) and δλLα(2s−2) to be real, λα(2s−1) must
be charged under the R-symmetry group U(1)R:
Jλα(2s−1) = λα(2s−1) , Jλ¯α(2s−1) = −λ¯α(2s−1) . (5.7.4)
In addition to (5.7.2b), the compensator Lα(2s−2) also possesses its own gauge freedom
δξLα(2s−2) = ξα(2s−2) + ξ¯α(2s−2) , D¯βξα(2s−2) = 0 , (5.7.5)
with the gauge parameter ξα(2s−2) being covariantly chiral, but otherwise arbitrary. It
should be pointed out that in (1,1) AdS superspace covariantly chiral superfields exist only
in the scalar case, since the constraint D¯βΨα(n) = 0 is inconsistent for n > 0. Therefore,
the gauge transformation law (5.7.5) is specific for the (2,0) AdS supersymmetry.
Associated with Lα(2s−2) is the real field strength
Lα(2s−2) = iDβD¯βLα(2s−2) , Lα(2s−2) = L¯α(2s−2) , (5.7.6)
which is a covariantly linear superfield,
D2Lα(2s−2) = 0 ⇐⇒ D¯2Lα(2s−2) = 0 . (5.7.7)
It is inert under the gauge transformation (5.7.5), δξLα(2s−2) = 0. From (5.7.2b) we can
read off the λ-gauge transformation of the field strength
δλLα(2s−2) =
1
4
(DβD¯2λβα(2s−2) − D¯βD2λ¯βα(2s−2))
= − s
2s+ 1
DβD¯γ(gβγα(2s−2) + g¯βγα(2s−2))− 2is
2s+ 1
Dβγ g¯βγα(2s−2) . (5.7.8)
The reason why we express the gauge transformations of Hα(2s) and Lα(2s−2) in terms of
the constrained superfield gα(2s) is that such representation will be useful to carry out the
(2, 0)→ (1, 0) AdS reduction in chapter 6.
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Modulo an overall normalisation factor, there is a unique quadratic action which is
invariant under the gauge transformations (5.7.2). It is given by
S
(II)
(s+ 1
2
)
[Hα(2s),Lα(2s−2)] =
(
− 1
2
)s ∫
d3xd2θd2θ¯E
{
1
8
Hα(2s)DβD¯2DβHα(2s)
−s
8
([Dβ, D¯γ]Hβγα(2s−2))[Dδ, D¯ρ]Hδρα(2s−2)
+
s
2
(DβγHβγα(2s−2))DδρHδρα(2s−2) + 2isSHα(2s)DβD¯βHα(2s)
−2s− 1
2
(
Lα(2s−2)[Dβ, D¯γ]Hβγα(2s−2) + 2Lα(2s−2)Lα(2s−2)
)
−(s− 1)(2s− 1)
4s
(
DβLβα(2s−3)D¯2DγLγα(2s−3) + c.c.
)
−4(2s− 1)SLα(2s−2)Lα(2s−2)
}
. (5.7.9)
By construction, the action is also invariant under (5.7.5). This action differs from the
massless half-integer superspin actions in (1,1) AdS superspace, (5.3.6) and (5.3.9), due
to the presence of a Chern-Simons-type term.
Setting s = 1 in (5.7.9) gives the linearised action for (2,0) AdS supergravity, which
was originally derived in section 10.1 of [83]. Ref. [83] made use of the curvature param-
eter ρ, which is related to our S as ρ = 4S. It should be remarked that the structure
DβLβα(2s−3)D¯2DγLγα(2s−3) in (5.7.9) is not defined for s = 1. However, this term contains
an overall numerical factor (s− 1) and therefore it does not contribute for s = 1.
5.7.2 Type III series
Our second model for the massless multiplet of superspin-(s + 1
2
) is realised in terms
of dynamical variables that are completely similar to (5.7.1),
V(III)
(s+ 1
2
)
=
{
Hα(2s),Vα(2s−2)
}
. (5.7.10)
Here Hα(2s) and Vα(2s−2) are unconstrained real tensor superfields.
The dynamical superfields are defined modulo gauge transformations of the form
δλHα(2s) = D¯(α1λα2...α2s) −D(α1λ¯α2...α2s) = gα(2s) + g¯α(2s) , (5.7.11a)
δλVα(2s−2) =
1
2s
(D¯βλβα(2s−2) −Dβλ¯βα(2s−2)) , (5.7.11b)
where the gauge parameter λα(2s−1) is unconstrained complex, and the longitudinal linear
parameter gα(2s) is defined as in (5.7.3). As in the type II case, Hα(2s) is the superconformal
gauge multiplet, while Vα(2s−2) is a compensating multiplet. The only difference from the
type II case occurs in the gauge transformation law for the compensator Vα(2s−2).
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The compensator Vα(2s−2) is required to have its own gauge freedom of the form
δξVα(2s−2) = ξα(2s−2) + ξ¯α(2s−2) , D¯βξα(2s−2) = 0 , (5.7.12)
with the gauge parameter ξα(2s−2) being covariantly chiral, but otherwise arbitrary.
Associated with Vα(2s−2) is the real field strength
Vα(2s−2) = iDβD¯βVα(2s−2) , Vα(2s−2) = V¯α(2s−2) , (5.7.13)
which is inert under (5.7.12), δξVα(2s−2) = 0. It is not difficult to see that Vα(2s−2) is
covariantly linear,
D2Vα(2s−2) = 0 ⇐⇒ D¯2Vα(2s−2) = 0 . (5.7.14)
It varies under the λ-gauge transformation (5.7.11) as
δλVα(2s−2) =
i
4s
(DβD¯2λβα(2s−2) + D¯βD2λ¯βα(2s−2)) .
= − i
2s+ 1
DβD¯γ(gβγα(2s−2) − g¯βγα(2s−2))− 2
2s+ 1
Dβγ g¯βγα(2s−2) . (5.7.15)
Modulo normalisation, there exists a unique action being invariant under the gauge
transformations (5.7.11) and (5.7.12). It is given by
S
(III)
(s+ 1
2
)
=
(
− 1
2
)s ∫
d3xd2θd2θ¯E
{
1
8
Hα(2s)DβD¯2DβHα(2s)
− 1
16
([Dβ, D¯γ]Hβγα(2s−2))[Dδ, D¯ρ]Hδρα(2s−2)
+
1
4
(DβγHβγα(2s−2))DδρHδρα(2s−2) + iSHα(2s)DβD¯βHα(2s)
−2s− 1
2
(
Vα(2s−2)DβγHβγα(2s−2) + 1
2
Vα(2s−2)Vα(2s−2)
)
+2s(2s− 1)SVα(2s−2)Vα(2s−2)
+
1
8
(s− 1)(2s− 1)
(
DβVβα(2s−3)D¯2DγVγα(2s−3) + c.c.
)}
. (5.7.16)
Although the structure DβVβα(2s−3)D¯2DγVγα(2s−3) in (5.7.16) is not defined for s = 1, it
comes with the factor (s− 1) and drops out from (5.7.16) for the s = 1 case. In this case
the action coincides with the type III supergravity action5 in (2,0) AdS superspace, which
was originally derived in section 10.2 of [83].
5Type III supergravity is known only at the linearised level. In the super-Poincare´ case, it is a 3D
analogue of the massless superspin-3/2 multiplet proposed in [132].
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5.8 Summary and discussion
Let us summarise the main results obtained thus far. Sections 5.3 and 5.4 are devoted
to the superfield descriptions of off-shell massless higher-spin gauge theories in (1,1) AdS
superspace, which are essentially analogous to their 4D N = 1 AdS counterparts. A
useful application includes the possibility to derive off-shell massless higher-spin N = 1
supermultiplets by performing N = 2 → N = 1 superspace reduction. As an example,
we carried out reduction of the longitudinal theory for the massless superspin-s multiplet
(5.4.6) in the super-Poincare´ limit and ended up with a new model for massless N = 1
higher-spin supermultiplet that was not described in [50, 51]. In section 5.5, the off-shell
gauge formulations enabled us to derive consistent higher-spin supercurrent multiplets
with (1,1) AdS supersymmetry. By studying models for chiral scalar superfields, we
presented explicit expressions of such supercurrents.
With regards to (2,0) AdS supersymmetry, we employed a “bottom-up” approach. The
starting point was some simple dynamical systems in (2,0) AdS superspace, i.e models
for a free chiral scalar superfield. In such models, we deduced that the corresponding
multiplet of higher-spin currents is described by the conservation equations
DβJβα1...α2s−1 = D(α1Tα2...α2s−1) , D¯βJβα1...α2s−1 = D¯(α1T¯α2...α2s−1) , (5.8.1a)
with the real superfield Jα(2s) denotes the higher-spin supercurrent, and Tα(2s−2) the cor-
responding trace supermultiplet constrained to be covariantly linear
D¯2Tα(2s−2) = 0 , D2Tα(2s−2) = 0 . (5.8.1b)
In general, the trace supermultiplet is complex,
Tα(2s−2) = Yα(2s−2) − iZα(2s−2) , ImYα(2s−2) = 0 , ImZα(2s−2) = 0 . (5.8.1c)
In the s = 1 case, the above conservation equation coincides with that for the (2,0) AdS
supercurrent [83].
We did not carry out a systematic analysis (similar to that given by Dumitrescu and
Seiberg [79] for ordinary supercurrents in Minkowski space) of the higher-spin supercurrent
(5.8.1). However, the formal consistency of (5.8.1) follows from the structure of the
massless superspin-(s+ 1
2
) gauge theories constructed in section 5.7. For instance, within
the framework of the type II formulation, let us couple the prepotentials Hα(2s) and Lα(2s−2)
to external sources
S
(s+ 1
2
)
source =
∫
d3xd2θd2θ¯E
{
Hα(2s)Jα(2s) − 2Lα(2s−2)Zα(2s−2)
}
. (5.8.2)
Requiring S
(s+ 1
2
)
source to be invariant under the gauge transformations (5.7.5) tells us that the
real supermultiplet Zα(2s−2) is covariantly linear,
D¯2Zα(2s−2) = 0 . (5.8.3)
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If we also require S
(s+ 1
2
)
source to be invariant under the gauge transformations (5.7.2), we obtain
the conservation equation
D¯βJβα1...α2s−1 = iD¯(α1Zα2...α2s−1) . (5.8.4)
Additionally, taking the type III formulation into account leads to the general conservation
equation
D¯βJβα1...α2s−1 = D¯(α1
(
Yα2...α2s−1) + iZα2...α2s−1)
)
, (5.8.5)
where the real trace supermultiplets Yα(2s−2) and Zα(2s−2) are covariantly linear. The
off-shell construction of a massless multiplet of integer superspin with (2,0) AdS super-
symmetry would definitely deserve further study.
An improvement transformation exists for the higher-spin supercurrent multiplet (5.8.1).
Let us introduce
J˜α(2s) := Jα(2s) + [D(α1 , D¯α2 ]Sα3...α2s) + 2D(α1α2Rα3...α2s) , (5.8.6a)
Y˜α(2s−2) := Yα(2s−2) − iDγD¯γRα(2s−2) + 4(s+ 1)SRα(2s−2)
+
2
s
(s− 1)Dβ (α1Rα2...α2s−2)β , (5.8.6b)
Z˜α(2s−2) := Zα(2s−2) − is+ 1
s
DγD¯γSα(2s−2) − 4(s+ 1)SSα(2s−2)
−2
s
(s− 1)Dβ (α1Sα2...α2s−2)β , (5.8.6c)
with Sα(2s−2) and Rα(2s−2) real linear superfields. One may check that J˜α(2s), Y˜α(2s−2) and
Z˜α(2s−2) obey the conservation equation and constraints described by (5.8.1). In the s = 1
case, we reproduce the result given in section 10.4 of [83].
As a final remark, there is one special feature of the supergravity case, s = 1, for which
the supercurrent conservation equation takes the form [83]
D¯βJβα = D¯α
(
Y+ iZ
)
, (5.8.7)
with the real trace supermultiplets Y and Z being covariantly linear. Building on the
thorough analysis of [79], it was pointed out in [83] that there exists a well-defined im-
provement transformation that results with Y = 0. For all the supersymmetric field
theories in (2,0) AdS superspace considered in [83], the supercurrent is characterised by
the condition Y = 0. Actually, this condition is easy to explain. The point is that every
3D N = 2 supersymmetric field theory with U(1) R-symmetry may be coupled to the
(2,0) AdS supergravity, which implies Y = 0 upon freezing the supergravity multiplet
to its maximally supersymmetric (2,0) AdS background. There is another way to ex-
plain why Y may always be improved to zero. For simplicity, let us consider the case
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of N = 2 Poincare´ supersymmetry, with Dα and D¯α being the flat-superspace covariant
derivatives. In Minkowski superspace eq. (5.8.7) implies ∂αβJαβ = iDαD¯αY, and there-
fore Y = iDαD¯αR, for some real linear superfield R. If we now apply the flat-superspace
version of (5.8.6) with S = 0, we will end up with Y = 0. However, in the higher-spin
case it no longer seems possible to improve the trace supermultiplet Yα(2s−2) to vanish,
as our analysis in section 5.6 indicates.
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Chapter 6
Field theories with (2,0) AdS
supersymmetry in N = 1
AdS superspace
In the preceding chapter, it was pointed out that 3D N -extended AdS supergravity
exists in several incarnations and they are known as (p, q) AdS supergravity theories.
Various aspects of N = 2 supersymmetric higher-spin gauge theories in 3D anti-de Sitter
space, AdS3 , have also been elaborated in some detail.
This chapter has two main objectives. The first is to present a formalism which was
developed in [6] to reduce every field theory with (2,0) AdS supersymmetry to N = 1 AdS
superspace. This formalism is then applied to carry out the (2,0) → (1,0) AdS reduction
of the two off-shell massless higher-spin supermultiplets constructed in section 5.7. Our
motivation came from certain theoretical arguments which suggest the existence of more
general off-shell massless higher-spin N = 1 supermultiplets in AdS3 than those described
in [51]. The second objective is to study N = 1 supermultiplets of conserved higher-spin
currents in AdS3, which were derived for the first time in [6].
1
6.1 (2,0) → (1,0) AdS superspace reduction
The aim of this section is to elaborate on the details of procedure for reducing field
theories in (2,0) AdS superspace to N = 1 AdS superspace. Explicit examples of such a
reduction are given by considering supersymmetric nonlinear σ-models.
1It should be pointed out that the superconformal multiplets of conserved currents in Minkowski
superspace [109] can readily be lifted to AdS3.
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6.1.1 Geometry of (2,0) AdS superspace: Real basis
In section 5.2.2 the geometry of (2,0) AdS superspace was described in terms of the
complex basis for the spinor covariant derivatives, eq. (5.2.20). It proves to be more
convenient to switch to a real basis in order to carry out reduction to N = 1 AdS
superspace AdS3|2. Following [155], such a basis is introduced by replacing the complex
operators Dα and D¯α with ∇Iα = (∇1α,∇2α) defined as follows:
Dα = 1√2(∇1α − i∇2α) , D¯α = − 1√2(∇1α + i∇2α) . (6.1.1)
In a similar way, we introduce real coordinates, zM = (xm, θµI ), to parametrise (2,0) AdS
superspace. Defining ∇a = Da, the algebra of (2,0) AdS covariant derivatives (5.2.20)
turns into2
{∇Iα,∇Jβ} = 2iδIJ∇αβ − 4iδIJSMαβ + 4εαβεIJSJ , (6.1.2a)
[∇a,∇Jβ ] = S(γa)βγ∇Jγ , [∇a,∇b] = −4S2Mab , (6.1.2b)
The action of the U(1)R generator on the spinor covariant derivatives is given by
[J,∇Iα] = −iεIJ∇Jα . (6.1.3)
As may be seen from (6.1.2), the graded commutation relations for the operators ∇a
and ∇1α have the following properties:
1. These (anti-)commutation relations do not involve ∇2α,
{∇1α,∇1β} = 2i∇αβ − 4iSMαβ , (6.1.4a)
[∇a,∇1β] = S(γa)βγ∇1γ , [∇a,∇b] = −4S2Mab . (6.1.4b)
2. Relations (6.1.4) are isomorphic to the algebra of the covariant derivatives of AdS3|2,
see [155] for the details.
We thus see that AdS3|2 is naturally embedded in (2,0) AdS superspace as a subspace.
The real Grassmann variables of (2,0) AdS superspace, θµI = (θ
µ
1 , θ
µ
2 ), may be chosen in
such a way that AdS3|2 corresponds to the surface defined by θµ2 = 0. We also note that
no U(1)R curvature is present in the algebra of N = 1 AdS covariant derivatives. These
properties make possible a consistent (2, 0)→ (1, 0) AdS superspace reduction.
Now we will recast the fundamental properties of the (2,0) AdS Killing supervec-
tor fields in the real representation (6.1.1). The isometries of (2,0) AdS superspace are
described in terms of those first-order operators
ζ := ζB∇B = ζb∇b + ζβJ∇Jβ , J = 1, 2 , (6.1.5a)
2The antisymmetric tensors εIJ and εIJ are normalised as ε
12 = ε12 = 1.
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which solve the equation [
ζ +
1
2
lbcMbc + iτJ,∇A
]
= 0 , (6.1.5b)
for some real parameters τ and lab = −lba. Equation (6.1.5b) is equivalent to
∇IαζJβ = −εαβεIJτ + SδIJζαβ +
1
2
δIJ lαβ , (6.1.6a)
∇Iαζb = 2i ζβI(γb)αβ , (6.1.6b)
∇Iατ = −4iSεIJζαJ , (6.1.6c)
∇Iαlβγ = 8iSεα(βζIγ) , (6.1.6d)
and
∇aζb = lab = −lba , (6.1.7a)
∇aζβI = −SζαI (γa)βα , (6.1.7b)
∇aτ = 0 , (6.1.7c)
∇albc = 4S2(δbaζc − δcaζb) . (6.1.7d)
Some nontrivial implications of the above equations which will be important for our
subsequent consideration are:
∇I(αζβγ) = 0 , ∇I(αlβγ) = 0 , (6.1.8a)
∇I(αζJβ) = 2S δIJζαβ , ∇γ(IζJ)γ = 0 , (6.1.8b)
ζIα =
i
6
∇Iβζαβ =
i
12S∇
I
βl
αβ = − i
4S ε
IJ∇αJ τ , (6.1.8c)
τ = −1
4
εIJ∇γIζJγ . (6.1.8d)
Equation (6.1.7a) implies that ζa is a Killing vector field,
∇aζb +∇bζa = 0 , (6.1.9)
while (6.1.7b) is a Killing spinor equation. The real parameter τ is constrained by
(∇2)2τ = (∇1)2τ = 8iSτ , ∇aτ = 0 . (6.1.10)
6.1.2 Reduction from (2,0) to (1,0) AdS superspace
Given a tensor superfield U(x, θI) on (2,0) AdS superspace, its N = 1 projection (or
bar-projection) is defined by
U | := U (x, θI)|θ2=0 (6.1.11)
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in a special coordinate system to be specified below. By definition, U | depends on the
real coordinates zM = (xm, θµ), with θµ := θµ1 , which will be used to parametrise N = 1
AdS superspace AdS3|2. For the (2,0) AdS covariant derivative
∇A = (∇a,∇Iα) = EAM
∂
∂zM
+
1
2
ΩAbcMbc + iΦAJ , (6.1.12)
its bar-projection is defined as
∇A| = EAM| ∂
∂zM
+
1
2
ΩAbc|Mbc + iΦA|J . (6.1.13)
We use the freedom to perform general coordinate, local Lorentz and U(1)R transfor-
mations to choose the following gauge condition
∇a| = ∇a , ∇1α| = ∇α , (6.1.14)
where
∇A = (∇a,∇α) = EAM ∂
∂zM
+
1
2
ωA
bcMbc (6.1.15)
denotes the set of covariant derivatives for AdS3|2, which obey the following graded com-
mutation relations:
{∇α,∇β} = 2i∇αβ − 4iSMαβ , (6.1.16a)
[∇a,∇β] = S(γa)βγ∇γ , [∇a,∇b] = −4S2Mab . (6.1.16b)
In such a coordinate system, the operator ∇1α| contains no partial derivative with respect
to θ2. As a consequence,
(∇1α1 · · ·∇1αkU)∣∣ = ∇α1 · · · ∇αkU |, for any positive integer k,
where U is a tensor superfield on (2,0) AdS superspace. Let us study how the N = 1
descendants of U defined by Uα1...αk :=
(∇2α1 · · ·∇2αkU)∣∣ transform under the (2,0) AdS
isometries, with k a non-negative integer.
We introduce the N = 1 projection of the (2,0) AdS Killing supervector field (6.1.5)
ζ| = ξb∇b + ξβ∇β + β∇2β| , ξb := ζb| , ξβ := ζβ1 | , β := ζβ2 | . (6.1.17)
We also introduce the N = 1 projections of the Lorentz and U(1)R parameters in (6.1.5):
λbc := lbc| ,  := τ | . (6.1.18)
It follows from (6.1.5) that the N = 1 parameters ξB = (ξb, ξβ) and λbc obey the equation[
ξ +
1
2
λbcMbc,∇A
]
= 0 , ξ = ξB∇B = ξb∇b + ξβ∇β , (6.1.19)
which tells us that ξB is a Killing supervector field of N = 1 AdS superspace [155]. This
equation is equivalent to
∇(αξβγ) = 0 , ∇βξβα = −6iξα , (6.1.20a)
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∇αξβ = 1
2
λαβ + Sξαβ , (6.1.20b)
∇(αλβγ) = 0 , ∇βλβα = −12iSξα . (6.1.20c)
These relations automatically follow from the (2,0) AdS Killing equations, eqs. (6.1.6a) –
(6.1.6d), upon N = 1 projection. Thus (ξa, ξα, λab) parametrise the infinitesimal isome-
tries of AdS3|2 [155] (see also [51]).
The remaining parameters α and  generate the second supersymmetry and U(1)R
transformations, respectively. Using the Killing equations (6.1.8), it can be shown that
they satisfy the following properties
α =
i
4S∇α ,  = −
1
2
∇αα , (6.1.21a)
(i∇2 + 8S) = 0 , ∇a = 0 . (6.1.21b)
These imply that the only independent components of  are |θ=0 and ∇α|θ=0. They
correspond to the U(1)R and second supersymmetry transformations, respectively.
Given a matter tensor superfield U , its (2,0) AdS transformation law
δζU =
(
ζ +
1
2
lbcMbc + iτJ
)
U (6.1.22)
turns into
δζU | = δξU |+ δU | , (6.1.23a)
δξU | =
(
ξb∇b + ξβ∇β + 1
2
λbcMbc
)
U | , (6.1.23b)
δU | = β(∇2βU)|+ iJ U | . (6.1.23c)
It follows from (6.1.5) and (6.1.23) that everyN = 1 descendant Uα1...αk :=
(∇2α1 · · ·∇2αkU)∣∣
is a tensor superfield on AdS3|2,
δξUα1...αk =
(
ξb∇b + ξβ∇β + 1
2
λbcMbc
)
Uα1...αk . (6.1.24)
For the -transformation we get
δUα1...αk = 
β
(∇2β∇2α1 · · ·∇2αkU)∣∣+ i(J∇2α1 · · ·∇2αkU)∣∣ (6.1.25)
= βUβα1...αk − 
k∑
l=1
∇2α1 · · ·∇2αl−1∇1αl∇2αl+1 · · ·∇2αkU
)∣∣+ iqUα1...αk ,
where q is the U(1)R charge of U defined by JU = qU . In the second term on the right,
we have to push ∇1αl to the far left through the (l − 1) factors of ∇2’s by making use of
the relation {∇1α,∇2β} = 4εαβSJ and taking into account the relation(∇1αl∇2α1 · · ·∇2αl−1∇2αl+1 · · ·∇2αkU)∣∣ = ∇αlUα1...αl−1αl+1...αk . (6.1.26)
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As the next step, the U(1)R generator J should be pushed to the right until it hits U pro-
ducing on the way insertions of ∇1. Then the procedure should be repeated. As a result,
the variation δUα1...αk is expressed in terms of the superfields Uα1...αk+1 , Uα1...αk , · · ·Uα1 , U .
So far we have been completely general and discussed infinitely many descendants
Uα1...αk of U . However only a few of them are functionally independent. Indeed, eq.
(6.1.2a) tells us that
{∇2α,∇2β} = 2i∇αβ − 4iSMαβ , (6.1.27)
and thus every Uα1...αk for k > 2 can be expressed in terms of U , Uα and Uα1α2 . Therefore,
it suffices to consider k ≤ 2.
Let us give two examples of matter superfields on (2,0) AdS superspace. We first
consider a covariantly chiral scalar superfield φ, D¯αφ = 0, with an arbitrary U(1)R
charge q defined by Jφ = qφ. It transforms under the (2,0) AdS isometries as
δζφ = (ζ + iqτ)φ . (6.1.28)
When expressed in the real basis (6.1.1), the chirality constraint on φ means
∇2αφ = i∇1αφ , (6.1.29)
As a result, there is only one independent N = 1 superfield upon reduction,
ϕ := φ| . (6.1.30)
We then get the following relations
∇2αφ| = i∇αϕ , (6.1.31a)
(∇2)2φ| = −∇2ϕ− 8iqSϕ . (6.1.31b)
The -transformation (6.1.25) is given by
δϕ = i
β∇βϕ+ iqϕ . (6.1.32)
Our second example is a real linear superfield L = L¯ , D¯2L = 0 . The real linearity
constraint relates the N = 1 descendants of L as follows:
(∇2)2L = (∇1)2L , (6.1.33a)
∇1β∇2βL = 0 . (6.1.33b)
Thus, L is equivalent to two independent, real N = 1 superfields:
X := L| , Wα := i∇2αL| . (6.1.34)
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Here X is unconstrained, while Wα obeys the constraint (6.1.33b)
∇αWα = 0 , (6.1.35)
which means that Wα is the field strength of an N = 1 vector multiplet. Since L is
neutral under the R-symmetry group U(1)R, J L = 0, the second supersymmetry and
U(1)R transformation laws of the N = 1 descendants of L are as follows:
δX = δL| = β(∇2βL)| = −iβWβ , (6.1.36a)
δWα = i
(∇2αδL)| = iβ(∇2β∇2αL)| − [J,∇2α]L|
= −β∇αβX − i
2
α∇2X − i∇αX . (6.1.36b)
6.1.3 The (2,0) AdS supersymmetric actions in AdS3|2
Every rigid supersymmetric field theory in (2,0) AdS superspace may be reduced to
N = 1 AdS superspace. Here we provide the key technical details of the reduction.
In accordance with [83, 113, 160, 168], there are two ways of constructing supersym-
metric actions in (2,0) AdS superspace: (i) either by integrating a real scalar L over the
full (2,0) AdS superspace,3
S =
∫
d3xd2θd2θ¯E L = 1
16
∫
d3x eD2D¯2L
∣∣∣
θ=0
=
1
16
∫
d3x e D¯2D2L
∣∣∣
θ=0
(6.1.37)
=
∫
d3x e
( 1
16
DαD¯2Dα + iSD¯αDα
)
L
∣∣∣
θ=0
=
∫
d3x e
( 1
16
D¯αD2D¯α + iSDαD¯α
)
L
∣∣∣
θ=0
,
with E−1 = Ber(EAM); or (ii) by integrating a covariantly chiral scalar Lc over the chiral
subspace of the (2,0) AdS superspace,
Sc =
∫
d3x d2θ E Lc = −1
4
∫
d3x eD2Lc
∣∣∣
θ=0
, D¯αLc = 0 , (6.1.38)
with E being the chiral density. The superfield Lagrangians L and Lc are neutral and
charged, respectively with respect to the group U(1)R:
JL = 0 , JLc = −2Lc . (6.1.39)
The two types of supersymmetric actions are related to each other by the rule∫
d3xd2θd2θ¯E L =
∫
d3xd2θ ELc , Lc := −1
4
D¯2L . (6.1.40)
Instead of reducing the above actions to components, in this paper we need their
reduction to N = 1 AdS superspace. We remind the reader that the supersymmetric
3The component inverse vierbein is defined as usual, ea
m(x) = Ea
m|θ=0, with e−1 = det(eam).
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action in AdS3|2 makes use of a real scalar Lagrangian L. The superspace and component
forms of the action are:
S =
∫
d3|2z E L =
1
4
∫
d3x e
(
i∇2 + 8S)L∣∣∣
θ=0
. (6.1.41)
For the action (6.1.37) we get
S =
∫
d3xd2θd2θ¯E L = − i
4
∫
d3|2z E (∇2)2L
∣∣∣ , (6.1.42)
with E−1 = Ber(EA M). The chiral action (6.1.38) reduces to (1,0) AdS as follows:
Sc =
∫
d3xd2θ ELc = 2i
∫
d3|2z E Lc
∣∣∣ . (6.1.43)
Making use of the (2,0) AdS transformation law δL = ζL, δLc = (ζ − 2iτ)Lc, and
the Killing equation (6.1.5b), it can be checked explicitly that the N = 1 action defined
by the right-hand side of (6.1.42), or (6.1.43) are invariant under the (2,0) AdS isometry
transformations.
6.1.4 Supersymmetric nonlinear sigma models
To illustrate the (2, 0) → (1, 0) AdS superspace reduction described above, here we
discuss two interesting examples.
Our first example is a general nonlinear σ-model with (2,0) AdS supersymmetry [83,
168]. It is described by the action
S =
∫
d3x d2θ d2θ¯EK(φi, φ¯j¯) +
{∫
d3xd2θ EW (φi) + c.c
}
, D¯αφi = 0 , (6.1.44)
whereK(φi, φ¯j¯) is the Ka¨hler potential of a Ka¨hler manifold andW (φi) is a superpotential.
The U(1)R generator is realised on the dynamical superfields φ
i and φ¯i¯ as
iJ = Ji(φ)∂i + J¯
i¯(φ¯)∂i¯ , (6.1.45)
where Ji(φ) is a holomorphic Killing vector field such that
Ji(φ)∂iK = − i
2
D(φ, φ¯) , D¯ = D , (6.1.46)
for some Killing potential D(φ, φ¯). The superpotential has to obey the condition
Ji(φ)∂iW = −2iW (6.1.47)
in order for the action (6.1.44) to be invariant under the (2,0) AdS isometry transforma-
tions
δφi = (ζ + iτJ)φi . (6.1.48)
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In the real representation (6.1.1), the chirality condition on φi turns into
∇2αφi = i∇1αφi . (6.1.49)
It follows that upon N = 1 reduction, φi leads to just one superfield,
ϕi := φi| . (6.1.50)
In particular, we have the following relations
∇2αφi| = i∇αϕi , (6.1.51a)
(∇2)2φi| = −∇2ϕi − 8SJi(ϕ) . (6.1.51b)
Using the reduction rules (6.1.42) and (6.1.43), we obtain
S =
∫
d3|2z E
{
− iKij¯(ϕ, ϕ¯)∇αϕi∇αϕ¯j¯ + SD(ϕ, ϕ¯) +
(
2iW (ϕ) + c.c.
)}
, (6.1.52)
where we have made use of the standard notation
Ki1···ipj¯1···j¯q :=
∂p+qK(ϕ, ϕ¯)
∂ϕi1 · · · ∂ϕip∂ϕ¯j¯1 · · · ∂ϕ¯j¯q . (6.1.53)
The action (6.1.52) is manifestly N = 1 supersymmetric. One may explicitly check that
it is also invariant under the second supersymmetry and R-symmetry transformations
generated by a real scalar parameter  subject to the constraints (6.1.21), which are:
δϕ
i = iα∇αϕi +  Ji(ϕ) . (6.1.54)
The family of supersymmetric σ-models (6.1.44) includes a special subclass which is
specified by the two conditions: (ii) all φ’s are neutral, Jφi = 0; and (ii) no superpotential
is present, W (φ) = 0. In this case no restriction on the Ka¨hler potential is imposed by
eq. (6.1.46), and the action (6.1.44) is invariant under arbitrary Ka¨hler transformations
K → K + Λ + Λ¯, (6.1.55)
with Λ(φi) a holomorphic function. The corresponding action in N = 1 AdS superspace
is obtained from (6.1.52) by setting D(ϕ, ϕ¯) = 0 and W (ϕ) = 0, and thus the action is
manifestly Ka¨hler invariant.
Let us also consider a supersymmetric nonlinear σ-model formulated in terms of several
Abelian vector multiplets with action [83]
S = −2
∫
d3x d2θ d2θ¯E F (Li) , D¯2Li = 0 , L¯i = Li , (6.1.56)
where F (xi) is a real analytic function of several variables, which is defined modulo linear
inhomogeneous shifts
F (x)→ F (x) + bixi + c , (6.1.57)
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with real parameters bi and c. The real linear scalar Li is the field strength of a vector
multiplet. Upon reduction to N = 1 AdS superspace, Li generates two different N = 1
superfields:
X i := Li| , W iα := i∇2αLi| . (6.1.58)
Here the real scalar X i is unconstrained, while the real spinor W iα obeys the constraint
∇αW iα = 0 , (6.1.59)
which means that W iα is the field strength of an N = 1 vector multiplet. Reducing the
action (6.1.56) to N = 1 AdS superspace gives
S = − i
2
∫
d3|2z E gij(X)
{
∇αX i∇αXj +WαiW jα
}
, (6.1.60)
where we have introduced the target-space metric
gij(X) =
∂2F (X)
∂X i∂Xj
. (6.1.61)
The vector multiplets in (6.1.60) can be dualised into scalar ones, which gives
Sdual = − i
2
∫
d3|2z E
{
gij(X)∇αX i∇αXj + gij(X)∇αYi∇αYj
}
, (6.1.62)
with gij(X) being the inverse metric.
6.2 Massless higher-spin models: Type II series
In accordance with section 5.7, there exist two off-shell formulations for a massless
multiplet of half-integer superspin-(s+ 1
2
) in (2,0) AdS superspace, with s = 2, 3, . . . , which
are called the type II and type III series. In this section we describe the (2, 0) → (1, 0)
AdS superspace reduction of the type II theory. The reduction of the type III theory will
be given in section 6.3.
6.2.1 Reduction of the gauge prepotentials to AdS3|2
Let us turn to reducing the gauge prepotentials (5.7.1) to N = 1 AdS superspace.4
Our first task is to work out such a reduction for the superconformal gauge multiplet
Hα(2s). In the real representation (6.1.1), the longitudinal linear constraint (5.7.3) takes
the form
∇2(α1gα2...α2s+1) = i∇
1
(α1
gα2...α2s+1) . (6.2.1)
4In the super-Poincare´ case, the N = 2→ N = 1 reduction of Hα(2s) has been carried out in [50].
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It follows that gα(2s) has two independent θ2-components, which are
gα(2s)| , ∇2βgα(2s−1)β| . (6.2.2)
The gauge transformation of Hα(2s), eq. (5.7.2a), allows us to choose two gauge conditions
Hα(2s)| = 0 , ∇2βHα(2s−1)β| = 0 . (6.2.3)
In this gauge we stay with the following unconstrained real N = 1 superfields:
Hα(2s+1) := i∇2(α1Hα2...α2s+1)| , (6.2.4a)
Hα(2s) :=
i
4
(∇2)2Hα(2s)| . (6.2.4b)
There exists a residual gauge freedom which preserves the gauge conditions (6.2.3). It is
described by unconstrained real N = 1 superfields ζα(2s) and ζα(2s−1) defined by
gα(2s)| = − i
2
ζα(2s) , ζ¯α(2s) = ζα(2s) , (6.2.5a)
∇2βgα(2s−1)β| = 2s+ 1
2s
ζα(2s−1) , ζ¯α(2s−1) = ζα(2s−1) . (6.2.5b)
The gauge transformation laws of the superfields (6.2.4) are given by
δHα(2s+1) = i∇(α1ζα2...α2s+1) , (6.2.6a)
δHα(2s) = ∇(α1ζα2...α2s) . (6.2.6b)
Our next step is to reduce the compensator Lα(2s−2) toN = 1 AdS superspace. Making
use of the representation (6.1.1), we observe that the chirality condition (5.7.5) reads
∇2βξα(2s−2) = i∇1βξα(2s−2) . (6.2.7)
The gauge transformation (5.7.5) allows us to impose a gauge condition
Lα(2s−2)| = 0 . (6.2.8)
Thus, upon reduction to N = 1 superspace, we have the following real superfields
Ψβ;α(2s−2) := i∇2βLα(2s−2)| , (6.2.9a)
Lα(2s−2) :=
i
4
(∇2)2Lα(2s−2)| . (6.2.9b)
Here Ψβ;α(2s−2) is a reducible superfield which belongs to the representation 2⊗ (2s− 1)
of SL(2,R), Ψβ;α1...α2s−2 = Ψβ; (α1...α2s−2). The condition (6.2.8) is preserved by the residual
gauge freedom generated by a real unconstrained N = 1 superfield ηα(2s−2) defined by
ξα(2s−2)| = − i
2
ηα(2s−2) , η¯α(2s−2) = ηα(2s−2) . (6.2.10)
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We may now determine how the η-transformation acts on the superfields (6.2.9a) and
(6.2.9b). We obtain
δηΨβ;α(2s−2) = i∇βηα(2s−2) , (6.2.11a)
δηLα(2s−2) = 0 , (6.2.11b)
where we have used the chirality constraint (6.2.7) and the expression (6.2.10) for the
residual gauge transformation.
Next, we analyse the λ-gauge transformation and reduce the N = 2 field strength
Lα(2s−2) to AdS3|2. In the real basis for the covariant derivatives, the real linearity con-
straint (5.7.7) is equivalent to two constraints:
(∇2)2Lα(2s−2) = (∇1)2Lα(2s−2) , (6.2.12a)
∇1β∇2βLα(2s−2) = 0 . (6.2.12b)
These constraints imply that the resulting N = 1 components of Lα(2s−2) are given by
Lα(2s−2)| , i∇2βLα(2s−2)| , (6.2.13)
of which the former is unconstrained and the latter is a constrained N = 1 superfield that
proves to be a gauge-invariant field strength, as we shall see below. The relation between
Lα(2s−2) and the prepotential Lα(2s−2) is given by (5.7.6), which can be expressed as
Lα(2s−2) = − i
2
{
(∇1)2 + (∇2)2
}
Lα(2s−2) . (6.2.14)
We now compute the bar-projection of (6.2.14) in the gauge (6.2.8) and make use of the
definition (6.2.9b) to obtain
Lα(2s−2)| = −2Lα(2s−2) . (6.2.15)
Making use of (6.2.14) and (6.2.9a), the bar-projection of i∇2βLα(2s−2) leads to the N = 1
field strength
Wβ;α(2s−2) := i∇2βLα(2s−2)| = −i
(
∇γ∇β − 4iSδγβ
)
Ψγ;α(2s−2) . (6.2.16)
Here Wβ;α(2s−2) is a real superfield, Wβ;α(2s−2) = W¯β;α(2s−2), and is a descendant of the
real unconstrained prepotential Ψβ;α(2s−2) defined modulo gauge transformation (6.2.11a).
The field strength proves to be gauge invariant under (6.2.11a). It also obeys
∇βWβ;α(2s−2) = 0 , (6.2.17)
as a consequence of (6.2.12b) and the identity (A.2.12b). Let us express the gauge trans-
formation of Lα(2s−2), eq. (5.7.8) in terms of the real basis for the covariant derivatives,
δLα(2s−2) =
is
2s+ 1
{
∇1β∇2γ
(
gβγα(2s−2) + g¯βγα(2s−2)
)
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+ ∇βγ
(
gβγα(2s−2) − g¯βγα(2s−2)
)}
, (6.2.18)
In a similar way, one should also rewrite ∇2β δLα(2s−2) in the real basis. This allows us to
derive the gauge transformations for Lα(2s−2) and Wβ;α(2s−2)
δLα(2s−2) = − s
2(2s+ 1)
∇βγζβγα(2s−2) , (6.2.19a)
δWβ;α(2s−2) = i
(∇γ∇β − 4iSδγβ)ζγα(2s−2) . (6.2.19b)
We can then read off the transformation law for the prepotential Ψβ;α(2s−2)
δΨβ;α(2s−2) = −ζβα(2s−2) + i∇βηα(2s−2) , (6.2.19c)
where we have also taken into account the η-gauge freedom (6.2.11a).
Applying the N = 1 reduction rule (6.1.42) to the type II action (5.7.9) and using the
commutation relation
[(∇1)2(∇1)2 − 4iS(∇1)2,∇2α] = 16S∇αβ∇2β − 16S2∇2α
− 32S2∇2βMαβ − 32iS2∇1αJ , (6.2.20)
we find that (5.7.9) becomes a sum of two actions,
S
(II)
(s+ 1
2
)
[Hα(2s),Lα(2s−2)] = S
‖
(s+ 1
2
)
[Hα(2s+1), Lα(2s−2)] + S⊥(s)[Hα(2s),Ψβ;α(2s−2)] .(6.2.21)
Explicit expressions for these N = 1 actions will be given in the next subsection.
6.2.2 Massless higher-spin N = 1 supermultiplets in AdS3
The gauge transformations (6.2.6a), (6.2.6b), (6.2.19a) and (6.2.19c) tell us that in
fact we are dealing with two different N = 1 supersymmetric higher-spin gauge theories.
Given a positive integer n > 0, we say that a supersymmetric gauge theory describes
a multiplet of superspin n/2 if it is formulated in terms of a superconformal gauge pre-
potential Hα(n) and possibly a compensating multiplet. The gauge freedom of the real
tensor superfield Hα(n) is
δζHα(n) = i
n(−1)bn/2c∇(α1ζα2...αn) , (6.2.22)
with the gauge parameter ζα(n−1) being real but otherwise unconstrained.
6.2.2.1 Longitudinal formulation for massless superspin-(s+ 1
2
) multiplet
One of the two N = 1 theories provides an off-shell formulation for the massless
superspin-(s + 1
2
) multiplet. It is formulated in terms of the real unconstrained gauge
superfields
V‖
(s+ 1
2
)
=
{
Hα(2s+1), Lα(2s−2)
}
, (6.2.23)
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which are defined modulo gauge transformations
δHα(2s+1) = i∇(α1ζα2...α2s+1) , (6.2.24a)
δLα(2s−2) = − s
2(2s+ 1)
∇βγζβγα(2s−2) , (6.2.24b)
where the parameter ζα(2s) is unconstrained real. The gauge-invariant action is
S
‖
(s+ 1
2
)
[Hα(2s+1), Lα(2s−2)] =
(
− 1
2
)s ∫
d3|2z E
{
− i
2
Hα(2s+1)QHα(2s+1)
− i
8
∇βHβα(2s)∇2∇γHγα(2s) + is
4
∇βγHβγα(2s−1)∇ρδHρδα(2s−1)
+(2s− 1)Lα(2s−2)∇βγ∇δHβγδα(2s−2)
+2(2s− 1)
(
Lα(2s−2)(i∇2 − 4S)Lα(2s−2) − i
s
(s− 1)∇βLβα(2s−3)∇γLγα(2s−3)
)
+S
(
s∇βHβα(2s)∇γHγα(2s) + 1
2
(2s+ 1)Hα(2s+1)(∇2 − 4iS)Hα(2s+1)
)}
, (6.2.25)
where Q is the quadratic Casimir operator of the 3D N = 1 AdS supergroup, see
eq. (A.2.14). The action (6.2.25) coincides with the off-shell N = 1 supersymmetric
action for massless half-integer superspin in AdS3|2 in the form given in [51]. Its flat-
superspace limit was presented earlier in [50]. In what follows, we will refer to the above
theory as the longitudinal formulation for the massless superspin-(s+ 1
2
) multiplet.
The structure ∇βLβα(2s−3)∇γLγα(2s−3) in (6.2.25) is not defined for s = 1. However it
comes with the factor (s− 1) and drops out from (6.2.25) for s = 1. The resulting action
S
‖
( 3
2
)
[Hα(3), L] = −1
2
∫
d3|2z E
{
− i
2
Hα(3)QHα(3) − i
8
∇βHβα(2)∇2∇γHγα(2)
+
i
4
∇βγHβγα∇ρδHρδα + L∇βγ∇δHβγδ + 2L
(
i∇2 − 4S)L (6.2.26)
+S
(
∇βHβα(2)∇γHγα(2) + 3
2
Hα(3)
(∇2 − 4iS)Hα(3))}
is the linearised action for N = 1 AdS supergravity. In the flat superspace limit, the
action is equivalent to the one given in [56].
6.2.2.2 Transverse formulation for massless superspin-s multiplet
The other N = 1 theory provides a formulation for the massless superspin-s multiplet.
It is described by the unconstrained real superfields
V⊥(s) =
{
Hα(2s),Ψβ;α(2s−2)
}
, (6.2.27)
which are defined modulo gauge transformations of the form
δHα(2s) = ∇(α1ζα2...α2s) , (6.2.28a)
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δΨβ;α(2s−2) = −ζβα(2s−2) + i∇βηα(2s−2) , (6.2.28b)
where the gauge parameters ζα(2s−1) and ηα(2s−2) are unconstrained real. The gauge-
invariant action is given by
S⊥(s)[Hα(2s),Ψβ;α(2s−2)] =
(
− 1
2
)s ∫
d3|2z E
{
1
2
Hα(2s)(i∇2 + 8sS)Hα(2s)
−is∇βHβα(2s−1)∇γHγα(2s−1) − (2s− 1)Wβ;α(2s−2)∇γHγβα(2s−2)
− i
2
(2s− 1)
(
Wβ;α(2s−2)Wβ;α(2s−2) + s− 1
s
Wβ; βα(2s−3)Wγ; γα(2s−3)
)
−2i(2s− 1)SΨβ;α(2s−2)Wβ;α(2s−2)
}
, (6.2.29a)
where Wβ;α(2s−2) denotes the field strength
Wβ;α(2s−2) = −i
(
∇γ∇β − 4iSδγβ
)
Ψγ;α(2s−2) , ∇βWβ;α(2s−2) = 0 . (6.2.29b)
The action (6.2.29) defines a new N = 1 supersymmetric higher-spin theory which was
not present in [4, 50,51] even in the super-Poincare´ case.
The structure Wβ; βα(2s−3)Wγ; γα(2s−3) in (6.2.29a) is not defined for s = 1. However
it comes with the factor (s − 1) and drops out from (6.2.29a) for s = 1. The resulting
gauge-invariant action
S⊥(1)[Hα(2),Ψβ] = −
1
2
∫
d3|2z E
{
1
2
Hα(2)(i∇2 + 8S)Hα(2) − i∇βHβα∇γHγα
−Wβ∇γHγβ − i
2
WβWβ − 2iSΨβWβ
}
(6.2.30)
provides an off-shell realisation for a massless gravitino multiplet in AdS3. In the flat-
superspace limit, this model reduces to the one described in [50].
In the s > 1 case, the gauge freedom of the prepotential Ψβ;α(2s−2) (6.2.28) allows us
to impose a gauge condition
Ψ(α1;α2...α2s−1) = 0 ⇐⇒ Ψβ;α(2s−2) =
2s−2∑
k=1
εβαkϕα1...αˆk...α2s−2 , (6.2.31)
for some field ϕα(2s−3). Since we gauge away the symmetric part of Ψβ;α(2s−2), the two
gauge parameters ζα(2s−1) and ηα(2s−2) are related. The theory is now realised in terms of
the following dynamical variables{
Hα(2s), ϕα(2s−3)
}
, (6.2.32)
with the gauge freedom
δHα(2s) = −∇(α1α2ηα3...α2s) , (6.2.33a)
δϕα(2s−3) = i∇βηβα(2s−3) . (6.2.33b)
It follows that in the flat superspace limit, S = 0, and in the gauge (6.2.31), the action
(6.2.29) reduces to (5.4.51). The component structure of this model will be discussed in
appendix C.1.
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6.3 Massless higher-spin models: Type III series
In this section we carry out the N = 1 AdS superspace reduction of the type III theory
(5.7.16) following the procedure employed in section 6.2.
6.3.1 Reduction of the gauge prepotentials to AdS3|2
The reduction of the superconformal gauge multiplet Hα(2s) to AdS
3|2 has been carried
out in the previous section. We saw that in the gauge (6.2.3), Hα(2s) is described by the
two unconstrained real superfields Hα(2s+1) and Hα(2s) defined according to (6.2.4), with
their gauge transformation laws given by eqs. (6.2.6a) and (6.2.6b), respectively. Now it
remains to reduce the prepotential Vα(2s−2) to N = 1 AdS superspace, following the same
approach as outlined in the type II series. The gauge transformation (5.7.12) allows us to
choose a gauge condition
Vα(2s−2)| = 0 . (6.3.1)
The compensator Vα(2s−2) is then equivalent to the following real N = 1 superfields,
which we define as follows:
Υβ;α(2s−2) := i∇2βVα(2s−2)| , (6.3.2a)
Vα(2s−2) :=
i
4
(∇2)2Vα(2s−2)| . (6.3.2b)
The residual gauge freedom, which preserves the gauge condition (6.3.1) is described by
a real unconstrained N = 1 superfield ηα(2s−2) defined by
ξα(2s−2)| = − i
2
ηα(2s−2) , η¯α(2s−2) = ηα(2s−2) . (6.3.3)
As a result, we may determine how (6.3.2a) and (6.3.2b) vary under η-transformation
δηΥβ;α(2s−2) = i∇βηα(2s−2) , (6.3.4a)
δηVα(2s−2) = 0 . (6.3.4b)
Next, we analyse the λ-gauge transformation and reduce the field strength Vα(2s−2) to
AdS3|2. In the real basis for the covariant derivatives, the real linearity constraint (5.7.14)
turns into:
(∇2)2Vα(2s−2) = (∇1)2Vα(2s−2) , (6.3.5a)
∇1β∇2βVα(2s−2) = 0 . (6.3.5b)
This tells us that Vα(2s−2) is equivalent to two real N = 1 superfields
Vα(2s−2)| , i∇2βVα(2s−2)| . (6.3.6)
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The relation between the field strength Vα(2s−2) and the prepotential Vα(2s−2) is given by
(5.7.13), which can be expressed as
Vα(2s−2) = − i
2
{
(∇1)2 + (∇2)2
}
Vα(2s−2) . (6.3.7)
We now compute the bar-projection of (6.3.7) in the gauge (6.3.1) and make use of the
definition (6.3.2b) to obtain
Vα(2s−2)| = −2Vα(2s−2) . (6.3.8)
The bar-projection of i∇2βVα(2s−2) leads to the N = 1 field-strength
Ωβ;α(2s−2) := i∇2βVα(2s−2)|
= −i
(
∇γ∇β − 4iSδβ γ
)
Υγ;α(2s−2) , (6.3.9)
which is a real superfield, Ωβ;α(2s−2) = Ω¯β;α(2s−2), and is a descendant of the real uncon-
strained prepotential Υβ;α(2s−2) defined modulo gauge transformation (6.3.4a). One may
check that the field strength is invariant under (6.3.4a) and obeys the condition
∇βΩβ;α(2s−2) = 0 . (6.3.10)
Let us express the gauge transformation of Vα(2s−2), eq. (5.7.15) in terms of the real basis
for the covariant derivatives. This leads to
δVα(2s−2) = − 1
2s+ 1
{
∇1β∇2γ
(
gβγα(2s−2) − g¯βγα(2s−2)
)
+ ∇βγ
(
gβγα(2s−2) + g¯βγα(2s−2)
)}
. (6.3.11)
One should also express its corollary∇2βδVα(2s−2) in the real basis for the covariant deriva-
tives. We determine the gauge transformations law for Vα(2s−2) and Ωβ;α(2s−2) to be
δVα(2s−2) =
1
2s
∇βζβα(2s−2) , (6.3.12a)
δΩβ;α(2s−2) =
1
2s+ 1
(∇γ∇β∇δ − 4iS∇δδβ γ)ζδγα(2s−2) . (6.3.12b)
From (6.3.12b) we read off the transformation law for the prepotential Υβ;α(2s−2):
δΥβ;α(2s−2) =
i
2s+ 1
(
∇γζγβα(2s−2) + (2s+ 1)∇βηα(2s−2)
)
, (6.3.13)
where we have also taken into account the η-gauge freedom (6.3.4a).
Performing N = 1 reduction to the original type III action (5.7.16), we arrive at two
decoupled N = 1 actions
S
(III)
(s+ 1
2
)
[Hα(2s),Vα(2s−2)] = S⊥(s+ 1
2
)
[Hα(2s+1),Υβ;α(2s−2)] + S
‖
(s)[Hα(2s), Vα(2s−2)] . (6.3.14)
We will present the exact form of these actions in the next subsection.
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6.3.2 Massless higher-spin N = 1 supermultiplets in AdS3
Upon reduction to N = 1 superspace, the type III theory leads to two N = 1 super-
symmetric gauge theories.
6.3.2.1 Longitudinal formulation for massless superspin-s multiplet
One of the two N = 1 theories provides an off-shell realisation for massless superspin-s
multiplet described in terms of the real unconstrained superfields
V‖(s) =
{
Hα(2s), Vα(2s−2)
}
, (6.3.15)
which are defined modulo gauge transformations of the form
δHα(2s) = ∇(α1ζα2...α2s) , (6.3.16a)
δVα(2s−2) =
1
2s
∇βζβα(2s−2) , (6.3.16b)
where the gauge parameter ζα(2s−1) is unconstrained real. The gauge-invariant action is
given by
S
‖
(s)[Hα(2s), Vα(2s−2)] =
(
− 1
2
)s ∫
d3|2z E
{
1
2
Hα(2s)
(
i∇2 + 4S)Hα(2s)
− i
2
∇βHβα(2s−1)∇γHγα(2s−1) − (2s− 1)V α(2s−2)∇βγHβγα(2s−2) (6.3.17)
+(2s− 1)
(1
2
V α(2s−2)
(
i∇2 + 8sS)Vα(2s−2) + i(s− 1)∇βV βα(2s−3)∇γVγα(2s−3))} .
Modulo an overall normalisation factor, (6.3.17) coincides with the off-shell N = 1 super-
symmetric action for massless superspin-s multiplet in the form given in [51]. In the flat
superspace limit it reduces to the action derived in [50].
Although the structure ∇βV βα(2s−3)∇γVγα(2s−3) in (6.3.17) is not defined for s = 1, it
comes with the factor (s − 1) and thus drops out from (6.3.17) for s = 1. The resulting
gauge-invariant action
S
‖
(1)[Hα(2), V ] = −
1
2
∫
d3|2z E
{
1
2
Hα(2)
(
i∇2 + 4S)Hα(2) − i
2
∇βHβα∇γHγα
−V∇βγHβγ + 1
2
V
(
i∇2 + 8S)V} (6.3.18)
describes an off-shell massless gravitino multiplet in AdS3. In the flat superspace limit, it
reduces to the gravitino multiplet model described in [133] (see also [50]).
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6.3.2.2 Transverse formulation for massless superspin-(s+ 1
2
) multiplet
The other theory provides an off-shell formulation for massless superspin-(s+ 1
2
) mul-
tiplet. It is described by the unconstrained superfields
V⊥
(s+ 1
2
)
=
{
Hα(2s+1),Υβ;α(2s−2)
}
, (6.3.19)
which are defined modulo gauge transformations of the form
δHα(2s+1) = i∇(α1ζα2...α2s+1) , (6.3.20a)
δΥβ;α(2s−2) =
i
2s+ 1
(∇γζγβα(2s−2) + (2s+ 1)∇βηα(2s−2)) . (6.3.20b)
The gauge-invariant action is
S⊥
(s+ 1
2
)
[Hα(2s+1),Υβ;α(2s−2)] =
(
− 1
2
)s ∫
d3|2z E
{
− i
2
Hα(2s+1)QHα(2s+1)
− i
8
∇βHβα(2s)∇2∇γHγα(2s) + i
8
∇βγHβγα(2s−1)∇ρδHρδα(2s−1)
− i
4
(2s− 1)Ωβ;α(2s−2)∇γδHγδβα(2s−2)
− i
8
(2s− 1)
(
Ωβ;α(2s−2)Ωβ;α(2s−2) − 2(s− 1)Ωβ; βα(2s−3)Ωγ; γα(2s−3)
)
+S
(
Hα(2s+1)
(∇2 − 4iS)Hα(2s+1) + 1
2
∇βHβα(2s)∇γHγα(2s)
)
+is(2s− 1)S Υβ;α(2s−2)Ωβ;α(2s−2)
}
, (6.3.21a)
where Ωβ;α(2s−2) denotes the real field strength
Ωβ;α(2s−2) = −i
(
∇γ∇β − 4iSδβ γ
)
Υγ;α(2s−2) , ∇βΩβ;α(2s−2) = 0 . (6.3.21b)
This action defines a new N = 1 supersymmetric higher-spin theory which did not appear
in [4, 50,51].
The structure Ωβ;
βα(2s−3)Ωγ; γα(2s−3) in (6.3.21a) is not defined for s = 1. However it
comes with the factor (s− 1) and hence drops out from (6.3.21a) for s = 1. The resulting
gauge-invariant action
S⊥
( 3
2
)
[Hα(3),Υβ] = −1
2
∫
d3|2z E
{
− i
2
Hα(3)QHα(3) − i
8
∇βHβα(2)∇2∇γHγα(2)
+
i
8
∇βγHβγα∇ρδHρδα − i
4
Ωβ∇γδHγδβ
+S
(
Hα(3)
(∇2 − 4iS)Hα(3) + 1
2
∇βHβα(2)∇γHγα(2)
)
− i
8
ΩβΩβ + iS ΥβΩβ
}
(6.3.22)
provides an off-shell formulation for a linearised supergravity multiplet in AdS3. In the
flat superspace limit, it reduces to the linearised supergravity model proposed in [50].
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6.4 Analysis of the results
Let s > 0 be a positive integer. For each superspin value, integer (s) or half-integer
(s+ 1
2
), we have constructed two off-shell formulations which have been called longitudinal
and transverse. Now we have to explain this terminology.
Consider a field theory in N = 1 AdS superspace that is described in terms of a real
tensor superfield Vα(n). We assume the action to have the form
S‖[Vα(n)] =
∫
d3|2z E L(in+1∇βVα(n)) . (6.4.1)
It is natural to call ∇βVα(n) a longitudinal superfield, by analogy with a longitudinal
vector field. This theory possesses a dual formulation that is obtained by introducing a
first-order action
Sfirst-order =
∫
d3|2z E
{
L(Σβ;α(n))+ in+1Wβ;α(n)Σβ;α(n)} , (6.4.2)
where Σβ;α(n) is unconstrained and the Lagrange multiplier is
Wβ;α(n) = in+1
(
∇γ∇β − 4iSδγβ
)
Ψγ;α(n) , ∇βWβ;α(n) = 0 , (6.4.3)
for some unconstrained prepotential Ψγ;α(n). Varying (6.4.2) with respect to Ψγ;α(n) gives
∇β∇γΣβ;α(n) − 4iSΣγ;α(n) = 0 =⇒ Σβ;α(n) = in+1∇βVα(n) , (6.4.4)
and then Sfirst-order reduces to the original action (6.4.1). On the other hand, we may start
from Sfirst-order and integrate Σβ;α(n) out. This will lead to a dual action of the form
S⊥[Ψγ;α(n)] =
∫
d3|2z E Ldual
(Wβ;α(n)) . (6.4.5)
This is a gauge theory since the action is invariant under gauge transformations
δΨγ;α(n) = i
n+1∇γηα(n) . (6.4.6)
The gauge-invariant field strengthWβ;α(n) can be called a transverse superfield, due to the
constraint (6.4.3) it obeys. It is natural to call the dual formulations (6.4.1) and (6.4.5)
as longitudinal and transverse, respectively.
Now, let us consider the transverse and longitudinal formulations for the massless
superspin-s models, which are given by eqs. (6.2.29) and (6.3.17), respectively. These
actions depend parametrically on S, the curvature of AdS superspace. We denote by
S⊥(s)[Hα(2s),Ψβ;α(2s−2)]FS and S
‖
(s)[Hα(2s), Vα(2s−2)]FS these actions in the limit S = 0, which
corresponds to a flat-superspace. The dynamical systems S⊥(s)[Hα(2s),Ψβ;α(2s−2)]FS and
S
‖
(s)[Hα(2s), Vα(2s−2)]FS prove to be related to each other by the Legendre transformation
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described above. Thus S⊥(s)[Hα(2s),Ψβ;α(2s−2)]FS and S
‖
(s)[Hα(2s), Vα(2s−2)]FS are dual for-
mulations of the same theory. This duality does not survive if S is non-vanishing.
The same feature characterises the longitudinal and transverse formulations for the
massless superspin-(s + 1
2
) multiplet, which are described by the actions (6.2.25) and
(6.3.21), respectively. The flat-superspace counterparts of these higher-spin models, which
we denote by S
‖
(s+ 1
2
)
[Hα(2s+1), Lα(2s−2)]FS and S⊥(s+ 1
2
)
[Hα(2s+1),Υβ;α(2s−2)]FS, are dual to
each other. However, this duality does not survive if we turn on a non-vanishing AdS
curvature.
6.5 Non-conformal higher-spin supercurrents
In the previous sections, we have shown that there exist two different off-shell formula-
tions for the massless higher-spin N = 1 supermultiplets. Massless half-integer superspin
theory can be realised in terms of the dynamical variables (6.2.23) and (6.3.19), while the
models (6.2.27) and (6.3.15) define massless multiplet of integer superspin s, with s > 1.
These models lead to different N = 1 higher-spin supercurrent multiplets. Our aim in
this section is to describe the general structure of N = 1 supercurrent multiplets in AdS.
6.5.1 N = 1 supercurrents: Half-integer superspin case
Our half-integer supermultiplet in the longitudinal formulation (6.2.23) can be coupled
to external sources
S
(s+ 1
2
)
source =
∫
d3|2z E
{
iHα(2s+1)Jα(2s+1) + 4L
α(2s−2)Sα(2s−2)
}
. (6.5.1)
The condition that the above action is invariant under the gauge transformations (6.2.24)
gives the conservation equation
∇βJβα(2s) = − 2s
(2s+ 1)
∇(α1α2Sα3···α2s) . (6.5.2)
For the transverse theory (6.3.19) described by the prepotentials {Hα(2s+1),Υβ;α(2s−2)},
we construct an action functional of the form
S
(s+ 1
2
)
source =
∫
d3|2z E
{
iHα(2s+1)Jα(2s+1) + 2isΥ
β;α(2s−2)Uβ;α(2s−2)
}
. (6.5.3)
Requiring that the action is invariant under the gauge transformations (6.3.20) leads to
∇βJβα(2s) = 2s
2s+ 1
∇(α1Uα2···α2s) , ∇βUβ;α(2s−2) = 0 . (6.5.4)
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From the above consideration, it follows that the most general conservation equation in
the half-integer superspin case takes the form
∇βJβα(2s) = 2s
2s+ 1
(
∇(α1Uα2···α2s) −∇(α1α2Sα3···α2s)
)
, (6.5.5a)
∇βUβ;α(2s−2) = 0 . (6.5.5b)
6.5.2 N = 1 supercurrents: Integer superspin case
In complete analogy with the half-integer superspin case, we couple the prepotentials
(6.3.15) in terms of which the integer superspin-s is described, to external sources
S(s)source =
∫
d3|2z E
{
Hα(2s)Jα(2s) + 2s V
α(2s−2)Rα(2s−2)
}
. (6.5.6)
For such an action to be invariant under the gauge freedom (6.3.16), the sources must be
conserved
∇βJβα(2s−1) = ∇(α1Rα2···α2s−1) . (6.5.7)
Next, we turn to the transverse formulation (6.2.27) characterised by the prepotentials
{Hα(2s),Ψβ;α(2s−2)} and construct an action functional
S(s)source =
∫
d3|2z E
{
Hα(2s)Jα(2s) + iΨ
β;α(2s−2)Tβ;α(2s−2)
}
. (6.5.8)
Demanding that the action be invariant under the gauge transformations (6.2.28), we
derive the following conditions
∇βJβα(2s−1) = iTα(2s−1) , ∇βTβ;α(2s−2) = 0 . (6.5.9)
From the above consideration, the most general conservation equation for the multiplet
of currents in the integer superspin case is given by
∇βJβα(2s−1) = ∇(α1Rα2···α2s−1) + iTα(2s−1) , (6.5.10a)
∇βTβ;α(2s−2) = 0 . (6.5.10b)
6.5.3 From N = 2 supercurrents to N = 1 supercurrents
In the previous chapter (see section 5.6), we formulated the general conservation equa-
tion for the N = 2 higher-spin supercurrent multiplets in (2,0) AdS superspace, which
takes the form
D¯βJβα(2s−1) = D¯(α1
(
Yα2...α2s−1) + iZα2...α2s−1)
)
. (6.5.11)
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Here Jα(2s) denotes the higher-spin supercurrent, while the trace supermultiplets Yα(2s−2)
and Zα(2s−2) are both real and covariantly linear superfields,
Y¯α(2s−2) − Yα(2s−2) = Z¯α(2s−2) − Zα(2s−2) = 0 , D¯2Yα(2s−2) = D¯2Zα(2s−2) = 0 . (6.5.12)
The explicit form of this multiplet of currents was presented by considering simple N = 2
supersymmetric models for a chiral scalar superfield. Unlike in 4D N = 1 supergravity
where every supersymmetric matter theory can be coupled to only one of the off-shell
supergravity formulations (either old-minimal or new-minimal), here in the (2,0) AdS
case our trace multiplets require both type II and type III compensators to couple to.
The general conservation equation (6.5.11) naturally gives rise to the N = 1 higher-
spin supercurrent multiplets discussed in the previous subsection. One may show that in
the real basis, (6.5.11) turns into:
∇1βJβα(2s−1) = ∇1(α1Yα2···α2s−1) −∇
2
(α1
Zα2···α2s−1) , (6.5.13a)
∇2βJβα(2s−1) = ∇1(α1Zα2···α2s−1) +∇
2
(α1
Yα2···α2s−1) , (6.5.13b)
The real linearity constraints on the trace supermultiplets, eq. (6.5.12), are equivalent to
(∇2)2Yα(2s−2) = (∇1)2Yα(2s−2) , ∇1β∇2βYα(2s−2) = 0 , (6.5.14a)
(∇2)2Zα(2s−2) = (∇1)2Zα(2s−2) , ∇1β∇2βZα(2s−2) = 0 . (6.5.14b)
It follows from (6.5.13) and (6.5.14) that Jα(2s) contains two independent real N = 1
supermultiplets:
Jα(2s) := Jα(2s)| , (6.5.15a)
Jα(2s+1) := i∇2(α1Jα2···α2s+1)| , (6.5.15b)
while the independent real N = 1 components of Yα(2s−2) and Zα(2s−2) are defined by
Rα(2s−2) := Yα(2s−2)| , Uβ;α(2s−2) := i∇2βYα(2s−2)| , (6.5.16a)
Sα(2s−2) := Zα(2s−2)| , Tβ;α(2s−2) := i∇2βZα(2s−2)| . (6.5.16b)
Making use of (6.5.14), one may readily show that
∇βUβ;α(2s−2) = 0 , (6.5.17a)
∇βTβ;α(2s−2) = 0 . (6.5.17b)
On the other hand, eq. (6.5.13) implies that the N = 1 superfields obey the following
conditions
∇βJβα(2s) = 2s
2s+ 1
(
∇(α1Uα2···α2s) −∇(α1α2Sα3···α2s)
)
, (6.5.18a)
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∇βJβα(2s−1) = ∇(α1Rα2···α2s−1) + iTα(2s−1) . (6.5.18b)
Indeed, the right-hand side of eq. (6.5.18a) coincides with (6.5.5a). Therefore, eqs. (6.5.17a)
and (6.5.18a) define the N = 1 higher-spin current multiplets associated with the mass-
less half-integer superspin formulations (6.2.23) and (6.3.19). In a similar way, it can be
observed that eqs. (6.5.17b) and (6.5.18b) correspond to the N = 1 higher-spin supercur-
rents for the two integer superspin models (6.2.27) and (6.3.15).
6.6 Examples of N = 1 higher-spin supercurrents
In this section we give an explicit realisation of the N = 1 multiplet of higher-spin
supercurrent introduced earlier.
We recall the action (5.6.1) for a massless chiral scalar in (2,0) AdS superspace
S =
∫
d3x d2θ d2θ¯E Φ¯Φ , D¯αΦ = 0 . (6.6.1)
The chiral superfield is charged under the R-symmetry group U(1)R,
JΦ = −rΦ , r = const . (6.6.2)
This action is a special case of the supersymmetric nonlinear sigma model studied in
subsection (6.1.3) with a vanishing superpotential, W (Φ) = 0 . Making use of (6.1.52),
the reduction of the action (6.6.1) to N = 1 AdS superspace is given by
S =
∫
d3|2z E
{
− i∇αϕ¯∇αϕ+ 4rS ϕ¯ϕ
}
, (6.6.3)
where we have denoted ϕ := Φ| . This action is manifestly N = 1 supersymmetric. It also
possesses hidden second supersymmetry and U(1)R invariance. These transformations are
δϕ = i
α∇αϕ− i rϕ , δϕ¯ = iα∇αϕ¯+ i rϕ¯ , (6.6.4)
where α is given in terms or  according to (6.1.21a), and the real parameter  is con-
strained by (6.1.21b). It can be seen that ϕ and ϕ¯ obey the equations of motion
(i∇2 + 4rS)ϕ = 0 , (i∇2 + 4rS)ϕ¯ = 0 . (6.6.5)
Making use of our condensed notation, we may define the operators associated with
the real spinor (2,0) AdS covariant derivatives ∇Iα
∇I(1) := ζα∇Iα, ∇(2) := iζαζβ∇αβ , (6.6.6)
∇I(−1) := ∇Iα
∂
∂ζα
. (6.6.7)
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Analogous operators are introduced in the case of N = 1 AdS superspace. They are
∇(1) := ζα∇α, ∇(2) := iζαζβ∇αβ , (6.6.8)
∇(−1) := ∇α ∂
∂ζα
. (6.6.9)
It was shown in section 5.6 that by using the massless equation of motion, D2Φ = 0, the
N = 2 higher-spin supercurrent multiplet associated with the theory (6.6.1) is described
by the conservation equation
D(−1)J(2s) = D(1)T(2s−2) . (6.6.10a)
Here the real supercurrent J(2s) = J¯(2s) is given by
J(2s) =
s∑
k=0
(−1)k
{
1
2
(
2s
2k + 1
)
Dk(2)D¯(1)Φ¯ Ds−k−1(2) D(1)Φ +
(
2s
2k
)
Dk(2)Φ¯ Ds−k(2) Φ
}
, (6.6.10b)
while the trace multiplet T(2s−2) has the form
T(2s−2) = 2iS(1− 2r)(2s+ 1)(s+ 1)
s−1∑
k=0
1
2s− 2k + 1(−1)
k
(
2s
2k + 1
)
×Dk(2)Φ¯ Ds−k−1(2) Φ . (6.6.10c)
One may check that T(2s−2) is covariantly linear,
D¯2T(2s−2) = 0 , D2T(2s−2) = 0 . (6.6.10d)
As is seen from (6.6.10c), T(2s−2) vanishes for r = 12 , in which case Φ is an N = 2
superconformal multiplet.
The complex trace multiplet T(2s−2) may be split into its real and imaginary parts:
T(2s−2) = Y(2s−2) − iZ(2s−2) , (6.6.11a)
with
Y(2s−2) = 2iS(1− 2r)(2s+ 1)(s+ 1)
s−1∑
k=0
2k − s+ 1
(2k + 3)(2s− 2k + 1)
×(−1)k
(
2s
2k + 1
)
Dk(2)Φ¯ Ds−k−1(2) Φ , (6.6.11b)
Z(2s−2) = −2S(1− 2r)(2s+ 1)(s+ 1)(s+ 2)
s−1∑
k=0
1
(2k + 3)(2s− 2k + 1)
×(−1)k
(
2s
2k + 1
)
Dk(2)Φ¯ Ds−k−1(2) Φ . (6.6.11c)
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In accordance with (6.5.15), the supercurrent J(2s) reduces to two different multiplets
upon projection to N = 1 superspace:
J(2s) := J(2s)
∣∣
=
s∑
k=0
(−1)k+1
{(
2s
2k + 1
)
∇k(2)∇(1)ϕ¯ ∇s−k−1(2) ∇(1)ϕ
−
(
2s
2k
)
∇k(2)ϕ¯ ∇s−k(2) ϕ
}
, (6.6.12a)
J(2s+1) := i∇2(1)J(2s)
∣∣ = − 1√
2
(D(1) + D¯(1))J(2s)∣∣ ,
= (2s+ 1)
s∑
k=0
1
2s− 2k + 1(−1)
k+1
(
2s
2k
){
∇k(2)ϕ¯ ∇s−k(2) ∇(1)ϕ
+(−1)s−1∇k(2)ϕ ∇s−k(2) ∇(1)ϕ¯
}
, (6.6.12b)
of which the former corresponds to the integer superspin current and the latter half-integer
superspin current.
In the case of half-integer superspin, the conservation equation (6.5.5) is satisfied
provided we impose (6.6.5):
∇(−1)J(2s+1) = 2s
2s+ 1
(
∇(1)U(2s−1) + i∇(2)S(2s−2)
)
, ∇βUβ; (2s−2) = 0 , (6.6.13a)
with
S(2s−2) := Z(2s−2)
∣∣
= −2S(1− 2r)(2s+ 1)(s+ 1)(s+ 2)
s−1∑
k=0
1
(2k + 3)(2s− 2k + 1)
×(−1)k
(
2s
2k + 1
)
∇k(2)ϕ¯ ∇s−k−1(2) ϕ , (6.6.13b)
Uβ; (2s−2) := − 1√
2
(Dβ + D¯β)Y(2s−2)∣∣ ,
= −2iS(1− 2r)(2s+ 1)(s+ 1)
s−1∑
k=0
2k − s+ 1
(2k + 3)(2s− 2k + 1)(−1)
k
(
2s
2k + 1
)
×
{
∇k(2)ϕ¯ ∇s−k−1(2) ∇βϕ+ (−1)s+1∇k(2)ϕ ∇s−k−1(2) ∇βϕ¯
+2iS(s− k − 1)ζβ
(
∇k(2)ϕ¯ ∇s−k−2(2) ∇(1)ϕ
+(−1)s+1∇k(2)ϕ ∇s−k−2(2) ∇(1)ϕ¯
)}
. (6.6.13c)
It may also be verified that the N = 1 supercurrent multiplet for integer superspin
obeys the conditions (6.5.10) on-shell:
∇(−1)J(2s) = ∇(1)R(2s−2) + iT(2s−1) , ∇βTβ; (2s−2) = 0 (6.6.14a)
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with
R(2s−2) := Y(2s−2)
∣∣
= 2iS(1− 2r)(2s+ 1)(s+ 1)
s−1∑
k=0
2k − s+ 1
(2k + 3)(2s− 2k + 1)
×(−1)k
(
2s
2k + 1
)
∇k(2)ϕ¯ ∇s−k−1(2) ϕ , (6.6.14b)
Tβ; (2s−2) := − 1√
2
(Dβ + D¯β)Y(2s−2)∣∣ ,
= 2S(1− 2r)(2s+ 1)(s+ 1)(s+ 2)
s−1∑
k=0
1
(2k + 3)(2s− 2k + 1)(−1)
k
(
2s
2k + 1
)
×
{
∇k(2)ϕ¯ ∇s−k−1(2) ∇βϕ+ (−1)s∇k(2)ϕ ∇s−k−1(2) ∇βϕ¯
+2iS(s− k − 1)ζβ
(
∇k(2)ϕ¯ ∇s−k−2(2) ∇(1)ϕ
+(−1)s∇k(2)ϕ ∇s−k−2(2) ∇(1)ϕ¯
)}
. (6.6.14c)
The above technique can also be used to construct N = 1 higher-spin supercurrents
for the Abelian vector multiplets model described by the action (6.1.56). We will not
elaborate on such a construction here.
6.7 Applications and open problems
Let us briefly summarise the results obtained in this chapter. In section 6.1, a formal-
ism to reduce every field theory with (2,0) AdS supersymmetry to N = 1 AdS superspace
was developed. As nontrivial examples, we considered supersymmetric nonlinear sigma
models formulated in terms ofN = 2 chiral and linear supermultiplets. In sections 6.2 and
6.3, we applied the reduction technique and presented the N = 1 superfield descriptions
of the off-shell massless higher-spin supermultiplets with (2,0) AdS supersymmetry, which
were constructed in chapter 5. For each superspin value sˆ, integer (sˆ = s) or half-integer
(sˆ = s + 1
2
), with s = 1, 2, . . . , the reduction produced two off-shell gauge formulations
(called longitudinal and transverse) for a massless N = 1 superspin-sˆ multiplet in AdS3.
The transverse formulations are new gauge theories. In section 6.4, we proved that for
each superspin value the longitudinal and transverse theories are dually equivalent only
in the flat superspace limit. In section 6.5 we formulated the non-conformal higher-spin
N = 1 supercurrent in AdS3. In section 6.6 we provided the explicit examples of these
supercurrents in simple models of a chiral scalar superfield.
There are several interesting applications of the results presented in this chapter. In
particular, the massless higher-spin N = 1 supermultiplets in AdS3, which were derived
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in sections 6.2 and 6.3, can be used to construct new topologically massive higher-spin
off-shell supermultiplets in AdS3 by extending the approaches advocated in [49–51]. Such
a massive supermultiplet is described by a gauge-invariant action being the sum of mass-
less and superconformal higher-spin actions.5 This procedure follows the philosophy of
topologically massive theories [133,162,163,170].
We now present two off-shell formulations for the massive N = 1 gravitino supermulti-
plet in AdS3 and analyse the corresponding equations of motion.
6 The massive extension
of the longitudinal theory (6.3.18) is described by the action
S
||
(1), µ = −
1
2
∫
d3|2z E
{
i
2
Hαβ∇2Hαβ − i
2
∇βHαβ∇γHγα − V∇αβHαβ
+
i
2
V∇2V + (µ+ 2S)HαβHαβ − 2(µ− 2S)V 2
}
, (6.7.1)
with µ a real mass parameter. The massive gravitino action is thus constructed from
the massless one by adding mass-like terms. In the limit µ → 0, the action reduces to
(6.3.18). The equations of motion for the dynamical superfields Hαβ and V are
2∇γ (αHβ)γ − i∇2Hαβ − 2∇αβV − 4µHαβ = 0 , (6.7.2a)
∇αβHαβ =
(
i∇2 + 8S − 4µ)V . (6.7.2b)
Multiplying (6.7.2a) by ∇αβ and noting that [∇αβ,∇2] = 0 yields
−i∇2∇αβHαβ + 42V − 4µ∇αβHαβ = 0 . (6.7.3)
Substituting (6.7.2b) into (6.7.3) leads to
V = 0 . (6.7.4)
Now that V = 0 on-shell, eq. (6.7.2b) turns into
∇αβHαβ = 0 , (6.7.5)
while (6.7.2a) can equivalently be written as
−i∇γ∇αHβγ − (2µ+ 4S)Hαβ = 0 . (6.7.6)
Making use of the identity (A.2.12b), it immediately follows from (6.7.6) that
∇αHαβ = 0 , (6.7.7)
5 We will not review such a construction in this thesis, see [6] for details.
6The construction of the models (6.7.1) and (6.7.10) is similar to those used to derive the off-shell
formulations for massive superspin-1 and superspin-3/2 multiplets in four dimensions [171–181].
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and then (6.7.6) is equivalent to
− i
2
∇2Hαβ = (µ+ 2S)Hαβ . (6.7.8)
Therefore, we have demonstrated that the model (6.7.1) leads to the following conditions
on the mass shell:
V = 0 , (6.7.9a)
∇αHαβ = 0 =⇒ ∇αβHαβ = 0 , (6.7.9b)
− i
2
∇2Hαβ = (µ+ 2S)Hαβ . (6.7.9c)
Such conditions are required to describe an irreducible on-shell massive gravitino multiplet
in 3D N = 1 AdS superspace [182].
In the transverse formulation (6.2.30), the action for a massive gravitino multiplet is
given by
S⊥(1), µ = −
1
2
∫
d3|2z E
{
i
2
Hαβ∇2Hαβ − i∇βHαβ∇γHγα −Hαβ∇αWβ − i
2
WαWα
+(µ+ 4S)HαβHαβ − i(µ+ 2S)
(
ΨαWα + 2µΨαΨα
)}
. (6.7.10)
In the limit µ → 0, the action reduces to (6.2.30). One may check that the equations of
motion for this model imply that
Ψα = 0 , (6.7.11a)
∇αHαβ = 0 =⇒ ∇αβHαβ = 0 , (6.7.11b)
− i
2
∇2Hαβ = (µ+ 4S)Hαβ . (6.7.11c)
The actions (6.7.1) and (6.7.10) can be made into gauge-invariant ones using the
Stueckelberg construction.
In the Minkowski superspace limit, the massive models (6.7.1) and (6.7.10) lead to the
identical equations of motion described in terms of Hαβ:
DαHαβ = 0 , − i
2
D2Hαβ = µHαβ . (6.7.12)
In the AdS case, the equations (6.7.9) and (6.7.11) lead to equivalent dynamics modulo
a redefinition of µ. It is an interesting open problem to understand whether there exists
a duality transformation relating these models.
It should be pointed out that there also exists an on-shell construction of gauge-
invariant Lagrangian formulations for massive higher-spin supermultiplets in 3D Minkowski
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and AdS spaces, which were developed in [183,184]. It is obtained by combining the mas-
sive bosonic and fermionic higher-spin actions [185, 186], and therefore this construction
is intrinsically on-shell. The formulations given in [183–186] are based on the gauge-
invariant approaches to the dynamics of massive higher-spin fields, which were advocated
by Zinoviev [47] and Metsaev [187]. It is an interesting open problem to understand
whether there exists an off-shell uplift of these models.
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Chapter 7
Conclusion
Over the course of this thesis, we have presented various non-conformal higher-spin
supercurrents and their associated off-shell massless higher-spin supermultiplets in three
and four spacetime dimensions. All of our analyses were performed using the superspace
approach, which is an efficient means of formulating supercurrent multiplets and off-shell
supersymmetric theories. In four dimensions, a major part of this work was devoted to
the explicit construction of conserved higher-spin currents with N = 1 Poincare´ and AdS
supersymmetry. In three dimensions, we studied both the N = 1 and N = 2 AdS cases.
A number of avenues which could be explored for future studies have been highlighted
at the end of each chapter. Here we summarise the key results of this thesis and discuss
their implications.
Higher-spin supercurrents in 4D N = 1 Minkowski and AdS superspaces [1–3] were
studied in chapter 3 and 4, respectively. The main ingredients in deriving the super-
currents are the known off-shell massless higher-spin supermultiplets [63–65] and their
gauge symmetries. We also formulated the higher-spin supercurrent multiplet associated
with the new off-shell model for the massless integer superspin. Having understood the
structure of the current multiplets and their improvement transformations, we obtained
closed-form expressions of conserved supercurrents for various supersymmetric theories
in AdS. For instance, a model with N massive chiral scalar superfields with an arbitrary
mass matrix, and the free theories of tensor and complex linear superfields. For the lat-
ter cases, we employed the complex linear-chiral and the minimal scalar-tensor dualities.
The structure of the conserved supercurrents is determined by the type (integer or half-
integer) and value (even or odd) of the superspin, as well as the mass matrix. This has
been summarised in section 4.6.
A natural extension of the analysis presented in chapters 3 and 4 would be to con-
struct 4D N = 2 higher-spin supercurrents, by making use of the known off-shell gauge
supermultiplets [67].
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In regards to the off-shell massless higher-spinN = 1 supermultiplets in 4D Minkowski
and AdS backgrounds, we also developed a new off-shell formulation for the massless
integer superspin multiplet. It was shown that the gauge-invariant action generalises
that of the longitudinal theory. It is described in terms of the complex superconformal
higher-spin prepotential Ψα(s)α˙(s−1), in conjunction with two compensating superfields.
Making use of the superfield Legendre transformation, we constructed its dual action and
demonstrated that it reduces to the transverse formulation.
Chapter 5 discussed N = 2 supersymmetric higher-spin gauge theories in AdS3 based
on the results of [4,5]. Along the same lines, we generalised the 4D gauge principles used in
chapter 4 to construct off-shell linearised actions for massless higher-spin supermultiplets
around the (1,1) AdS background. In addition, we derived the corresponding consistent
supercurrents and gave their explicit expressions for models of chiral superfields. Within
the framework of (2,0) AdS supersymmetry, the problem of constructing off-shell massless
higher-spin gauge supermultiplets has not been fully resolved. In section 5.6, we identified
a multiplet of conserved higher-spin currents, which allowed us to construct two off-shell
actions for the massless half-integer superspin multiplet. In each of the formulations, the
corresponding gauge-invariant action contains a higher-spin extension of a Chern-Simons
term. In the limit of s = 1, these actions reduce to the linearised actions for (2,0) AdS
supergravity [83]. It remains an open problem to construct an off-shell formulation for a
massless integer superspin multiplet. For completeness, it would be useful to study the
component actions of (5.7.9) and (5.7.16) in order to understand their actual differences
with the (1,1) AdS actions.
In chapter 6 we derived four series of off-shell massless higher-spin N = 1 super-
multiplets in AdS3, two of which were new supersymmetric gauge theories. This was
accomplished via the (2, 0) → (1, 0) AdS superspace reduction procedure [6]. Further
analysis showed that these off-shell models are related by a superfield Legendre transfor-
mation in the flat superspace limit, but the duality is not lifted to the AdS case. The
massless N = 1 supersymmetric higher-spin actions in AdS3 were used to formulate (i)
conserved N = 1 higher-spin supercurrents; and (ii) two new off-shell massive N = 1
gravitino supermultiplets in AdS3. Additionally, we elaborated on the component struc-
ture of the two new N = 1 supersymmetric higher-spin models (6.2.29) and (6.3.21) in flat
superspace (see appendix C). Whilst it was shown that the action (6.2.29) reduces to the
3D (Fang-)Fronsdal actions upon elimination of the auxiliary fields, an interesting feature
appeared in the analysis of (6.3.21). At the component level, the corresponding multiplet
is a 3D counterpart of the so-called (reducible) higher-spin triplet systems. In AdSD an
action for higher-spin triplets was constructed in [188] and [189,190], for the bosonic and
fermionic cases, respectively. This demonstrates that our superfield construction provides
a manifestly supersymmetric generalisation of these systems.
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All supersymmetric higher-spin models presented in this thesis are linearised actions
for higher-spin multiplets. We believe that they can be used to construct interacting
theories, which will allow us to make contact with the 3D gauge theories developed by
Vasiliev and collaborators [191–193]. As a next step towards complete superfield formu-
lation for higher-spin supergravity, an important problem is to go beyond the linearised
approximation, i.e. finding the relevant deformations of superfield higher-spin actions,
gauge transformations and their corresponding supercurrents.
It would be of particular interest to examine the off-shell structure of supersymmetric
higher-spin multiplets and their associated conserved supercurrents in 3D with N > 2
supersymmetry. It is also expected that new techniques are required. For example, in
order to study theN = 3 case in AdS3, one may apply the projective-superspace formalism
developed in [155].
All off-shell higher-spin N = 2 supermultiplets in AdS3 presented in chapter 5 are re-
ducible gauge theories (in the terminology of the Batalin-Vilkovisky quantisation [194]),
similar to the massless higher-spin supermultiplets in AdS4 [63]. The Lagrangian quanti-
sation of such theories is nontrivial, as demonstrated in [66] in the 4D case. All off-shell
higher-spin N = 1 supermultiplets in AdS3, which were constructed in chapter 6, are irre-
ducible gauge theories. They can be quantised using the Faddeev-Popov procedure [195]
as in the non-supersymmetric case, see e.g. [196,197].
As a final comment, all off-shell supersymmetric massless higher-spin models presented
in this thesis (both in three and four dimensions) share a common feature. After we
reformulated the massless integer superspin theories, one obtains a universal picture in
which every gauge-invariant action is now realised in terms of two dynamical variables: a
superconformal gauge prepotential and an appropriate set of compensating superfield(s).
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Appendix A
Notation and conventions
In this appendix we collect important definitions and identities that have been used
throughout the thesis. For a more rigorous presentation, the reader is referred to [35],
which our 4D notation and conventions mainly follow. Below are the types of indices that
we use:
• Lower case letters from the beginning (middle) of the Latin alphabet,
i.e. a, b, . . . (m,n, . . . ) correspond to flat (curved) spacetime indices.
• Lower case letters from the beginning of the Greek alphabet, i.e. α, β, . . . denote
indices for two-component Weyl spinors.
• Likewise, upper case letters from the beginning and middle of the Latin alphabet
denote flat and curved superspace coordinates respectively.
A.1 4D spinor and tensor identities
We use the mostly positive convention for the Minkowski metric:
ηab := diag(−1, 1, 1, 1) , (A.1.1)
in order to raise and lower spacetime indices of tangent space tensors, Va = ηabV
b , V a =
ηabVb , with a, b = 0, 1, 2, 3. On the other hand, the indices of curved spacetime tensors
can be raised or lowered using the curved metric gmn,
gmn = em
aen
bηab, (A.1.2)
where em
a is the vierbein. The inverse vierbein ea
m is introduced by ea
mem
b = δa
b and
em
aea
n = δm
n.
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The (brackets) parentheses denote (anti-)symmetrisation of tensor or spinor indices,
which include a normalisation factor, for instance
V[a1a2...an] :=
1
n!
∑
pi∈Sn
sgn(pi)Vapi(1)...api(n) , V(α1...αn) :=
1
n!
∑
pi∈Sn
sgn(pi)Vαpi(1)...αpi(n) , (A.1.3)
with Sn being the symmetric group of n elements.
The totally antisymmetric Levi-Civita tensor, εabcd ≡ ε[abcd], is normalised such that
ε0123 = −ε0123 = 1 . (A.1.4)
A product of Levi-Civita tensors can be written as
εabcdεa′b′c′d′ = −4!δa[a′δbb′δcc′δdd′] . (A.1.5)
Central to the description of 4D N = 1 supersymmetry is the formalism of two-
component Weyl spinors. These are representations of SL(2,C), which is the covering
group of the restricted Lorentz group SO0(3, 1). Specifically, an object ψα (α = 1, 2)
which transforms under the fundamental representation of SL(2,C),
ψ′α = Nα
βψβ , Nα
β ∈ SL(2,C) (A.1.6)
is called a left-handed Weyl spinor. This is denoted by (1
2
, 0) and is known as the left-
handed spinor representation of the Lorentz group. On the other hand, a right-handed
Weyl spinor ψ¯α˙ (α˙ = 1˙, 2˙) transforms in the conjugate representation
ψ¯′α˙ = N¯α˙
β˙ψ¯β˙ , (Nα
β)∗ = N¯α˙β˙ . (A.1.7)
This is denoted by (0, 1
2
) and is called the right-handed spinor representation of the Lorentz
group.
The undotted and dotted indices of two-component spinors may be raised and lowered
with the help of ε tensors:
ψα = εαβψ
β , ψα = εαβψβ , χ¯α˙ = εα˙β˙χ¯
β˙ , χ¯α˙ = εα˙β˙χ¯β˙ . (A.1.8)
The antisymmetric tensors, εαβ = −εβα and εα˙β˙ = −εβ˙α˙ are invariant under SL(2,C).
They are defined by
εαβεβγ = δ
α
γ , ε
α˙β˙εβ˙γ˙ = δ
α˙
γ˙ , ε
12 = ε21 = 1 , ε
1˙2˙ = ε2˙1˙ = 1 . (A.1.9)
We will adopt the following rules for contraction of spinor indices:
ψχ := ψαχα = χψ , ψ¯χ¯ := ψ¯α˙χ¯
α˙ = χ¯ψ¯ , (A.1.10)
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and ψ2 = ψψ , ψ¯2 = ψ¯ψ¯. Here spinor conjugation is understood as Hermitian conjugation,
(ψχ)∗ = (ψαχα)∗ = (χα)∗(ψα)∗ = χ¯α˙ψ¯α˙. (A.1.11)
We define the sigma matrices σa := (σa)αα˙ as
(σa) := (1, ~σ) , (σ˜a) := (1,−~σ) , (A.1.12)
i.e.
σ0 =
(
1 0
0 1
)
, σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A.1.13)
The tilded sigma matrices with raised indices are denoted by
(σ˜a)
α˙α = εα˙β˙εαβ(σa)ββ˙ . (A.1.14)
The sigma matrices satisfy some useful properties, for instance
(σaσ˜b + σbσ˜a)α
β = −2 ηab δαβ , Tr(σaσ˜b) = −2 ηab , (A.1.15)
(σ˜aσb + σ˜bσa)
α˙
β˙ = −2 ηab δα˙β˙ , (σa)αα˙(σ˜a)β˙β = −2 δβα δβ˙α˙ .
We can introduce the antisymmetric traceless matrices
(σab)α
β = −1
4
(σaσ˜b − σbσ˜a)αβ , (A.1.16a)
(σ˜ab)
α˙
β˙ = −
1
4
(σ˜aσb − σ˜bσa)α˙β˙ , (A.1.16b)
which are (anti) self-dual,
1
2
εabcd σ
cd = −iσab , 1
2
εabcd σ˜
cd = i σ˜ab . (A.1.17)
They also satisfy the Lorentz algebra
[σab, σcd] = ηadσbc − ηacσbd + ηbcσad − ηbdσac . (A.1.18)
Given a vector Va, one can convert the vector index to a pair of spinor indices using
the σ-matrices. The rules are as follows
Vαβ˙ = (σ
a)αβ˙Va , Va = −
1
2
(σ˜a)
β˙αVαβ˙ . (A.1.19)
As an example, let us consider a real and antisymmetric rank-2 tensor, Fab = −Fba. The
decomposition is
Fαα˙,ββ˙ = (σ
a)αα˙(σ
b)ββ˙Fab = 2εαβF¯α˙β˙ + 2εα˙β˙Fαβ . (A.1.20a)
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Here we have defined
Fαβ =
1
2
(σab)αβFab , F¯α˙β˙ = −
1
2
(σ˜ab)α˙β˙Fab . (A.1.20b)
In particular, this applies to the Lorentz generators, Mab = −Mba ⇔ (Mαβ, M¯α˙β˙), which
satisfy the same algebra (A.1.18) as the σab matrices. They act on arbitrary spinors as
follows:
Mαβ(ψγ) =
1
2
(εγαψβ + εγβψα) , Mαβ(ψ¯γ˙) = 0 , (A.1.21)
M¯α˙β˙(ψ¯γ˙) =
1
2
(εγ˙α˙ψ¯β˙ + εγ˙β˙ψ¯α) , M¯α˙β˙(ψγ) = 0 .
Let DA = (∂a, Dα, D¯
α˙) be the set of covariant derivatives of N = 1 Minkowski super-
space. The spinor covariant derivatives, Dα and D¯α˙, are related by complex conjugation,
which works as follows
DαV = (−1)(V )D¯α˙V¯ , D2V = D¯2V¯ . (A.1.22)
Here V¯ is the complex conjugate of V . The Grassmann parity of V is denoted by (V )
i.e. (V ) = 0 for a bosonic superfield and (V ) = 1, if V is fermionic. We also note that
D2 = DαDα and D¯
2 = D¯α˙D¯
α˙. It is important to keep in mind the following rules when
doing calculations with the covariant derivatives:
DA(UV ) = DA(U)V + (−1)(U)(DA)UDA(V ) ,
(DAV ) = (DA) + (V ) (mod 2) (A.1.23)
for arbitrary superfields U and V .
A.2 3D notation and AdS identities
We summarise our 3D notation and conventions following [113,169]. The 3D Minkowski
metric is ηab = diag(−1, 1, 1). The spinor indices are raised and lowered by the rule
ψα = εαβψβ , ψα = εαβψ
β . (A.2.1)
Here the antisymmetric SL(2,R) invariant tensors εαβ = −εβα and εαβ = −εβα are
normalised as ε12 = −1 , ε12 = 1 .
We make use of real Dirac γ-matrices, γa :=
(
(γa)α
β
)
defined by
(γa)α
β := εβγ(γa)αγ = (−iσ2, σ3, σ1) . (A.2.2)
They obey the algebra
γaγb = ηab1 + εabcγ
c , (A.2.3)
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where the Levi-Civita tensor is normalised as ε012 = −ε012 = 1. Some useful relations
involving γ-matrices are
(γa)αβ(γa)
ρσ = −(δραδσβ + δσαδρβ) , (A.2.4a)
εabc(γ
b)αβ(γ
c)γδ = εγ(α(γa)β)δ + εδ(α(γa)β)γ , (A.2.4b)
tr[γaγbγcγd] = 2ηabηcd − 2ηacηdb + 2ηadηbc . (A.2.4c)
Given a three-vector xa, it can be equivalently described by a symmetric second-rank
spinor xαβ defined as
xαβ := (γ
a)αβxa = xβα , xa = −1
2
(γa)
αβxαβ . (A.2.5)
In the 3D case, an antisymmetric tensor Fab = −Fba is Hodge-dual to a three-vector Fa,
specifically
Fa =
1
2
εabcF
bc , Fab = −εabcF c . (A.2.6)
Then, the symmetric spinor Fαβ = Fβα, which is associated with Fa, can equivalently be
defined in terms of Fab:
Fαβ := (γ
a)αβFa =
1
2
(γa)αβεabcF
bc . (A.2.7)
These three algebraic objects, Fa, Fab and Fαβ, are in one-to-one correspondence to each
other, Fa ↔ Fab ↔ Fαβ. The corresponding inner products are related to each other as
follows:
−F aGa = 1
2
F abGab =
1
2
FαβGαβ . (A.2.8)
The Lorentz generators with two vector indices (Mab = −Mba), one vector index (Ma)
and two spinor indices (Mαβ = Mβα) are related to each other by the rules:
Mab = −εabcM c , Ma = 1
2
εabcM
bc , Mαβ = (γ
a)αβMa , Ma = −1
2
(γa)
αβMαβ . (A.2.9)
These generators act on a vector Vc and a spinor Ψγ as follows:
MabVc = 2ηc[aVb] , MαβΨγ = εγ(αΨβ) . (A.2.10)
We collect some useful properties for N = 1 AdS covariant derivatives, which we
denote by ∇A = (∇a,∇α). We first note the unusual complex conjugation property of
the spinor covariant derivative, which can be compared with the 4D case, see (A.1.22).
Given an arbitrary superfield V and its complex conjugate V¯ , it holds that
∇αV = −(−1)(V )∇αV¯ , (A.2.11)
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where (V ) denotes the Grassmann parity of V .
Making use of the (anti)-commutation relation (6.1.2a) and (6.1.2b), we obtain the
following identities
∇α∇β = 1
2
εαβ∇2 + i∇αβ − 2iSMαβ , (A.2.12a)
∇β∇α∇β = 4iS∇α , (A.2.12b)
∇2∇α = −∇α∇2 + 4iS∇α = 2i∇αβ∇β + 2iS∇α − 4iS∇βMαβ , (A.2.12c)
−1
4
∇2∇2 = 2− 2iS∇2 + 2S∇αβMαβ − 2S2MαβMαβ , (A.2.12d)
where ∇2 = ∇α∇α and 2 = ∇a∇a = −12∇αβ∇αβ . An important corollary of (A.2.12a)
and (A.2.12c) is
[∇α∇β,∇2] = 0 =⇒ [∇αβ,∇2] = 0 . (A.2.13)
The left-hand side of (A.2.12d) can be expressed in terms of the quadratic Casimir oper-
ator of the 3D N = 1 AdS supergroup [51]:
Q = −1
4
∇2∇2 + iS∇2 , [Q,∇A] = 0 . (A.2.14)
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Appendix B
Conserved higher-spin currents in
four dimensions
In appendix B.1 we consider the construction of conserved higher-spin currents in free
scalar field theory in flat space. Similar analysis for free fermions will be done in the next
section B.2. This material has been drawn from [3].
B.1 Free real scalars
Given an integer s ≥ 2, the massless spin-s field [31] is described by real potentials
hα(s)α˙(s) and hα(s−2)α˙(s−2) with the gauge freedom1
δhα1...αsα˙1...α˙s = ∂(α1(α˙1λα2...αs)α˙2...α˙s) , (B.1.1a)
δhα1...αs−2α˙1...α˙s−2 =
s− 1
s2
∂ββ˙λβα1...αs−2β˙α˙1...α˙s−2 , (B.1.1b)
for an arbitrary real gauge parameter λα(s−1)α˙(s−1). The field hα(s)α˙(s) may be interpreted
as a conformal spin-s field [70,71].
To construct non-conformal higher-spin currents, we couple hα(s)α˙(s) and hα(s−2)α˙(s−2)
to external sources
S(s)source =
∫
d4x
{
hα(s)α˙(s)jα(s)α˙(s) + h
α(s−2)α˙(s−2)tα(s−2)α˙(s−2)
}
. (B.1.2)
Requiring that S
(s)
source be invariant under the λ-transformation in (B.1.1) gives the con-
servation equation
∂ββ˙jβα1...αs−1β˙α˙1...α˙s−1 +
s− 1
s2
∂(α1(α˙1tα2...αs−1)α˙2...α˙s−1) = 0 . (B.1.3)
1We follow the description of Fronsdal’s theory [31] given in section 6.9 of [35].
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Our derivation of (B.1.3) is analogous to that given in [106].
Let us introduce the following operators
∂(1,1) := 2iζ
αζ¯ α˙∂αα˙ , (B.1.4a)
∂(−1,−1) := 2i∂αα˙
∂
∂ζα
∂
∂ζ¯ α˙
. (B.1.4b)
The conservation equation (B.1.3) then becomes
∂(−1,−1)j(s,s) + (s− 1)∂(1,1)t(s−2,s−2) = 0 (B.1.5)
Note that both j(s,s) and t(s−2,s−2) are real.
Let us now consider the model for N massless real scalar fields φi, with i = 1, . . . N ,
in Minkowski space
S = −1
2
∫
d4x ∂µφ
i∂µφi , (B.1.6)
which admits conserved higher spin currents of the form
j(s,s) = i
sCij
s∑
k=0
(−1)k
(
s
k
)(
s
k
)
∂k(1,1)φ
i ∂s−k(1,1)φ
j , (B.1.7)
where Cij is a constant matrix. It can be shown that j(s,s) = 0 if s is odd and C
ij is
symmetric. Similarly, j(s,s) = 0 if s is even and C
ij is antisymmetric. Thus, we have to
consider two separate cases: the case of even s with symmetric C and, the case of odd s
with antisymmetric C. Using the massless equation of motion 2φi = 0 , one may show
that j(s,s) satisfies the conservation equation
∂(−1,−1)j(s,s) = 0 . (B.1.8)
We now turn to the massive model
S = −1
2
∫
d4x
{
∂µφ
i∂µφi + (M2)ijφiφj
}
, (B.1.9)
where M = (M ij) is a real, symmetric N × N mass matrix. In the massive theory, the
conservation equation is described by (B.1.5) and so we first need to compute ∂(−1,−1)j(s,s)
using the massive equations of motion
2φi − (M2)ijφj = 0 . (B.1.10)
For symmetric C, we obtain
∂(−1,−1)j(s,s) = −8(s+ 1)2(CM2)ij
s−1∑
k=0
(−1)k
(
s
k
)(
s
k
)
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× (s− k)
2
(k + 1)(k + 2)
∂k(1,1) φ
j ∂s−k−1(1,1) φ
i . (B.1.11)
If Cij is antisymmetric, we get
∂(−1,−1)j(s,s) = 8i(s+ 1)2(CM2)ij
s−1∑
k=0
(−1)k
(
s
k
)(
s
k
)
× (s− k)
2
(k + 1)(k + 2)
∂k(1,1) φ
j ∂s−k−1(1,1) φ
i . (B.1.12)
Thus, in the massive real scalars there are four cases to consider:
1. Both C and CM2 are symmetric ⇐⇒ [C,M2] = 0, s even.
2. C is symmetric; CM2 is antisymmetric ⇐⇒ {C,M2} = 0, s even.
3. C is antisymmetric; CM2 is symmetric ⇐⇒ {C,M2} = 0, s odd.
4. Both C and CM2 are antisymmetric ⇐⇒ [C,M2] = 0, s odd.
Case 1: Eq. (B.1.11) is equivalent to
∂(−1,−1)j(s,s) = −4(s+ 1)2(CM2)ij
s−1∑
k=0
(−1)k
(
s
k
)(
s
k
)
(s− k)
×
{
s− k
(k + 1)(k + 2)
+ (−1)s−1 1
s− k + 1
}
∂k(1,1)φ
j ∂s−k−1(1,1) φ
i .(B.1.13)
We look for t(s−2,s−2) such that (i) it is real; and (ii) it satisfies the conservation equation
(B.1.5). We consider a general ansatz
t(s−2,s−2) = −(CM2)ij
s−2∑
k=0
dk ∂
k
(1,1)φ
j ∂s−k−2(1,1) φ
i . (B.1.14)
For k = 1, 2, ...s− 2, condition (ii) gives
dk−1 + dk = −4(s+ 1)
2
s− 1 (−1)
k
(
s
k
)(
s
k
)
(s− k)
×
{
s− k
(k + 1)(k + 2)
+ (−1)s−1 1
s− k + 1
}
. (B.1.15a)
Condition (ii) also implies that
ds−2 + d0 = −4s(s+ 1)(s+ 2) , (B.1.15b)
Equations (B.1.15) lead to the following expression for dk, k = 1, 2, . . . s− 2
dk = (−1)kd0 − 4(s+ 1)
2
s− 1
k∑
l=1
(−1)k
(
s
l
)(
s
l
)
(s− l)
{
s− l
(l + 1)(l + 2)
− 1
s− l + 1
}
,
(B.1.16a)
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d0 = ds−2 = −2s(s+ 1)(s+ 2) . (B.1.16b)
One can check that the equations (B.1.15a)–(B.1.15b) are identically satisfied if s is even.
Case 2: If we take CM2 to be antisymmetric, a similar analysis shows that no solution
for t(s−2,s−2) exists for even s.
Case 3: Now we consider the case where C is antisymmetric and CM2 symmetric.
Again, similar consideration shows that no solution for t(s−2,s−2) exists for odd s.
Case 4: Eq. (B.1.12) is equivalent to
∂(−1,−1)j(s,s) = 4i(s+ 1)2(CM2)ij
s−1∑
k=0
(−1)k
(
s
k
)(
s
k
)
(s− k)
×
{
s− k
(k + 1)(k + 2)
− 1
s− k + 1
}
∂k(1,1)φ
j ∂s−k−1(1,1) φ
i . (B.1.17)
We consider a general ansatz
t(s−2,s−2) = −i(CM2)ij
s−2∑
k=0
dk ∂
k
(1,1)φ
j ∂s−k−2(1,1) φ
i . (B.1.18)
Imposing (i) and (ii) and keeping in mind that s is odd, we obtain the following conditions
for dk:
dk−1 + dk = 4
(s+ 1)2
s− 1 (−1)
k
(
s
k
)(
s
k
)
(s− k)
×
{
s− k
(k + 1)(k + 2)
− 1
s− k + 1
}
. (B.1.19a)
Condition (ii) also implies that
ds−2 − d0 = −4s(s+ 1)(s+ 2) , (B.1.19b)
Equations (B.1.19) lead to the following expression for dk, k = 1, 2, . . . s− 2
dk = (−1)kd0 + 4(s+ 1)
2
s− 1
k∑
l=1
(−1)k
(
s
l
)(
s
l
){
(s− l)2
(l + 1)(l + 2)
− s− l
s− l + 1
}
, (B.1.20a)
d0 = −ds−2 = 2s(s+ 1)(s+ 2) . (B.1.20b)
One can check that the equations (B.1.19a)–(B.1.19b) are identically satisfied if s is odd.
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B.2 Free Majorana fermions
Let us now consider N free massless Majorana fermions
S = −i
∫
d4x ψαi∂αα˙ψ¯
α˙i , (B.2.1)
with the equation of motion
∂αα˙ψ¯
α˙i =⇒ 2ψ¯iα˙ = 0 , i = 1, . . . N . (B.2.2)
We can construct the following higher spin currents
j(s,s) = C
ij
s−1∑
k=0
(−1)k
(
s
k
)(
s
k + 1
)
∂k(1,1)ζ
αψiα ∂
s−k−1
(1,1) ζ¯
α˙ψ¯jα˙ , C
ij = Cji , (B.2.3)
j(s,s) = iC
ij
s−1∑
k=0
(−1)k
(
s
k
)(
s
k + 1
)
∂k(1,1)ζ
αψiα ∂
s−k−1
(1,1) ζ¯
α˙ψ¯jα˙ , C
ij = −Cji ,(B.2.4)
where we put an extra i in eq. (B.2.4) since j(s,s) has to be real. Using the equation of
motion (6.6.5), it can be shown that the currents (B.2.3), (B.2.4) are conserved
∂(−1,−1)j(s,s) = 0 . (B.2.5)
We now look at the massive model
S = −
∫
d4x
{
iψαi∂αα˙ψ¯
α˙i +
(1
2
M ijψαiψjα +
1
2
M¯ ijψ¯iα˙ψ¯
α˙j
)}
, (B.2.6)
where M ij is a constant symmetric N × N mass matrix. To construct the conserved
currents, we compute ∂(−1,−1)j(s,s) using the massive equations of motion (i = 1, . . . , N)
i∂αα˙ψ¯
α˙i +M ijψjα = 0 =⇒ 2ψ¯iα˙ = (MM¯)ijψ¯jα˙ , (B.2.7a)
−i∂αα˙ψαi + M¯ ijψ¯jα˙ = 0 =⇒ 2ψiα = (M¯M)ijψjα . (B.2.7b)
If Cij is a real symmetric matrix, we find
∂(−1,−1)j(s,s) = −2(s+ 1)
s−1∑
k=0
k + 1
s− k + 1(−1)
k
(
s
k
)(
s
k + 1
)
×
{
(CM)ij∂k(1,1)ψ
αi ∂s−k−1(1,1) ψ
j
α + (−1)s(CM¯)ij∂k(1,1)ψ¯iα˙ ∂s−k−1(1,1) ψ¯α˙j
}
+4(s+ 1)(s+ 2)
s−1∑
k=1
k(−1)k
(
s
k
)(
s
k + 1
)
×
{
1
k + 2
(MM¯C)ij − k + 1
(s− k + 2)(s− k + 1)(CMM¯)
ij
}
×∂k−1(1,1)ζαψiα ∂s−k−1(1,1) ζ¯ α˙ψ¯jα˙ . (B.2.8)
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If Cij is antisymmetric, we have
∂(−1,−1)j(s,s) = −2i(s+ 1)
s−1∑
k=0
k + 1
s− k + 1(−1)
k
(
s
k
)(
s
k + 1
)
×
{
(CM)ij∂k(1,1)ψ
αi ∂s−k−1(1,1) ψ
j
α + (−1)s−1(CM¯)ij∂k(1,1)ψ¯iα˙ ∂s−k−1(1,1) ψ¯α˙j
}
+4i(s+ 1)(s+ 2)
s−1∑
k=1
k(−1)k
(
s
k
)(
s
k + 1
)
×
{
1
k + 2
(MM¯C)ij − k + 1
(s− k + 2)(s− k + 1)(CMM¯)
ij
}
×∂k−1(1,1)ζαψiα ∂s−k−1(1,1) ζ¯ α˙ψ¯jα˙ . (B.2.9)
There are four cases to consider:
1. C,CM,CMM¯ are symmetric ⇐⇒ [C,M ] = [C, M¯ ] = 0, [M, M¯ ] = 0.
2. C,CMM¯ symmetric; CM antisymmetric ⇐⇒ {C,M} = {C, M¯} = 0, [M, M¯ ] = 0.
3. C,CMM¯ antisymmetric; CM symmetric ⇐⇒ {C,M} = {C, M¯} = 0, [M, M¯ ] = 0.
4. C,CM,CMM¯ are antisymmetric ⇐⇒ [C,M ] = [C, M¯ ] = 0, [M, M¯ ] = 0.
Case 1: Eq. (B.2.8) becomes
∂(−1,−1)j(s,s) = −(s+ 1)
s−1∑
k=0
(−1)k
(
s
k
)(
s
k + 1
)
×
{
k + 1
s− k + 1 + (−1)
s−1 s− k
k + 2
}
(CM)ij ∂k(1,1)ψ
αi ∂s−k−1(1,1) ψ
j
α
+(−1)s−1(s+ 1)
s−1∑
k=0
(−1)k
(
s
k
)(
s
k + 1
)
×
{
k + 1
s− k + 1 + (−1)
s−1 s− k
k + 2
}
(CM¯)ij ∂k(1,1)ψ¯
i
α˙ ∂
s−k−1
(1,1) ψ¯
α˙j
+4(s+ 1)(s+ 2)
s−1∑
k=1
k(−1)k
(
s
k
)(
s
k + 1
)
×
{
1
k + 2
− k + 1
(s− k + 2)(s− k + 1)
}
×(CMM¯)ij ∂k−1(1,1)ζαψiα ∂s−k−1(1,1) ζ¯ α˙ψ¯jα˙ . (B.2.10)
We look for t(s−2,s−2) such that (i) it is real; and (ii) it satisfies the conservation equation
(B.1.5):
∂(−1,−1)j(s,s) = −(s− 1)∂(1,1)t(s−2,s−2) . (B.2.11)
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Consider a general ansatz
t(s−2,s−2) = (CM)ij
s−2∑
k=0
ck ∂
k
(1,1)ψ
αi ∂s−k−2(1,1) ψ
j
α
+(−1)s(CM¯)ij
s−2∑
k=0
ck ∂
k
(1,1)ψ¯
i
α˙ ∂
s−k−2
(1,1) ψ¯
α˙j
+(CMM¯)ij
s−2∑
k=1
gk ∂
k−1
(1,1)ζ
αψiα ∂
s−k−1
(1,1) ζ¯
α˙ψ¯jα˙ . (B.2.12)
For k = 1, 2, ...s− 2, condition (i) gives
gk = (−1)s−1gs−1−k , (B.2.13a)
while condition (ii) gives
ck−1 + ck =
s+ 1
s− 1(−1)
k
(
s
k
)(
s
k + 1
){
k + 1
s− k + 1 + (−1)
s−1 s− k
k + 2
}
, (B.2.13b)
gk−1 + gk = −4(s+ 1)(s+ 2)
s− 1 (−1)
k
(
s
k
)(
s
k + 1
)
k
{
1
k + 2
− k + 1
(s− k + 2)(s− k + 1)
}
.
(B.2.13c)
Condition (ii) also implies that
cs−2 + c0 =
1
s− 1
{
2s+ (−1)s−1s2(s+ 1)} , (B.2.13d)
g1 =
2s(s− 2)
3
(s2 + 5s+ 6) , (B.2.13e)
gs−2 = (−1)s−1 2s(s− 2)
3
(s2 + 5s+ 6) . (B.2.13f)
The above conditions lead to the following expressions for ck and gk (k = 1, 2, . . . s− 2)
ck = (−1)kc0 + s+ 1
s− 1
k∑
l=1
(−1)k
(
s
l
)(
s
l + 1
){
l + 1
s− l + 1 + (−1)
s−1 s− l
l + 2
}
, (B.2.14a)
gk = 4(−1)k (s+ 1)(s+ 2)
s− 1
k∑
l=1
(
s
l
)(
s
l + 1
){
l(l + 1)
(s− l + 1)(s− l + 2) −
l
l + 2
}
.
(B.2.14b)
If the parameter s is even, (B.2.14a) gives
cs−2 = c0 = −1
2
s(s+ 2) (B.2.14c)
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and (B.2.13a)-(B.2.13f) are identically satisfied. However, when s is odd, there appears
an inconsistency: the right-hand side of (B.2.13d) is positive, while the left-hand side is
negative, cs−2 + c0 < 0. Therefore, our solution (B.2.14) is only consistent for s = 2n, n =
1, 2, . . . .
Case 2: If CM is antisymmetric while CMM¯ symmetric, eq. (B.2.8) is slightly
modified
∂(−1,−1)j(s,s) = −(s+ 1)
s−1∑
k=0
(−1)k
(
s
k
)(
s
k + 1
)
×
{
k + 1
s− k + 1 + (−1)
s s− k
k + 2
}
(CM)ij ∂k(1,1)ψ
αi ∂s−k−1(1,1) ψ
j
α
+(−1)s−1(s+ 1)
s−1∑
k=0
(−1)k
(
s
k
)(
s
k + 1
)
×
{
k + 1
s− k + 1 + (−1)
s s− k
k + 2
}
(CM¯)ij ∂k(1,1)ψ¯
i
α˙ ∂
s−k−1
(1,1) ψ¯
α˙j
+4(s+ 1)(s+ 2)
s−1∑
k=1
k(−1)k
(
s
k
)(
s
k + 1
)
×
{
1
k + 2
− k + 1
(s− k + 2)(s− k + 1)
}
×(CMM¯)ij ∂k−1(1,1)ζαψiα ∂s−k−1(1,1) ζ¯ α˙ψ¯jα˙ . (B.2.15)
Starting with a general ansatz
t(s−2,s−2) = (CM)ij
s−2∑
k=0
dk ∂
k
(1,1)ψ
αi ∂s−k−2(1,1) ψ
j
α
+(−1)s(CM¯)ij
s−2∑
k=0
dk ∂
k
(1,1)ψ¯
i
α˙ ∂
s−k−2
(1,1) ψ¯
α˙j
+(CMM¯)ij
s−2∑
k=1
gk ∂
k−1
(1,1)ζ
αψiα ∂
s−k−1
(1,1) ζ¯
α˙ψ¯jα˙ (B.2.16)
and imposing conditions (i) and (ii) yield
gk = (−1)s−1gs−1−k , (B.2.17a)
dk−1 + dk =
s+ 1
s− 1(−1)
k
(
s
k
)(
s
k + 1
){
k + 1
s− k + 1 − (−1)
s−1 s− k
k + 2
}
, (B.2.17b)
gk−1 + gk = −4(s+ 1)(s+ 2)
s− 1 (−1)
k
(
s
k
)(
s
k + 1
)
k
{
1
k + 2
− k + 1
(s− k + 2)(s− k + 1)
}
,
(B.2.17c)
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d0 − ds−2 = 1
s− 1
{
2s+ (−1)ss2(s+ 1)} , (B.2.17d)
g1 =
2s(s− 2)
3
(s2 + 5s+ 6) , (B.2.17e)
gs−2 = (−1)s−1 2s(s− 2)
3
(s2 + 5s+ 6) . (B.2.17f)
As a result, the coefficients dk and gk are given by (k = 1, 2, . . . s− 2)
dk = (−1)kd0 + s+ 1
s− 1
k∑
l=1
(−1)k
(
s
l
)(
s
l + 1
){
l + 1
s− l + 1 − (−1)
s−1 s− l
l + 2
}
, (B.2.18a)
gk = 4(−1)k (s+ 1)(s+ 2)
s− 1
k∑
l=1
(
s
l
)(
s
l + 1
){
l(l + 1)
(s− l + 1)(s− l + 2) −
l
l + 2
}
.
(B.2.18b)
When the parameter s is odd, (B.2.18a) gives
ds−2 = −d0 = 1
2
s(s+ 2) (B.2.18c)
and (B.2.17a)-(B.2.17f) are identically satisfied. However, when s is even, there appears
an inconsistency: the right-hand side of (B.2.17d) is positive, while the left-hand side
is negative, d0 − ds−2 < 0. Therefore, our solution (B.2.18) is only consistent for s =
2n+ 1, n = 1, 2, . . . .
Finally, we consider Cij = −Cji with the corresponding j(s,s) given by (B.2.4). Similar
considerations show that in Case 3, the non-conformal currents exist only if s is even.
The trace t(s−2,s−2) is given by (B.2.12) with the coefficients ck and gk given by
ck = i(−1)kc0 + is+ 1
s− 1
k∑
l=1
(−1)k
(
s
l
)(
s
l + 1
){
l + 1
s− l + 1 + (−1)
s−1 s− l
l + 2
}
, (B.2.19a)
gk = 4i (−1)k (s+ 1)(s+ 2)
s− 1
k∑
l=1
(
s
l
)(
s
l + 1
){
l(l + 1)
(s− l + 1)(s− l + 2) −
l
l + 2
}
.
(B.2.19b)
In Case 4, the non-conformal currents exist only for odd values of s. The trace t(s−2,s−2)
is given by (B.2.16) with the coefficients dk and gk given by
dk = i(−1)kd0 + is+ 1
s− 1
k∑
l=1
(−1)k
(
s
l
)(
s
l + 1
){
l + 1
s− l + 1 − (−1)
s−1 s− l
l + 2
}
, (B.2.20a)
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gk = 4i (−1)k (s+ 1)(s+ 2)
s− 1
k∑
l=1
(
s
l
)(
s
l + 1
){
l(l + 1)
(s− l + 1)(s− l + 2) −
l
l + 2
}
.
(B.2.20b)
We observe that the coefficients ck and gk in eq. (B.2.19a) and (B.2.19b), respectively
differ from similar coefficients in (B.2.14a) and (B.2.14b) by a factor of i. Hence, for even
s we may define a more general supercurrent
j(s,s) = C
ij
s−1∑
k=0
(−1)k
(
s
k
)(
s
k + 1
)
∂k(1,1)ζ
αψiα ∂
s−k−1
(1,1) ζ¯
α˙ψ¯jα˙ , (B.2.21)
where Cij is a generic matrix which can be split into the symmetric and antisymmetric
parts: Cij = Sij + iAij. Here both S and A are real and we put an i in front of A because
j(s,s) must be real. From the above consideration it then follows that the corresponding
more general solution for t(s−2,s−2) reads
t(s−2,s−2) = (CM)ij
s−2∑
k=0
ck ∂
k
(1,1)ψ
αi ∂s−k−2(1,1) ψ
j
α
+(−1)s(C¯M¯)ij
s−2∑
k=0
ck ∂
k
(1,1)ψ¯
i
α˙ ∂
s−k−2
(1,1) ψ¯
α˙j
+(CMM¯)ij
s−2∑
k=1
gk ∂
k−1
(1,1)ζ
αψiα ∂
s−k−1
(1,1) ζ¯
α˙ψ¯jα˙ , (B.2.22)
where [S,M ] = [S, M¯ ] = 0, {A,M} = {A, M¯} = 0 and [M, M¯ ] = 0. The coefficients ck
and gk are given by eqs. (B.2.14a) and (B.2.14b), respectively. Similarly, the coefficients
dk and gk in (B.2.20a) and (B.2.20b) differ from similar coefficients in (B.2.18a) and
(B.2.18b) by a factor of i. This means that for odd s we can define a more general
supercurrent (B.2.21), where Cij is a generic matrix which we can split as before into the
symmetric and antisymmetric parts, Cij = Sij + iAij. From the above consideration it
then follows that the corresponding more general solution for t(s−2,s−1) reads
t(s−2,s−1) = (CM)ij
s−2∑
k=0
dk ∂
k
(1,1)ψ
αi ∂s−k−2(1,1) ψ
j
α
+(−1)s(C¯M¯)ij
s−2∑
k=0
dk ∂
k
(1,1)ψ¯
i
α˙ ∂
s−k−2
(1,1) ψ¯
α˙j
+(CMM¯)ij
s−2∑
k=1
gk ∂
k−1
(1,1)ζ
αψiα ∂
s−k−1
(1,1) ζ¯
α˙ψ¯jα˙ , (B.2.23)
where {S,M} = {S, M¯} = 0, [A,M ] = [A, M¯ ] = 0 and [M, M¯ ] = 0. The coefficients dk
and gk are given by eqs. (B.2.18a) and (B.2.18b), respectively.
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Appendix C
Component analysis of N = 1
higher-spin actions in three
dimensions
In this appendix we discuss the component structure of the two new off-shellN = 1 su-
persymmetric higher-spin theories in three dimensions: the transverse massless superspin-
s multiplet (6.2.29), and the transverse massless superspin-(s+ 1
2
) multiplet (6.3.21). The
longitudinal actions (6.2.25) and (6.3.17) can be reduced to components in a similar fash-
ion. For simplicity we will carry out our analysis in flat Minkowski superspace. This
material has been drawn from [6].
C.1 Massless superspin-s action
In accordance with (6.1.41), the component form of an N = 1 supersymmetric action
is computed by the rule
S =
∫
d3|2z L =
i
4
∫
d3xD2L
∣∣∣
θ=0
, L = L¯ . (C.1.1)
Let us first work out the component structure of the massless integer superspin model
(6.2.29). In the flat superspace limit, the transverse action (6.2.29) takes the form
S⊥(s)[Hα(2s),Ψβ;α(2s−2)] =
(
− 1
2
)s ∫
d3|2z
{
i
2
Hα(2s)D2Hα(2s)
−isDβHβα(2s−1)DγHγα(2s−1) − (2s− 1)Wβα(2s−2)DγHγβα(2s−2)
− i
2
(2s− 1)
(
Wβ;α(2s−2)Wβ;α(2s−2) + s− 1
s
Wβ; βα(2s−3)Wγ; γα(2s−3)
)}
. (C.1.2)
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As described in (6.2.31), it is possible to choose a gauge condition Ψ(α1;α2···α2s−1) = 0 ,
such that the above action turns into
S⊥(s)[Hα(2s),Ψβ;α(2s−2)] =
(
− 1
2
)s ∫
d3|2z
{
i
2
Hα(2s)D2Hα(2s)
−isDβHβα(2s−1)DγHγα(2s−1) − 2(s− 1)ϕα(2s−3)∂βγDδHβγδα(2s−3)
−2i
s
(s− 1)ϕα(2s−3)2ϕα(2s−3) − i(s− 1)(s− 2)(2s− 3)
s(2s− 1) ∂δλϕ
δλα(2s−5)∂βγϕβγα(2s−5)
+
i(s− 1)(2s− 3)
2s(2s− 1) Dβϕ
βα(2s−4)D2Dγϕγα(2s−4)
}
. (C.1.3)
It is invariant under the following gauge transformations
δHα(2s) = −∂(α1α2ηα3...α2s) , (C.1.4a)
δϕα(2s−3) = iDβηβα(2s−3) , (C.1.4b)
where the gauge parameter ηα(2s−2) is a real unconstrained superfield.
The gauge freedom (C.1.4) can be used to impose a Wess-Zumino gauge
ϕα(2s−3)|θ=0 = 0 , D(α1ϕα2···α2s−2)|θ=0 = 0 . (C.1.5)
In order to preserve these gauge conditions, the residual gauge freedom has to be con-
strained by
Dβηβα(2s−3)|θ=0 = 0 , D2ηα(2s−2)|θ=0 = 2i ∂β (α1ηα2···α2s−2)β|θ=0 . (C.1.6)
These imply that there remain two independent, real components of ηα(2s−2):
ξα(2s−2) := ηα(2s−2)|θ=0 , λα(2s−1) := iD(α1ηα2···α2s−1)|θ=0 . (C.1.7)
In the gauge (4.5.15), the independent component fields of ϕα(2s−3) can be chosen as
yα(2s−4) := −2s− 2
2s− 1D
βϕβα1···α2s−4|θ=0 , yα(2s−3) :=
i
2
D2ϕα(2s−3)|θ=0 . (C.1.8)
We define the component fields of Hα(2s) as
hα(2s) := −Hα(2s)|θ=0 , (C.1.9)
hα(2s+1) := i
s
2s+ 1
D(α1Hα2···α2s+1)|θ=0 , yα(2s−1) := iDβHβα1···α2s−1|θ=0 ,(C.1.10)
Fα(2s) :=
i
4
D2Hα(2s)|θ=0 . (C.1.11)
Applying the reduction rule (C.1.1) to the N = 1 action (C.1.3), we find that it splits
into bosonic and fermionic parts:
S⊥(s)[Hα(2s),Ψβ;α(2s−2)] = Sbos + Sferm . (C.1.12)
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The bosonic action is given by
Sbos =
(
− 1
2
)s ∫
d3x
{
2(1− s)Fα(2s)Fα(2s) + 2sFα(2s−1)β∂β γhα(2s−1)γ
−1
2
(s− 1)hα(2s)2hα(2s) − (2s− 1)(2s− 3)
2s(s− 1) y
α(2s−4)2yα(2s−4)
−(2s− 1)(2s− 3)
4(s− 1) y
α(2s−4)∂βγ∂δλhβγδλα(2s−4)
−(s− 2)(2s− 1)(2s− 3)(2s− 5)
16s(s− 1)2 ∂δλy
δλα(2s−6)∂βγyβγα(2s−6)
}
. (C.1.13)
Integrating out the auxiliary field Fα(2s) leads to
Sbos =
(
− 1
2
)s 2s− 1
2s− 2
∫
d3x
{
hα(2s)2hα(2s) − s
2
∂δλh
δλα(2s−2)∂βγhβγα(2s−2)
−2s− 3
2s
[
syα(2s−4)∂βγ∂δλhβγδλα(2s−4) + 2yα(2s−4)2yα(2s−4)
+
(s− 2)(2s− 5)
4(s− 1) ∂δλy
δλα(2s−6)∂βγyβγα(2s−6)
]}
. (C.1.14)
This action is invariant under the gauge transformations
δξhα(2s) = ∂(α1α2ξα3···α2s) , (C.1.15)
δξyα(2s−4) =
2s− 2
2s− 1∂
βγξβγα1···α2s−4 . (C.1.16)
The gauge transformations for the fields hα(2s) and yα(2s−4) can be easily read off from
the gauge transformations of the superfields Hα(2s) and ϕα(2s−3) , respectively. Modulo an
overall normalisation factor, (C.1.14) corresponds to the massless Fronsdal spin-s action
S
(2s)
F described in [51].
The fermionic sector of the component action is described by the real dynamical fields
hα(2s+1), yα(2s−1), yα(2s−3) , defined modulo gauge transformations of the form
δλhα(2s+1) = ∂(α1α2λα3···α2s+1) , (C.1.17)
δλyα(2s−1) =
1
2s+ 1
∂β (α1λα2···α2s−1)β , (C.1.18)
δλyα(2s−3) = ∂βγλβγα1···α2s−3 . (C.1.19)
The gauge-invariant action is
Sferm =
(
− 1
2
)s i
2
∫
d3x
{
hα(2s)β∂β
γhα(2s)γ + 2(2s− 1)yα(2s−1)∂βγhβγα(2s−1)
+4(2s− 1)yα(2s−2)β∂β γyα(2s−2)γ + 2
s
(2s+ 1)(s− 1)yα(2s−3)∂βγyβγα(2s−3)
−(s− 1)(2s− 3)
s(2s− 1) y
α(2s−4)β∂β γyα(2s−4)γ
}
. (C.1.20)
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It may be shown that Sferm coincides with the Fang-Fronsdal spin-(s+
1
2
) action, S
(2s+1)
FF
[51].
We have thus proved that at the component level and upon elimination of the auxiliary
field, the transverse theory (4.5.11) is equivalent to a sum of two massless models: the
bosonic Fronsdal spin-s model and the fermionic Fang-Fronsdal spin-(s+ 1
2
) model.
C.2 Massless superspin-(s + 12) action
We now elaborate on the component structure of the massless half-integer superspin
model in the transverse formulation (6.3.21a). The theory is described in terms of the
real unconstrained prepotentials Hα(2s+1) and Υβ;α(2s−2). In Minkowski superspace, the
action (6.3.21a) simplifies into
S⊥
(s+ 1
2
)
[H(2s+1),Υβ;α(2s−2)] =
(
− 1
2
)s ∫
d3|2z
{
− i
2
Hα(2s+1)2Hα(2s+1)
− i
8
DβH
βα(2s)D2DγHγα(2s) +
i
8
∂βγH
βγα(2s−1)∂ρδHρδα(2s−1)
− i
4
(2s− 1)Ωβ;α(2s−2)∂γδHβγδα(2s−2)
− i
8
(2s− 1)
(
Ωβ;α(2s−2)Ωβ;α(2s−2) − 2(s− 1)Ωβ; βα(2s−3)Ωγ; γα(2s−3)
)}
,(C.2.1)
with the following gauge symmetry
δHα(2s+1) = iD(α1ζα2...α2s+1) , (C.2.2a)
δΥβ;α(2s−2) =
i
2s+ 1
(
Dγζγβα(2s−2) + (2s+ 1)Dβηα(2s−2)
)
. (C.2.2b)
The action (C.2.1) involves the real field strength Ωβ;α(2s−2)
Ωβ;α(2s−2) = −iDγDβΥγ;α(2s−2) , DβΩβ;α(2s−2) = 0 . (C.2.3)
The gauge transformations (C.2.2) allow us to impose a Wess-Zumino gauge on the
prepotentials:
Hα(2s+1)|θ=0 = 0 , DβHβα1···α2s|θ=0 = 0 , Υβ;α(2s−2)|θ=0 = 0 , DβΥβ;α(2s−2)|θ=0 = 0 . (C.2.4)
The residual gauge symmetry preserving the conditions (C.2.4) is characterised by
D(α1ζα2···α2s+1)|θ=0 = 0 , D2ζα(2s)|θ=0 = −
2is
s+ 1
∂β (α1ζα2···α2s)β|θ=0 , (C.2.5a)
Dβηα(2s−2)|θ=0 = D(βηα(2s−2))|θ=0 = − 1
2s+ 1
Dγζγβα(2s−2)|θ=0 , (C.2.5b)
D2ηα(2s−2)|θ=0 = − i
2s+ 1
∂βγζβγα(2s−2)|θ=0 . (C.2.5c)
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As a result, there are three independent, real gauge parameters at the component level,
which we define as
ξα(2s) := ζα(2s)|θ=0 , λα(2s−1) := −i s
2s+ 1
Dβζβα(2s−1)|θ=0 , ρα(2s−2) := ηα(2s−2)|θ=0 .(C.2.6)
Let us now represent the prepotential Υβ;α(2s−2) in terms of its irreducible components,
Υβ;α(2s−2) = Yβα1...α2s−2 +
2s−2∑
k=1
εβαkZα1...αˆk...α2s−2 , (C.2.7)
where we have introduced the two irreducible components of Υβ;α(2s−2) by the rule
Yβα1···α2s−2 := Υ(β;α1···α2s−2) , Zα1...α2s−3 :=
1
2s− 1Υ
β;
βα1...α2s−3 . (C.2.8)
The next step is to determine the remaining independent component fields of Hα(2s+1)
and Υβ;α(2s−2) in the Wess-Zumino gauge (C.2.4).
In the bosonic sector, we have the following set of fields:
hα(2s+2) := −D(α1Hα2···α2s+2)|θ=0 , (C.2.9a)
yα(2s) := D(α1Yα2···α2s)|θ=0 , (C.2.9b)
zα(2s−2) := −1
s
(2s− 1)D(α1Zα2···α2s−2)|θ=0 , (C.2.9c)
zα(2s−4) := −(2s− 1)DβZβα(2s−4)|θ=0 . (C.2.9d)
Reduction of the action (C.2.1) to components leads to the following bosonic action:
Sbos =
(
− 1
2
)s ∫
d3x
{
− 1
4
hα(2s+2)2hα(2s+2) +
3
16
∂δλh
δλα(2s)∂βγhβγα(2s)
+
1
4
(2s− 1)∂δλhδλα(2s)∂β (α1yα2···α2s)β −
1
4
(2s− 1)(s− 1)zα(2s−2)∂βγ∂δλhβγδλα(2s−2)
−1
4
(2s− 1)yα(2s)2yα(2s) − 1
8
(s− 2)(2s− 1)∂δλyδλα(2s−2)∂βγyβγα(2s−2)
−(s− 1)(2s− 1)zα(2s)2zα(2s)
−1
4
(s− 1)(s+ 2)(2s− 1)(2s− 3)∂δλzδλα(2s−4)∂βγzβγα(2s−4)
+(s− 1)(2s− 1)∂βγyβγα(2s−2)∂δ (α1zα2···α2s−2)δ
−s
4
2s− 3
(s− 1)(2s− 1)(4s
2 − 12s+ 11)zα(2s−4)2zα(2s−4)
+
3s
8(s− 1)(2s− 1)(s− 2)(2s− 3)(2s− 5)∂δλz
δλα(2s−6)∂βγzβγα(2s−6)
+
1
4
(s+ 1)(2s− 3)zα(2s−4)∂βγ∂δλyβγδλα(2s−4)
+
1
2
(s− 2)(2s+ 1)(2s− 3)∂βγzβγα(2s−4)∂δ (α1zα2···α2s−4)δ
}
, (C.2.10)
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which proves to be invariant under gauge transformations of the form
δξhα(2s+2) = ∂(α1α2ξα3···α2s+2) , (C.2.11a)
δξ,ρyα(2s) = − 1
s+ 1
∂β (α1ξα2···α2s)β − ∂(α1α2ρα3···α2s) , (C.2.11b)
δξ,ρzα(2s−2) =
1
2s(2s+ 1)
∂βγξβγα(2s−2) +
1
s
∂β (α1ρα2···α2s−2)β , (C.2.11c)
δρzα(2s−4) = ∂βγρβγα(2s−4) . (C.2.11d)
Let us consider the fermionic sector. We find that the independent fermionic fields
are:
hα(2s+1) :=
i
4
D2Hα(2s+1)|θ=0 , (C.2.12a)
yα(2s−1) :=
i
8
D2Yα(2s−1)|θ=0 , (C.2.12b)
yα(2s−3) :=
i
2
s(2s− 1)D2Zα(2s−3)|θ=0 , (C.2.12c)
and their gauge transformation laws are given by
δλhα(2s+1) = ∂(α1α2λα3···α2s+2) , (C.2.13a)
δλyα(2s−1) =
1
2s+ 1
∂β (α1λα2···α2s−1)β , (C.2.13b)
δλyα(2s−3) = ∂βγλβγα(2s−3) . (C.2.13c)
The above fermionic fields correspond to the dynamical variables of the Fang-Fronsdal
spin-(s + 1
2
) model. As follows from (C.2.13a), (C.2.13b) and (C.2.13c), their gauge
freedom is equivalent to that of the massless spin-(s + 1
2
) gauge field. Indeed, direct
calculations of the component action give the standard massless gauge-invariant spin-
(s+ 1
2
) action S
(2s+1)
FF .
The component structure of the obtained supermultiplets is a three-dimensional coun-
terpart of so-called (reducible) higher-spin triplet systems. In AdSD an action for bosonic
higher-spin triplets was constructed in [188] and for fermionic triplets in [189, 190]. Our
superfield construction provides a manifestly off-shell supersymmetric generalisation of
these systems. It might be of interest to extend it to AdS4.
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